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300. 


NOTE    RELATIVE    AUX    DROITES    EN  INVOLUTION    DE 

M.    SYLVESTER. 


[From  the  Comptes  Renius  de  VAcadimie  des  Sciences  de  Paris,  torn,  lil  (Janvier — 

Juin,  1861),  pp.  1039—1042.] 

La  courbe  cubique  dans  Tespace,  repr&ent^e  par  les  ^uations 

yt^  — -&*  =  0,      z  y  —  xu^^O,      a?£f  — y*=0, 

passe  par  le  point -4(a?  =  y  =  ^  =  0)  et  le  point  B(y  =  j8r5=w  =  0);  le  plan  x=0  est  le 
plan  osculant  en  A,  le  plan  y  =  0  le  plan  par  la  tangente  en  A  et  la  droite  AR\  le 
plan  z=^0  celui  par  la  droite  AB  et  la  tangente  en  £;  et  enfin  le  plan  u  =  0  est 
le  plan  osculant  en  B.  R^iproquement,  pour  une  courbe  cubique  quelconque,  en  prenant 
les  points  A,  B,  sur  la  courbe  k  volenti,  et  en  fixant  comme  ci-dessus  les  significations 
des  coordonn^  x,  y,  z,  u,  les  fELcteurs  constants  que  contiennent  implicitement  ces 
valours  ^tant  convenablement  d^termin^,  les  Equations  de  la  courbe  cubique  seront 

yw  — £;"  =  0,      ^y— a?w  =  0,      xz—y^^O. 

Par  un  point  quelconque  de  Tespace  il  passe  une  droite  qui  coupe  deux  fois  la 
courbe  cubique ;  et  en  prenant  {xi,  yi,  Zi,  Ui)  pour  les  coordonndes  du  point  dont  il 
s'agit,  et  en  ^rivant 

les  ^nations  de  la  droite  seront 

PiX  +  qiy  +  r^z  =  0,    piy  +  qiZ  +  r^u  =  0. 

Or,  en  consid^rant  en  gdn^ral  une  droite  repr^ent^  par  les  ^nations 

aa?  +  )8y +7^+ Su  =  0,    ax  +  l^y-k-yz-^S^u^O, 
""       C.   V.  1 
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les  six  quantitds 

/87'-)8'7,    7«'-'/«,    «)8'-a'/9,    aS'-o'S,    fiST-^^S,    y^-y% 

sont  ce  que  je  nomroe  les  coordonn^  de  la  droite  (en  repr^ntant  par  a,  b,  c,/,  g,  h 
ces  coordonndes,  on  a  T^uation  identique  a/'+6gr  +  cA  =  0,  et  les  coordonn^es  d'une 
droite  peuvent  6tre  des  quantity  quelconques  qui  satisfont  k  cette  Equation).  La  con- 
dition pour  I'involution  de  six  droites  est  celle-ci,  savoir:  le  determinant  form^  avec  les 
coordonn^es  des  six  droites  est  ^gal  k  zdro. 

Je  reviens  k  la  droite  qui  coupe  deux  fois  la  courbe  cubique.  En  ^sivant  les 
^nations  sous  la  forme 

Pi^  +  ?iy  +  n^  +  Ou  =  0,    Ox  +piy  +  gi5  +  rjti  =  0, 
les  coordonn^s  de  cette  droite  seront 

savoir,  ces  coordonn^  seront  des  fonctions  lin^aires  de  (pi",  jj",  r^,  jiri,  rijpi,  jpiji). 
Done,  en  considdrant  six  droites  dont  chacune  coupe  deux  fois  la  courbe  cubique,  et 
en  attribuant  des  significations  analogues  k  (p,,  j,,  r,),  etc.,  la  condition  pour  I'involu- 
tion des  six  droites  so  trouve  en  dgalant  k  z^ro  le  determinant  dont  les  lignes  sont 
{p\t  Ji'j  n'»  ?i^i»  ^iPi»  i>iS'i)i  {p\f  9*f  etc.),  etc.;  condition  qui  exprime  que  les  six  droites 

Pia?  +  5iy+ri^  =  0, 

dans  le  plan  w  =  0  (ou  si  Ton  veut  les  six  droites  p^y  +  51-2;  +  riW  =  0  dans  le  plan  a?  =  0) 
touchent  une  mSme  conique.     Or  la  droite 

Pioo  +  qiy  +  m  ^  0 

est  la  projection  de  Tune  des  six  droites  sur  le  plan  osculant  u  =  0,  avec  le  point 
x^y==z  =  0  de  la  courbe  cubique  comme  centre  de  projection ;  et  si,  en  prenant  un 
plan  osculant  quelconque  et  un  point  quelconque  de  la  courbe  cubique  pour  plan  et 
centre  de  projection,  nous  appelons  tout  simplement  projection  une  telle  projection  d'une 
droite  quelconque  (le  plan  osculant  et  le  point  de  la  cubique  ^tant  toujours  les  mSmes), 
on  est  conduit  au  th^or^me  que  voici,  savoir: 

Six  droites  dont  chdcune  coupe  deux  fois  la  mSme  courbe  cubique  seront  en  involu- 
tion, si  les  projections  de  ces  droites  touchent  une  mime  coniqus. 

Et  de  mSme,  pour  un  nombre  quelconque  de  droites,  si  les  projections  touchent 
une  mSme  conique,  ces  droites  seront  en  involution,  c'est-^-dire  six  quelconques  des 
droites  seront  des  droites  en  involution. 

II  convient  de  remarquer  qu'en  consid^rant  six  droites  quelconques,  on  pent  en 
general  trouver  une  courbe  cubique  couple  deux  fois  par  chacune  des  droites:  la  con- 
dition du  thdorfeme  est  done,  comme  cela  doit  6tre,  une  seule  relation  entre  les  six 
droites.  Je  remarque  aussi  que  cette  relation  ne  depend  nuUement  du  plan  osculant 
ni   du   point  de  la   courbe    cubique    choisis  pour    plan    et    centre    de    projection.     R^i- 
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proquement,  en  prenant  dans  un  plan  osculant  quelconque  de  la  courbe  cubique  un 
nombre  quelconque  (six  ou  plus)  de  tangentes  d'une  mfeme  conique,  et  en  reprojetant 
ces  tangentes  sur  la  courbe  cubique  au  moyen  d'un  point  quelconque  de  la  courbe 
comme  centre  de  projection  (de  mani^  k  obtenir  pour  reprojection  de  chaque  tangente 
une  droite  qui  coupe  deux  fois  la  courbe  cubique),  on  obtient  un  syst^me  de  droites 
en  involution.  Le  lieu  des  droites  dont  chacune  coupe  deux  fois  la  courbe  cubique,  et 
qui  sont  en  involution,  est  une  surface  r^gl^e  du  quatri^me  ordre  qui  a  la  courbe 
cubique  pour  courbe  double.  En  effet,  si  T^uation  en  coordonn^es  tangentielles  de  la 
conique  envelopp^e  par  les  droites  piX  +  qiy  +  riZ  =  0,  etc.  (ou,  si  Ton  veut,  par  les 
droites  |>iy  +  ji-^  +  ri u  =  0,  etc.),  est 

(a,  6,  c,/,  g,  h)(p,  q,  r)«  =  0, 

cette  mdme  ^nation,  en  y  consid^rant  p,  q,  r  comme  d^notant  yu  —  s^,  zy  —  xu,  xz^  y*, 
autrement  dit,  I'^uation, 

(a,  6,  c, /,  g,  h)  (yu-j^,  zy-xu,  xz-y*y==0, 

sera  celle  d'une  surface  du  quatrifeme  ordre  ayant  la  courbe  cubique  pour  courbe  double. 
Et  cette  surfSM^  sera  une  surface  r^gl^e;  car  en  menant  par  un  point  quelconque  de 
la  surface  une  droite  qui  coupe  deux  fois  la  courbe  cubique,  chaque  point  d*intersection 
avec  la  courbe  cubique  doit  compter  pour  deux  points  d'intersection  avec  la  sur&ce,  et 
la  droite  coupe  la  sur&ce  en  cinq  points,  c'est-^-dire  que  cette  droite  est  situ^e  enti^re- 
ment  dans  la  surface. 

J*ai  remarqu^  ailleurs  (Camb.  and  Dvhl.  Math.  Jaum.y  t  vn.  (1862),  p.  172,  [107]) 
qu'il  y  a  sur  une  surface  r^glde  de  Tordre  n  une  courbe  double  rencontr^e  par  chaque 
g^ndratrice  en  (n— 2)  points.  Cette  courbe  double  sera  de  Tordre  (n  — 2)  au  moins,  et  de 
Tordre  ^  (w  —  1)  (ri  —  2)  au  plus ;  done,  pour  w  =  4,  la  courbe  double  sera  de  Tordre  2  ou  3, 
et  comme  ^videmment  cette  courbe  n'est  pas  une  courbe  plane,  elle  sera:  ou  1®  deux 
droites  qui  ne  se  rencontrent  pas;  ou  2^  une  courbe  cubique  en  espace.  Cette  seconde 
esp^ce  des  surfBM^es  r^gl^  du  quatri^me  ordre  est  celle  qui  se  pr^nte  dans  la  th^orie 
des  droites  en  involution. 


1—2 
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SUR  LES  CdNES  DU  SECOND  ORDRE  QUI  PASSENT  PAR  SD 

POINTS  don:ne's. 


[From  the  Comptes  Bendws  de  VAcad^ie  dea  Sdencea  de  Paris,  torn,  lil  (Janviet^— 
Juin,  1861),  pp.  1216—1218.] 


Bjlns  ud  M^moire  par  feu  M.  Weddle  "On  the  theorema  in  apace  anaJogoua  t 
those  of  Pascal  and  Brianchon  in  a  plane"  (Comb,  and  DM.  Math.  Joum.,  t  v.  18ol 
voir  la  Note  p.  69),  on  trouve  &  propoe  d'un  th^r&me  de  M.  Chaales  la  remarqu 
que  le  lieu  du  aommet  d'un  cdne  du  aecond  ordre  qui  passe  par  six  points  donnt 
est  une  sur&ce  du  quatri^me  ordre  qui  contient  la  courbe  cubique  en  espace  pi 
les  six  pointe.    Voici  comment  je  d^montre  ce  th&iime : 

Ed  prenant  {X,  Y,  Z,  U)  pour  les  coordonn^  courantes,  (a,,  0i,  7,,  £i)...((^,  0,,  y^,  S, 
pour  les  coordonn^  des  sis  points  doon^,  et  (w,  y,  t,  «)  pour  ceux  du  aommet,  j 
pose  I'^uation 

X\    7\   Z\    V,    rz,   ZK.   XY,   XU,    YU,    ZU 
\    2x      .       .       .        .        z       y         u        . 
.        2i,    .       .        .       .        .  ... 


«■     yS-    ,■ 


;87      7»       "^ 


y      ' 


oil  la  denii^re  Ugne    denote   les  six   lignes    qu'on    obtient  en  ^crivant  successiTemen 

(^.  A>  7i>  Si)...(a^,  jSii  7f<  S«)  au  lieu  de  (a,  ^,  7,  S),  de  mani^ie  que  la  fonction  at 

cdt^  gauche  est  un  d^tenuinant  de  Toidre   ouze:  les    coefficiente  \  ijl,  v,  p  sent  de 
quantity  arbitraiies  et  les  points  (•)  d^noteut  des  z&oe. 
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Cette  ^uation  est  ^videmment  celle  d'une  surface  du  second  ordre  qui  passe  par 

les  six    points,  et    il  ne   faut    qu'une  seule  condition  pour   que    cette    surface   soit  un 
c6ne:    la  condition  sera 


2z    .        y      X      . 


u 


u 


2u 


X     y 


c^     ^     rf     S"     ^    ya    afi    aS    fiS     yS 


=  0, 


oil  la  fonction  k  c8t^  gauche  est  de  mfime  un  determinant  de  Tordre  dix;  cette 
Equation,  laquelle  est  de  Tordre  quatre  par  rapport  k  (x,  y,  z,  u),  sera  celle  du  lieu 
du  sommet. 

En  effet,  pour  que  la  surface  du  second  ordre  soit  un  c6ne  ayant  pour  sommet  le 
point  (x,  y,  z,  u),  il  feut  et  il  suflSt  que  les  Equations  d^riv^  par  rapport  k  chacune 
des  coordonn^  (X,  F,  Z,  V),  soient  satisfaites  en  y  Asrivant  {x,  y,  z,  u)  au  lieu  de 
(Z,  F,  Z,  0).  Je  forme  I'^uation  d^riv^e  par  rapport  k  X,  et  j'y  4cns  (x,  y,  z,  u)  au 
lieu  de  (Z,  F,  Z,  17);   Tdquation  est 


^t    •  f    •  9    •  >    •  f    ^>    y*    ^>    •  > 

2x     .      .      .      .      z      y     u     .      . 


=  0. 


Or  on  ne  change  pas  la  valeur  du  determinant  en  substituant  pour  la  premiere  ligne 
cette  mSme  ligne  moins  la  seconde  ligne;   T^uation  devient  ainsi: 


X    2x 


y      u 


=  0; 


et  le  determinant  se  r^duit  ^  —  X  multipli^  par  le  determinant  de  I'ordre  dix ;  done, 
en  supposant  que  ce  dernier  determinant  se  reduise  k  zero,  Tequation  deriv^e  par 
rapport  a  X  sera  satisfaite;  et  de  mSme,  les  equations  derivees  par  rapport  k  Y,  Z,  U^ 
en  substituant  toujours  {x,  y,  z,  u)  au  lieu  de  (X,  F,  Z,  U),  seront  toutes  satisfaites  si 
le  determinant  de  Tordre  dix  se  reduit  k  zero.    C.  Q.  F.  D. 

n  convient  de  remarquer  que  Ton  pent  sans  perte  de  generalite  reduire  k  z4ro 
trois  quelconques  des  quantites  X,  fi,  v,  p\  de  \k  on  obtient  Tequation  du  c6ne  en 
substituant,  au  lieu  de  Tune  quelconque  des  premieres  quatre  lignes  du  determinant 
de  I'ordre  dix,  la  ligne 

I  X\  F»,  ^,  T?,  7Z,  ZX,  ZF,  XU,  7U,  ZU\. 

En  considerant  la  courbe  cubique  par  les  six  points,  on  pent  supposer  que  les 
equations  de  cette  courbe  soient 

yu  —  ^  =  0,     zy-'XU^O,    ajp  —  y'  =  0  ; 
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cela  ^tant,  on  aura 

pour  Tun  quelconque  des  points  (a^,  fii,  y^.  Si),  ...(a«,  fi^,  7«,  £«);  et  de  Ik,  au  moyen 
des  propri^t^  des  determinants,  et  en  ^sivant 

on  exprime  I'^uation  de  la  surface  comme  fonction  lin^aire  par  rapport  k  x,  y,  s,  u  et 
par  rapport  k  dJU,  (2yD,  dEgD,  civD ;  ces  demises  fonctions  se  r^uisent  k  z4ro  en 
vertu  des  ^nations 

yu— j^sO,    jgy  — «u  =  0,    ««  — y*s»0, 
et  ainsi,  comme  cela  doit  dtre,  la  surfieu^  passe  par  la  courbe  cubique. 

Je  prends  Tocoasion  de  remarquer  que  le  th^r^me  que  j'ai  donn^  par  rapport  aux 
six  droites  en  involution  de  M.  Sylvester  [300],  pent  s'exprimer  dans  une  forme  encore 
plus  simple  comme  suit: 

Soit  donn^  une  courbe  cubique  en  espace,  et  prenons  un  point  quelconque  de  la 
courbe  pour  sommet  d'un  c6ne  du  second  ordre,  d'ailleurs  arbitraire;  un  plan  tangent 
du  cdne  rencontre  la  courbe  en  deux  points,  et  par  ces  deux  points  on  pent  mener 
une  droite:  les  droites  qui  correspondent  de  cette  mani^re  k  six  plans  tangents  quel- 
conques  du  c6ne  sent  des  droites  en  involution.  Je  dois  remarquer  que  I'id^  de 
rattacher  ces  droites  k  une  surfisu^  du  quatrifeme  ordre  est  due  k  M.  Sylvester. 

A  propos  de  ce  sujet,  j'ai  considdr^  le  probl^me  de  trouver  le  lieu  du  Bommet 
d'un  c6ne  du  second  ordre  qui  touche  k  six  droites  donn^ :  ce  lieu  est  une  surfisuse 
du  huiti^me  ordre;  et  en  repr^ntant  les  coordonn^  de  Tune  quelconque  des  droites 
par  (a,  6,  c,  /,  g,  h),  savoir  les  coordonn^  de  la  premiere  droite,  etc.,  sent 

(<h»  bi»  c„/i,  gi,  Ai),...(a„  \,  Ct,f;  g%,  K\ 

les  coefficients  de  I'^uation  seront  des  fonctions  lin^aires  des  determinants  du  sixi^e 
ordre  formds  au  moyen  de  la  matrice  (a,  6,  c,  /,  g,  Kf,  k  six  lignes  et  vingt  et  une 
colonnes. 
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CONSIDERATIONS  GENERALES  SUR  LES  COURBES  EN  ESPACE. 


[From  the  Camptes  Rendvs  de  VAcademie  des  Sciences  de  Paris,  torn.  Lrv.  (Janvier — 

Juin,  1862),  pp.  56—60,  396—400,  672—678.] 

Sorr  une  courbe  donn^e  du  mf*^  ordre ;  je  suppose  toujours  que  cette  courbe 
soit  une  courbe  propre,  savoir  qu'elle  n'est  pas  compos^e  de  courbes  d'ordres  infi^rieurB. 
Si  nous  prenons  pour  sommet  d'un  cdne  qui  passe  par  la  courbe  un  point  A  quel- 
conqae  qui  n'est  pas  sur  la  courbe,  ce  cdne  sera  de  I'ordre  m;  cela  est  vrai  en  giniral 
quelle  que  soit  la  courbe;  seulement  si  m  est  un  nombre  compost,  alors  pour  de 
certaines  courbes  il  pent  y  avoir  des  positions  de  A  pour  lesquelles  le  cdne  sera  d'un 
ordre  sous-multiple  de  m;  mais  en  £sdsant  abstraction  de  ces  positions  particuli^res,  le 
cdne  sera  de  Tordre  m.  Et,  cela  ^tant,  une  droite  du  c6ne  ne  contiendra  en  g^n^ral 
qu'un  seul  point  de  la  courbe.  En  employant  quatre  coordonn^es  {x,  y,  z,  w)  et  en 
supposant  qu'au  point  A  on  ait 

a?  =  0,    y  =  0,    2r=0, 

r^uation  du  cdne  sera  n  =  0,  oh  U  est  une  fonction  homog&ne  de  {x,  y,  z)  de  Tordre 
m.    On  pent  faire  passer  par  la  courbe  une  surface  ayant  pour  Equation 

Qw-P  =  0 
fou  w=gj,  oil  P,   Q  sont  des  fonctions  homogfenes  de  (a?,  y,   z)  des  ordres  p,  j>— 1 

respectivemcnt.  Et  on  pent  supposer  que  p  soit  ^gal  tout  au  plus  k  m  —  1 :  en  effet,  en 
prenant  j}  =  m  *  1,  T^uation  contiendrait 

i  (m  —  1)  m  +  i  m  (m  + 1)  —  1, 

c'est-^-dire  m"  —  1  constantes  arbitraires ;  et  en  determinant  convenablement  m'  —  w  + 1 
de  ces  quantit^s,  la  surface  de  Tordre  m  — 1  passera  par  m'  — m  +  1  points  de  la 
courbe  de  Tordre  m,  c'est-d.-dire  cette  surface  contiendra  la  courbe  enti^re.  De  cette 
mani^re,  on  obtiendrait  toujours  une  surface  de  Tordre  m  —  1 ;  mais  si  les  fonctions  P,  Q 
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ainsi  trouv^  avaient  un  £Gu^teur  commun,  ce  {acteur  devrait  Stre  6cart^;  il  convient  done 
de  supposer  que  les  degrfe  de  P,  Q  soient  p,  p—l  respectivement,  p  ^tant  tout  au 
plus  ^gal  k  m  —  1.  La  surfeu^e  Qw  *  P « 0  a  au  point  A  un  point  conique  du 
(p  —  iy^^  ordre;  en  effet  dans  le  voisinage  de  ce  point  T^uation  se  r^uit  k  Q  =  0, 
laquelle  appartient  a  un  c6ne  du  (p  —  l)*^*'  ordre.  J'ajoute  que  la  surfieu^e  contient  les 
2>  (p  —  1)  droites  P  =  0,  Q  =  0  qui  passent  chacune  par  le  point  A  ;  toute  autre  droite 
par  ce  point  rencontre  la  surfieu^  dans  ce  point  (lequel  compte  pour  j}  — 1  points 
d'intersection)  et  encore  dans  un  seul  point  donn^  par  T^uation 

P 

On  pent  appeler  mono^  une  telle  surface;  le  point  A  sera  le  sommet;  le  c6ne 
P  =  0  le  c6ne  sup^rieur;  le  c6ne  Q  =  0,  le  c6ne  inf<^rieur;  les  droites  d'intersection  de 
ces  deux  c6nes,  les  droites  de  la  mono'ide. 

Or  le  cdne  circonscrit  Z7=0  et  la  mono'ide  Qti;  — P  =  0  se  coupent  selon  une 
courbe  de  Tordre  mp:  si  |>  =  1,  cette  intersection  des  deux  surfSetces  sera  la  courbe  du 
m*^^  ordre,  laquelle  sera  une  courbe  plane;  mais,  dans  tout  autre  cas,  la  courbe 
d'intersection  sera  compost  de  la  courbe  du  m*^^  ordre,  et  d'un  autre  syst^me  de 
Tordre  m  (p  —  1) ;  ce  syst^e  ne  pent  6tre  autre  chose  que  les  droites  d'intersection 
du  cdne  circonscrit  U^O,  et  du  cdne  infi^rieur  Q^O  de  la  mono'ide;  c'est-a-dire  les 
Equations 

U^O,     Q  =  0 

doivent  donner  P  =  0;  car,  cela  ^tant,  les  droites  U=^0,  Q  =  0  seront  situ^  sur  la 
mono'ide;  et  ces  droites,  lesquelles  ferment  un  systeme  de  Tordre  mip  —  l),  seront  partie 
de  rintersection  de  la  mono'ide  et  du  c6ne  circonscrit  ^  =  0.  Et  il  est  n^ssaire  que 
cela   soit   ainsi,  car    autrement    chaque    droite    du    c6ne    U=0    ne    contiendrait    sur   la 

P 

mono'ide  que  le  point  il,   et  le    point  d^termin^    par  T^uation  ^=^7^9   lequel  est  un 

point  sur  la  courbe  du  mf^^  ordre;  done  cette  autre  partie  de  Tintersection  de  la 
mono'ide  et  du  c6ne  (7=0  serait,  non  pas  une  courbe  quelconque,  mais  le  seul  point 
A  ;   ce  qui  est  absurde. 

Le  cdne  circonscrit  U^^O  ne  pent  pas  dtre  un  cdne  quelconque  k  moins  que 
j}sl;  en  effet  si  j)>l,  il  est  n^cessaire  que  le  cdne  ait  au  moins  (p —  1)171  droites 
doubles  (en  comprenant  dans  cette  locution  le  cas  oil  le  cdne  a  des  singularity  qui 
Univalent  k  (p— l)m  droites  doubles),  car  en  supposant  pour  un  moment  que  le  cdne 
U  =  0  n'ait  pas  de  singularity,  le  cdne  P=^0  de  Tordre  p  devrait  passer  par  les 
(j>  — l)m  droites  d'intersection  du  cdne  Q  =  0  de  I'ordre  (p  —  1)  et  du  cdne  £r  =  0 
de  I'ordre  m;  or  m  est  au  moins  ^gal  k  p  +  l,  de  mani^re  que  le  cdne  P  =  0  doit 
passer  au  moins  par  (;^  —  1)  droites  du  cdne  Q  =  0 ;  mais  p*  —  1  est  >p^  —  p,  k  moins 
que  p  =  1 ;  done  ce  cdne  P  =  0  serait  compost  du  cdne  Q  =  0  et  d'un  plan  P'  =  0  par 
le  point  A;  e'est-Jt-dire  P  —  QP*,  et  Tequation  de  la  monoide  se  r^uirait  k  w^P',  ou 
Ton  aurait  p  =  1,  ce   qui  est  contraire  k  I'hypoth^.     On  obtiendra  le  mdme  rdsultat  k 
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moiDS  de  supposer  que  le  cdne  Q  =  0  passe  par  un  certain  nombre  x  de  droites 
doubles  du  cdne  {7  =  0;  mais  en  faisant  cette  supposition,  chacune  de  ces  droites 
compte  pour  deux  intersections  des  c6nes  Q  =  0,  J7  =  0;il  y  a  encore  (p  — l)m— 2« 
droites  d'intersection ;  et  les  a?  +  {(p— l)m  — 2a?},  c'est-i-dire  (p  — l)m  — «  droites  peuvent 
^tre  comprises  parmi  les  p{p  —  \)  droites  de  la  monoi'de  si  a?  est  ^gal  au  moins  k 
(p  — l)(m— p);  c'est-i-dire  le  c6ne  J7=0  doit  avoir  au  moins  ce  nombre  de  droites 
doubles.  Je  remarque  que  pour  m  impair,  et  p  =  J  (m  + 1),  le  nombre  sera  \  {rri?  —  2m  + 1), 
et  pour  m  pair,  et  p^\m  ou  Jm  +  1,  le  nombre  sera  J(m*  — 2m);  mais  pour  toute  autre 
valeur  de  p,  le  nombre  sera  moins  ^levd 

Je  r&ume  comme  suit: 

Toute  courbe  du  m*^*  ordre  est  Tintersection  d'un  c6ne  circonscrit  I7'  =  0,  du 
m*^*  ordre,  et  d'une  surfiwe  monoi'de  Qw  —  P,  de  I'ordre  |)  =  m  —  1  au  plus.  Uinter- 
section  complete  de  deux  surfaces  est  compost  de  la  courbe  du  m*^**  ordre  et  des 
m(p  — 1)  droites  d'intersection  du  c6ne  circonscrit  J7=0,  et  du  cone  infi^rieur  Q  =  0  de 
la  monoide.  Ces  droites  seront  (|)  — l)(m— 2))  +  a  droites,  chacune  r^p^t^e  deux  fois,  et 
(p  — l)(2p  — m)  — 2a  droites,  oil  a  pent  6tre  ^gaJ  k  z^ro;  chacune  des  (p  — l)(m— |))  +  a 
droites  sera  une  droite  double  du  c6ne  i7=0;  et  les  (p— l)(m— p)  +  a  droites  et 
(p— l)(2p  — m)  — 2a  droites,  ensemble  p{p  —  \)'-a  droites,  seront  situ^  sur  le  c6ne 
sup^rieur  P  ==  0  de  la  mono'ide. 

n  y  a  deux  circonstances  qui  emp^hent  que  cette  thdorie  ne  conduise  tout  de 
suite  k  une  classification  des  courbes  en  espace.  D'abord,  une  droite  double  du  cdne 
[7=0  peut  correspondre  ou  k  un  point  double  r^I,  ou  k  un  point  double  apparent 
de  la  courbe;  et  de  mSme  en  supposant  que  la  droite  double  devienne  une  droite  de 
rebroussement,  cette  droite  peut  ou  con*espondre  k  un  point  de  rebroussement  (point 
stationnaire)  de  la  courbe,  ou  la  droite  peut  Stre  une  tangente  ordinaire  de  la  courbe, 
sans  qu'il  ait  sur  la  courbe  aucune  singularity  qui  corresponde  k  cette  droite  de 
rebroussement  (voir  le  M^moire  de  M.  Salmon:  "On  the  classification  of  curves  of 
double  curvature,"  Camb.  et  Dubl.  Math,  Joum.,  t.  v.  pp.  23 — 46,  1850). 

Puis,  ^tant  donn^e  T^quation  17  =  0  du  c6ne  circonscrit,  la  mono'ide  n'est  pas  une 
8ur£EU)e   d^terminde,  et    il    n'est    gu^re    feicile    de   voir   quel    doit   Stre    Tordre   de    cette 

P     . 

surface.     En    effet,   cette    ^nation    ^tant   ^  =  tj  >  il  ipevLt  y  avoir  des   fonctions   P',    Qf 

telles  que  PQf  --  P'Q^MU,  et,  cela  ^tant,  puisqu'il   ne  s'agit  que  de  Tintersection  avec 

P  P" 

le  c6ne    t/'=0,  on  pourrait  remplacer  T^uation  w  =  7j  par  celle-ci,  ^  =  7y,  laquelle  peut 

6tre  d'un  ordre  inf^rieur. 

C!es  difficult^  se  pr^sentent  d^  le  commencement.  £n  effet  soit  m  =  3.  On  a 
p=l  ou  p  =  2,  mais  j)  =  l  ne  donne  que  la  cubique  plane;  je  suppose  done  p  =  2.  Le 
c6ne   27=0  du   troisi^me    ordre  aura    une  droite  double,  laquelle   peut  Stre  une  droite 

P 

de  rebroussement.     L'^quation  de  la  mono'ide  sera  ^  =  ts  >  oil  Q  =  0  est  I'^quation  d'un 

c.  V.  2 
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plan  qui  passe  par  le  point  double  ou  de  rebroussement,  et  qui  coupe  ainsi  le  cdne 
27 «0  selon  une  autre  droite;  et  Qw  —  P^O  est  r&juation  d'un  cdne  du  second  ordre 
qui  passe  par  ces  deux  droites.  Mais  soit  que  le  cdne  {7=:0  ait  une  droite  double,  soit 
que  cette  droite  soit  de  rebroussement,  on  n'obtient  qu'une  seule  esp^e  de  courbe 
cubique ;  au  premier  cas  le  sommet  n'est  pas  situ^,  au  deuxi^me  cas  ce  sommet  est 
situ6,  sur  une  tangente  de  la  courbe  cubique;  voiUi  toute  la  difference. 

Soit  encore  m=4;  on  pent  avoir  p  =  l,  2  ou  3;  mais  p==l  ne  donne  que  les 
courbes  planes  du  quatri^me  ordre,  je  suppose  done  p^2  ou  p^3;  dans  Tun  ou  Tautre 
cas,  le  cdne  27=0  du  quatri^me  ordre  doit  avoir  au  moins  deux  droites  doublea  II 
peut  done  y  avoir  seulement  deux  droites  doubles;  Tune  de  ces  droites  pent  dtre  une 
droite  de  rebroussement,  ou  toutes  les  deux  peuvent  6tre  de  telles  droites.  Ou  encore, 
il  peut  y  avoir  trois  droites  doubles;  Tune  de  ces  droites  peut  dtre  une  droite  de 
rebroussement,  ou  deux  droites  ou  toutes  les  trois  peuvent  dtre  de  telles  droites.  II  y 
a  done  un  assez  grand  nombre  de  cas  k  considdrer;  mais  on  sait  qu'il  n'y  a  que 
quatre  esp^ces  en  tout,  savoir:  1^  la  courbe  d'intersection  de  deux  sur&ces  du  second 
ordre  qui  ne  se  touchent  pas,  courbe  que  je  nomme  qucuiriqiuidriqtie  gSnSrale;  2°  les 
deux  siu&ces  du  second  ordre  peuvent  se  toucher;  la  courbe  d'intersection  sera  une 
quartique  nodale ;  3°  les  deux  surfaces  peuvent  avoir  un  contact  singulier,  la  courbe 
d'intersection  sera  une  quartique  cuspidale ;  4°  il  y  a  enfin  la  courbe  du  quatri^me 
ordre  qui  n'est  situ^e  que  sur  une  seule  surface  du  second  ordre,  et  que  Ton  n'obtient 
qu'au  moyen  d'une  surfisu^e  du  troisi^me  ordre:  ce  sera  la  courbe  exctJxhquartiqve.  Je 
remarque  en  passant  que  les  quartiques  nodale  et  cuspidale  sont  des  sous-esp^ces  tant 
de  Texcubo-quartique  que  de  la  quadriquadrique.  En  supposant  que  le  cdne  U=^0 
n'ait  que  deux  droites  doubles  ou  de  rebroussement,  et  soit  que  jp  =  2  ou  j)  =  3,  on 
obtiendra  par  la  th6orie  actuelle  la  quadriquadrique  g^n^rale  (cela  est  Evident  par  les 
formules  du  Mdmoire  cit^  de  M.  Salmon).  Si  le  cdne  U^^O  a  trois  droites  doubles 
ou  de  rebroussement,  alors  soit  que  p  =  2  ou  p  =  3,  on  obtiendra,  selon  les  ciroonstances, 
ou  Texcubo-quartique,  ou  la  quartique  nodale,  ou  la  quartique  cuspidale  (mais  non  pas 
cette  demifere,  k  moins  qu'il  n'y  ait  au  moins  une  droite  de  rebroussement).  Mais  il 
faudrait  pour  tout  cela  une  discussion  plus  approfondie. 

Je  remarque  qu'en  prenant  le  point  A  sur  la  courbe  du  m"~  ordre.  Ton  aurait 
eu,  au  lieu  du  cdne  J7=0  du  m**"*  ordre,  un  cdne  du  (m  — l)'***  ordre,  et  Tordre  du 
cdne  se  r^uirait  encore  si  le  point  A  ^tait  un  point  multiple  de  la  courbe.  Peut- 
dtre  il  conviendrait  de  consid^rer  de  tels  cdnes  au  lieu  du  cdne  du  m"~  ordre. 

En  conclusion,  je  fids  les  reflexions  que  voici,  savoir:  Si  S  =  0,  7  =  0  sont  des 
surfikces  quelconques  qui  passent  par  la  courbe  du  mf^^  ordre,  alors  en  ^liminant  entre 
ces  ^nations  la  coordonnde  w,  on  obtient  une  ^nation 

n  =  irF=o, 

qui  contient  comme  fitcteur  T^uation  tr=  0  du  cdne  du  m"~  ordre.  Mais  il  y  a  plus : 
la  th^rie  de   r^limination   entre  deux   ^nations  alg^briques  fidt  voir  que  les  ^nations 
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P 

jSf  =  0,    r=0    donnent  lieu   k  un    assez   grand    nombre    d'^quations    de    la   forme   ^  =  ^ 

(en  reprdsentant  deux  quelconques  de  ces  ^nations  par 

P  F 

^  =  Q'     ^  =  ^' 

on    aura    toujoui-s   PQ'  —  P'Q  =  ifll),  c'est-^-dire    on    obtient   par   une    telle    ^mination 

plusieurs  surfaces  monoi'des  dont  chacune  coupe  le  c6ne   n  =  i7F=0,  selon   la    courbe 

d'intersection  complete  de  deux  surfaces  £f  =  0,    T=0.    Mais  il  ne  s'ensuit  pas  (mSme 

en  admettant  que   Ton   ait  de  cette  mani^re   tovies  les  surfaces   mono'ides   qui    passent 

par  rintersection    complete),  que  Ton  ait  tovtea  les   surfaces  mono'ides  qui    passent  par 

la  courbe  du  m****  ordre ;  en  effet  il   pent  y  avoir  des  fonctions  P',  Q[  lesquelles,  sans 

P' 
donner   PQ[  -  FQ  =  MUV,   donnent   cependant    PQ'  -  P^Q  =  MU,  et,  cela    ^tant,  w  =  q/ 

serait  une  sur&ce  monoXde  qui  passerait  par  la  courbe  du  m^^^  ordre. 

P.S.  On  ddduit  sans  peine  la  th^rie  des  courbes  situ^s  sur  une  surface  du  second 
ordre  (voir  ma  Note  "  On  the  curves  situate  on  a  sur&ce  of  the  second  order /'  Phil, 
Mag.,  July  1861,  [314],  et  les  savantes  recherches  que  M.  Chasles  vient  de  publier  dans 
les  Comptes  Rendiis),    En   effet,  en  supposant  que  la  monoide  soit  une  sur&ce  du  second 

ordre  (hyperboloide)  et  que  son  Equation  soit  w^-   y  alors,  puisque  le  c6ne  (7=0,  du 

m'*^  ordre,  doit  rencontrer  le  plan  z^O  selon  les  seules  droites  a?  =  0,  y  =  0,  il  &ut 
que  ces  droites  soient  des  droites  multiples  du  c6ne  17  =  0,  et  en  prenant  p,  q  des 
nombres  tels  que  p  +  9  =  m,  on  pent  supposer  que  les  deux  droites  soient  des  droites 
multiples  des  ordres  p  et  q  respectivement ;  et  cela  arrivera  si  U  (fonction  homog^ne 
du  m'*^  ordre  en  a?,  y,  z)  contient  aiP  pour  la  plus  haute  puissance  de  a?,  et  y^  pour 
la  plus  haute  puissance  de  y.  Car  en  arrangeant  selon  les  puissances  descendantes  de 
y,  on  aura 

ce  qui  &it  voir  que  a?  =  0,  z  =  0  sera  une  droite  multiple  du  p""^  ordre,  et  de  mSme 
y=:0,  2r  =  0  sera  une  droite  multiple  du  j****  ordre.  On  a  done  selon  la  notation  de 
VL  Chasles 

en  se  souvenant  qu'ici  U  contient  aussi  la  coordonn^  z. 


Suite. — Courbes  du  qiuUriime  ordre. 

Toute  surface  du  second  ordre  est  une  surface  monoide,  et  on  pent  prendre  pour 
sommet  un  point  quelconque  de  la  surface.  En  effet,  en  consid^rant  un  point  quel- 
conque  de  la  surface  du  second  ordre,  soient 

a?  =  0,    y  =  0,    2;  =  0, 

2—2 


12  OONSIDJ^IRATIONS   G^l^RALES    SUR    LES   OOURBES   EN    ESPACE.  [302 

les  ^uations  de  trois  plans  quelconques  qui  passent  par  ce  point;  Venation  de  la 
surface  sera  satisfaite  en  y  ^rivant 

a?  =  0,    y  =  0,    z^O; 

done  cette  &iuation  ne  contiendra  pas  de  terme  en  i£^,  et  elle  sera  ainsi  de  la  forme 

p 

wQ  —  P  =  0  ou  ^=?7» 

P  et  Q  dtant  des  fonctions  homog^nes  en  x,  y,  z,  du  second  ordre  et  du  premier 
ordre  respectivement ;  c'est-ll-dire,  la  surface  sera  monoi'de,  ou,  si  Ton  veut,  monoYde 
quadrique. 

Or,  par  une  courbe  du  quatrifeme  ordre  (ou  courbe  quartique)  quelconque  en  espace, 
on  pent  faire  passer  une  surface  du  second  ordre,  ou  mono'ide  quadrique.  Selon  la 
th^rie  g^n^rale,  la  surface  mono'ide  est  tout  au  plus  du  troisi^me  ordre,  ou  mono'ide 
cubique;  j'avais  tort  de  supposer  que  pour  la  courbe  excubo-quartique  la  surfi^^ 
mono'ide  ftlt  n^cessairement  une  mono'ide  cubique.  II  arrive  comme  suit,  savoir :  pour 
la  courbe  quadriquadrique,  en  prenant  pour  sommet  un  point  quelconque  de  Tespace 
(on  suppose  toujours  que  le  sommet  de  la  mono'ide  n'est  pas  situd  sur  la  courbe),  on 
aura  une  mono'ide  quadrique ;  mais  pour  la  courbe  excubo-quartique,  pour  que  la  mono'ide 
soit  quadrique,  il  faut  que  le  sommet  soit  situ^  sur  la  surface  du  second  ordre  (il  n'y 
a  qu'une  seule  surface)  qui  passe  par  la  courbe;  cela  ^tant,  la  monoide  quadrique  sera 
cette  surface  mSme  du  second  ordre.  Mais  en  prenant  pour  sommet  un  point  quel- 
conque qui  n'est  point  situ^  sur  la  surfeice  du  second  ordre,  la  mono'ide  sera  n^ces- 
saii'ement  une  surface  cubique. 

Ainsi,  pour  les  courbes  quartiques,  il  suffit  de  consid^rer  ces  courbes  comrae  situ^ 

sur  une  mono'ide  quadrique;  il  est  cependant  assez  int^ressant  de  les  consid^rer  comme 

p 

situ^es  sur  une    monoide   cubique.    Je    suppose   done    i7=0,  ^  =  751   oil    11=0    est  un 

P 
c6ne  quartique  et  t(;=-g    une   mono'ide  cubique  avec   le  mSme  point  a?  =  0,  y  =  0,  z  =  0 

pour  sommet. 

Selon  la  thdorie  g^n^rale,  les  huit  droites  Q  =  0,  27  =  0  doivent  Stre  comprises 
parmi  les  six  droites  Q  =  0,  P  =  0.  Or,  pour  cela,  il  feut  que  le  cone  J7  =  0  ait  des 
droites  multiples ;  il  y  a  trois  cas  k  consid^rer :  1^  Le  c6ne  passe  par  les  six  droites, 
et  une  de  ces  droites  est  une  droite  triple  du  c6ne ;  il  y  aura,  comme  cela  doit  Stre, 

3-hl-hl-hl-hl  +  l=8 

droites  d'intersection  de   Q  =  0,  27=0.     2°   Le   cdne  passe   par  les  six   droites;  deux  de 
ces  droites  dtant  des  droites  doubles,  il  y  aura 

2  +  2  +  1-1-14-1  +  1=8 

droites  d'intersection.     3°    Le    cdne  passe  par  cinq  des  six    droites ;    trois   de   ces   cinq 
droites  ^tant  des  droites  doubles,  il  y  aura 

2+2+2+1+1=8 
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droites  d'intersectioiL     Or,  dans  le  premier  et   le  second  cas,  le  cdne    [7=0  passe  par 

les  six   droites  d'intersection  des  cdnes  P  =  0,   Q  =  0 ;    il   faut  done  que  Ton  ait   iden- 

tiquement 

[7=Pe'-FQ, 

P,  Q[  dtant  des  fonctions  homogfenes  en  x,  y,  z  du  second  ordre  et  du  premier  ordre 
respectivement.    Mais  en  vertu  de  I'^uation 

i7=PQ'-P'Q  =  0, 

P     P*  .  .  .  P' 

on  a  7)  =  7y  >  c'est-Jt-dire   la   courbe   est  situde  sur  la  monoide  quadrique   ^  =  tv  •    La 

courbe  sera  quadriquadrique  ou  excubo-quartique,  selon  les  circonstances. 

Reste  k  consid^rer  le  troisifeme  cas.  La  monoide  cubique  est  une  surface  cubique 
ayant  le  sommet  pour  point  conique;  la  th^orie  des  droites  sur  une  telle  sur£Eu;e  a 
^t^  examinee  par  M.  Salmon  dans  son  M^moire :  "  On  the  triple  tangent  planes  of  a 
surfiwse  of  the  third  order,"  Camh.  and  Dvbl.  Math.  Jouttl,  pp.  252 — 260  (1849)i  II  y 
a,  en  effet,  les  six  droites  par  le  point  conique,  savoir:  les  droites  P  =  0,  Q  =  0,  qui 
comptent  pour  douze  droites,  et  de  plus  quinze  droites;  6x2  +  15  =  27.  Chacune  des 
quinze  droites  est  donnde  comme  troisifeme  intersection  de  la  surface  avec  un  plan  qui 
passe  par  deux  des  six  droites.  Done,  en  nommant  1,  2,  3,  4,  5,  6  les  six  droites,  on 
pent  nommer  12  la  droite  dans  le  plan  men^  par  les  droites  1,  2;  et  de  mSme  pour 
les  droites  13,  23,  etc.  La  droite  1  est  rencontr^  par  les  droites  2,  3,  4,  5,  6, 
12,  13;  14,  15,  16 ;  la  droite  12  par  les  droites  1,  2 ;  34,  56 ;  35,  64 ;  36,  45 ;  et  ainsi 
pour  les  autres  droites. 

Cela  ^tant,  je  suppose  que  le  cdne  27=0  passe  par  les  droites  2,  3,  4,  5,  6,  et 
que  les  droites  4,  5,  6  soient  droites  doubles  du  cdne.  Je  dis  que  la  courbe  sera 
situ^  sur  une  surface  du  second  ordre  qui  passe  par  les  droites  12,  13  (droites  qui 
ne  se  coupent  pas),  savoir,  ces  deux  droites  et  la  courbe  seront  Tintersection  complete 
de  la  monoide  cubique  et  de  la  surfiekce  du  second  ordre;  cela  fait  voir  que  la  courbe 
est  une  courbe  excubo-cubique.  £t,  comme  il  est  auparavant  dit,  en  prenant  pour 
sommet  un  point  quelconque  de  la  surface  du  second  ordre,  la  courbe  sera  situ^  sur  une 

F 

monoide  quadnque  ^  =  7y  • 

Done,  en  partant  de  la  monoide  cubique,  on  trouve  toujours  que  la  courbe  du 
quatri^me  ordre  est  situ^e  sur  une  monoide  quadrique. 

J'^tablis  comme  suit    Texistence  de  la  surface  du   second  ordre  qui  passe    par   les 

P 

droites    12,    13.    Je    remarque   en    g^n^ral    que    T^quation   ti;  =  2^  pcut    s'&rire  sous  la 

forme  w  +  i  =      ^.       ,  oti  Z  est   \me   fonction  homog^ne  lin^ire  quelconque  de  x,  y,  z\ 
ou  en  changeant  w,  cette  Equation  sera 

P  +  iQ 
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c'eet-il-dire  on  peut  reraplacer  le  cdoe  P  —  0  par  un  cdoe  quelcouque  qui  passe  par 
les  droites  d'interaectioQ  des  c&ues  P  =  0,  Q  =  0.  Done,  pour  la  monolde  cnbique,  on 
peut  prendre  pour  P  +  LQ  =  0  un  systfeme  de  trois  plans,  et  en  preoant  pour  ^nations 
de  ces  plans  ic  =  0,  y=0,  « =>  0,  on  peut  prendre  pour  ^uations  de  la  monolde  cubique 


Comme  les  coordonn^ea  w,  y,  z  renferment  chacune  un  multiplicateur  ind^termiji^  on 
pent  ^crire 

Q  =  a?  +  y»  +  ^+  llyz^  2m«!+'  2n«y, 

ou,  en  posant  a' a-,  ff^-o'  y'=~>  ^>  j3>  7  ^tant  des  qnantit^  quelconques,  on  peut 
^crire 

ce  qui  est  la  Forme  la  plus  commode  pour  mettre  en  Evidence  les  droites  d'inteiBection 
xyz  =  0,  Q  =  0.     On  peut  supposer  que  lee  ^uations  de  cea  droites  soient 

(1)    m-0,  y  +  M=0,  (2)    »  =  0,     ay+«  =0, 

(3)    y  =  0,  *+y3a!=0,  <4)    y  =  0,    j8i  +  jr=0, 

(5)    z=0,  jc  +  7y  =  0,  (6)    t=0,    7a!+y  =  0. 

Done,  pour  les  plans  56,  34,  24,  on  aura  les  Equations 

(56)    «-0,  (34)    y  =  0,  (24)    «+ 8/3y  +  y9^-0; 

et  de  iJk  r&)uation 

JQ"  +  Qr  [By  +  C(a!  +  «j8y  +  ^8^)]  +  i>2»y  (fl!  +  a)9y  +  ^«)  ■=  0 

sera  celle  d'un  cdne  du  quatrifeme  ordre  qui  passe  par  les  droites  2,  3,  4,  5,  6  et  a 
les  droites  4,  5,  6  pour  droites  doubles ;  et  comme  cette  Equation  contient  lea  troia 
quantity  arbitrairea  A  :  B  :  C  :  D,  ce  sera  I'^uation  la  plus  g^n^iale  qui  satisikit  aux 
conditions  dont  il  s'a^t :   c'est-&-dire  cette  Equation  sera  celle  du  cdne  (T  =  0. 

Les  ^uatioDS  de  la  droite  12  sont  w  =  0,  w  =  0 ;    pour  obtenir  celle  de  la  droite 
13,  j'observe  que  I'^uation  du  point  13  est 

afiw  +  y  +  w  =  0, 
et  je  forme  I'^quation  identique 

Q  =  (affx  +  y  +  az)i(y  +  '/  -  aff)  x+  I,  +  tiz]+  0'  (I  -a0y)(l-  ttffy')  x  it  +  fix), 
laquelle  se  v^rifie  sans  peine.     Done,  eu  ^crivant 

a^  +  y  +  «r  =  0,  ou   y  —  aiz  +  ffx), 
I'Ajuation  «'  =  ^  devient 

_  -ax(z  +  ffx)z ~a0z 

"" - /TO^Ti^^l  _  «^') a>(*  +  jftc) '  " (1  -  o^)  (1  -  a^ ' 
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ou,  ce  qui  est  la  m^me  chose, 

laqnelle  et  I'^uation 

a/3x  +  y  +  a^  =  0 

sont  les  deux  Equations  de  la  droite  13. 

Cela  ^tant, 

iAx+Bw)(al3x  +  y  +  az)-h{Cx+Ihv)[afiz  +  (l'-al3y)(l-al3y')w]^0 

sera  I'^uation  d'une  surfBice  du  second  ordre  qui  passe  par  les  deux  droites  12,  13; 
et,  en  ^liminant  w  au  moyen  de  I'^uation 

xyz 
w       ^  , 

on  obtient  T^quation  du  cdne  du  quatri^me  ordre.  En  effet,  en  substituant  cette  valeur 
de  w,  on  obtient  une  Equation  du  sixi^me  ordre  laquelle,  divis^  par  (cLffa  +  y+az), 
devient 


or 


_!_,<,.,  _^),.,,.,.^-a-^.m-^^.(..^.), 


done  la  partie  fractionnelle  est 

tt(l-ai87)(l--affy)a?(2:  +  i8a?)  +  (l-a^y)(l-affy)gy 

affx+y-^az  * 

c'est-i-dire 

(l_«^^)(l_a^')«,«-^tM±i?.  =(i.a0y)(i-affr/)a>. 
et  r^uation  devient 

L+ (1  -  0^7)  (1  -  «i8y)  «^  J 

ou  enfin 

AQ'+ByzQ  +  (CQ  +  Dyz)z{x  +  afiy  +  l3z)^0, 
ce  qui  est  Qn  effet  r&juation  ci-dessus  trouv^e  pour  le  cdne  U^O. 


Suite, — Gourbes  du  cinquiime  ordre. 

On  pourrait  assez  bien  d^noter  les  courbes  des  ordres  un,  deux,  trois,  comme  suit, 
savoir : 

Courbe  du  premier  ordre,  par   ....        1 

Courbe  du  second  ordre,  par     ....         2 

Courbes  du  troisi^me  ordre,  par     .     .     .        3  et  4  — 1, 
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c'est-i-dire  que  la  courbe  plane  serait  3  et  la  courbe  dans  Tespace  4  —  1.  Mais  pour 
le  quatrifeme  ordre,  cette  notation  serait  d6ji  en  ddfaut,  et  Ton  aurait  besoin  d'une 
notation  telle  que  celle-ci: 


4.1 
2.2 
2.3-1-1. 


Courbe  plane 

Courbe  quadriquadrique    . 
Courbe  excubo-quartique  . 

Cela  devient  cependant  trop  complexe,  et  comme  je  ne  cherche  nuUement  une 
notation  parfaite,  il  suffit  pour  le  moment  de  d^noter  la  courbe  plane  (dont  je  n'ai 
gufere  k  m'occuper)  par  4*  la  quadriquadrique  par  4,  et  Texcubo-quartique  par  6  —  2. 
De  m^me  pour  le  troisifeme  ordre,  on  pent  d^noter  la  courbe  plane  par  3*  et  la 
courbe  dans  Tespace  par  3. 

Cela  ^tant,  pour  les  courbes  du  cinqui^me  ordre,  ou  courbes  quintiques,  il  y  a 
cinq  esp^s,  savoir: 


p.  D.  A, 

Courbe  plane 

ou  esp^ce 

5 

0 

Courbe  quadricubique 

»> 

6-1 

4 

Courbe  quadriquartique 

ff 

8-3 

6 

Courbe  cubicubique  (deux  espfeces) 

n 

f9-3-l 
9-6  +  2 

6 
5 

oil  la  colonne  p.  d.  a.  £Edt  voir  pour  chaque  esp^ce  le  nombre  des  points  doubles 
apparents  (voir  le  M6moire  de  M.  Salmon:  "On  the  classification  of  Curves  of  double 
Curvature,"  Camb,  et  Dvbl,  Math,  Joum,,  t.  v.  1850).  Cette  classification  est  au  fond  celle 
du  M^moire  cit^;  seulement  M.  Salmon  a  ^num^r^  trois  sous-esp^ces  qui  n'existent 
pas,  k  savoir  les  sous-espfeces  quadriquadriques  analogues  k  F.  7,  F.  8,  F.  9  (p.  42, 
oil  M.  Salmon  parle  des  courbes  alg^riques  correspondantes  k  F.  7,  F.  8,  F.  9,  F.  10, 
sans  attacher  des  numdros  k  ces  quatre  sous-espies).  Je  vais  k  pr^nt  expliquer  la 
th^orie  des  cinq  esp^ces. 

Courbe  plane,  ou  eepice  5. — II  va  sans  dire  que  cette  courbe  est  Tintersection  d'une 
surSace  quintique  par  un  plan  quelconque. 

Courbe  quadricubique^  ou  espice  6  —  1. — Cette  courbe  est  Tintersection  partielle  d'une 

surface  quadrique   et  d'une  surface  cubique  qui  ont  en  commun   une  seule  droite.     En 

supposant  que   les    equations   de    la   droite    soient   x  =  0,  y  =  0,  on    pent   prendre    pour 

Equation    de    la    surfieice    quadrique    xw  —  yz^O,  et    pour    celle    de    la    surfiEhce    cubique 

a?F— ^[7=0,  oil    17=0,    F  =  0,  sont  des  surfaces  quadriques  quelconques.    Au    lieu  des 

deux  Equations 

xw  ^yz  =0, 

xV-yU^O, 
il  est  permis  d'^rire 


V. 


X, 


z 


y,    w 


=  0, 
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ce  qui  fait  voir  qu'ii  passe  par  la  courbe  cette  nouvelle  surface  cubique, 

laquelle  a  en  commun  avec  la  premiere  sur&ee  cubique  la  courbe  quadriquadrique 
ir=0,  F=(). 

La  courbe  a  4  points  doubles  apparents;  elle  pent  done  avoir  0,  1  ou  2  points 
doubles  ou  de  rebroussement ;  cela  donne  les  sous-esp^ces 

F.  1,    F.  2,    F.3,    F.4,    F.  5,    F.  6, 
de  M.  Salmon. 

Je  remarque  en  passant  qu'en  supposant  que  la  sur&ce  cubique  xV—yU=0  a  en 
commun  avec  la  surface  quadrique  anv—yz^O,  non-seulement  la  droite  a:  =  0,  y  =  0, 
mais  aussi  une  autre  g^n^ratrice  du  m^me  mode  de  g^n^ration,  on  aura,  au  lieu  de 
la  courbe  quintique  6  —  1,  cette  nouvelle  droite,  et  une  courbe  excubo-quartique.  C'est 
la  le  th^oreme  qui  donne  une  des  constructions  que  M.  Chasles  a  trouv^es  pour  la 
courbe  excubo-quartique. 

J'ajoute  que  la  courbe  consid6r^  comme  courbe  situ^e  sur  une  surfetce  quadrique 
sera  de  Tesp^e  (3,  2),  ou,  selon  la  notation  de  M.  Chasles,  M  {ahf).  On  connait  ainsi 
un  grand  nombre  des  propri^t^s  de  cette  courbe,  et  aussi  de  la  courbe  d'esp^  8  —  3 
dont  nous  aliens  parler,  laquelle,  consid^r^e  comme  courbe  situ^e  sur  une  surface 
quadrique,  est  de  Fespfece  (4,  1)  ou  jW  (a^). 

Courbe  qwidriqmrtique,  ou  e»pice  8  —  3. — Une  telle  courbe  est  Tintersection  partielle 
d'une  sur&ce  quadrique  et  d'une  sur£a,ce  quartique  qui  ont  en  commun  trois  droites 
qui  ne  se  rencontrent  pas:  autrement  dit,  ces  droites  seront  des  generatrices  du  m^me 
mode  de  generation  de  la  surface  quadrique  (0- 

Soit  anu'-yz  =  0  Uequation   de  la  surface  quadrique;  on  peut  prendre  pour  les  trois 

generatrices 

(a?  —  \y  =  0,     \w  —  -?  =  0), 

(a?  -  Aty  =  0,     fjLW-'Z  =  0), 

(a:  —  vy  =  0,     vw  —  z^O); 

ct  cela  etant,  I'equatiou  de  la  surface  quartique  sera 

(a,  ...)(a:  — \y,  \to  —  z){X'-fjLy,  /jlw  —  z)  {x  —  i/y,  vw  —z)  =  0, 

en  representant  de  cette  manifere  une  fonction  lineaire  par  rapport  k  x  —  Xy  et  \w^z, 
par  rapport  k  x  —  yy  et  iiw  —  z,  et  par  rapport  k  x—t/y  et  inv—Zy  le»  coefficients  a,... 
etant  des  foiictions  lineaires  quelconques  de  ar,  y,  z,  w. 

La  courbe    k    6    points  doubles   apparents ;    il   n'y  a   done   pas   d'autre   singularite : 

c'est  Tesp^e  analogue  k 

F.  10 

de  M.  Salmon. 

1  Dans  le  symbole  8-3  ou  remarquera  que  B  denote  non  pas  la  cubique  gauohe,  mais  les  trois  droites; 
S  - 1  - 1  - 1  serait  trop  long,  et  je  me  suis  senri  ezpr^s  de  la  notation  moins  complete ;  et  ainsi  il  est  neces- 
saire  en  pareil  cas  d'ezpliqner  la  notation. 

a  V.  3 
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Courbe  cuincubiquey  espece  9  —  3  —  1. — La  courbe  est  rintersection  partielle  de  deux 
surfaces  cubiques  qui  ont  en  commun  une  courbe  cubique  gauche  et  une  droite  qui 
ne  rencontre  pas  la  courbe  cubique. 

Soient  p,  q,  r,  s^  t,  u,  P,  Q  des  fonctions  lindaires  queiconques  des  coordonn^; 
«»  /8,  7,  a',  ff,  y  des  fonctions  lin&ires  queiconques  de  P,  Q  (autrement  dit,  a  =  0, /8=»0, 
etc.,  seront  les  Equations  de  six  plans  queiconques  qui  passent  par  la  droite  P  =  0,  Q  ==  0). 
Cela  ^tant,  les  sur&ces  cubiques 


P>    «,     a 

p,   «.   « 

?,     t,    fi 

=  0. 

q,    t,   ff 

r,     u,    7 

r,     H,    i 

=  0, 


auront  en  commun  la  courbe  cubique 


P*    <I* 

8,      t, 


r 
u 


=  0 


(ainsi  les  surfaces  quadiiques  pt  —  sq^O,  pu  —  sr^^O  se  rencontreut  selon  la  droite  p  =  0, 
8=0  et  selon  la  courbe  cubique  dont  il  s'agit)  et  la  droite  P ~ 0,  Q  =  0.  II  y  aura 
done  encore  une  intersection  qui  sera  la  courbe  (juintique  9  —  3  —  1. 

La  courbe  a    6   points  doubles    apparents :    il    n'y  a   done   pas  d'autre  singularity : 
c'est  I'espfece 


V.  10 


de  M.  Salmon. 


Je  remarque  en  passant  que  cette  courbe  quintique  9  —  3  —  1  a  avec  une  certaine 
courbe  sextique  une  relation  semblable  k  celle  qui  existe  entre  la  courbe  excubo-quar- 
tique  et  la  courbe  quintique  6  —  1.  En  effet,  p,  q,  r,  8,  t,  u,  a,  0,  7,  a\  ff,  7'  dtant  k 
pr^nt  des  fonctions  lin6aires  (juelconques  des  coordonnc^es,  la  courbe  sextique  sera 
donn^e  par  les  equations 

i>,    «,     a,     a' 
q,    t,    ^,    0 


r,     u,    7 


=  0, 


ou,  ce  qui   revient  h,  La   mdme  chose,  elle   sera  Tintersection  paitielle  des  deux  surfieuses 
cubiques 


p,    s,    a 

?.    t.    13 
I  r,     u,    7 


=  0, 


?,     t,    ^ 


=  0, 


lesquelles  ont  en  commun  la  courbe  cubique 

8,  ty  U 


=      0. 


302]  CONSIDilRATIONS    G^N^RALES   SUR    LE8    COURBES    EN    ESPACE.  19 

Or,  en   prenant  a,  /8,  7,   a',   /S',  7'  des  fonctions   lineaires   de  P  et  Q,  nous    avons,  en 
effet,  r^uit  la  courbe  sextique  k  la  droite  P  =  0,  Q  =  0  et  k  la  courbe  quintique  6  —  3  —  1. 

Courbe  (mbicubiqus,  eapice  9-64-  2. — Cette  courbe  est  I'intersection  partielle  de  deux 
surfaces  cubiques  qui  ont  en  commun  une  courbe  excubo-quartique.  En  supposant  que 
cette  courbe  excubo-quartique  soit  rintei*8ection  partielle  d'une  surface  quadrique  et 
d'une  sur&ce  cubique  qui  ont  en  commun  les  deux  droites  (a:  =  0,  y  =  0)  et  (-?  =  0,  w  =  0), 
on  pent  prendre  pour  ^nation  de  ces  deux  surfaces 


a,    b 
c,    d 


F  = 


(ar,  y)  (z,  w)  =  0, 


en  repr^ntant  de  cette  maniere  la  fonction  axz-^-byz^-cxw^-dyw,  lindaire  par  rapport 
h,  X,  y  et  par  rapport  k  Zy  w,  avec  des  coefficients  a,  6,  c,  d,  lesquels  sont  des  fonctions 
lineaires  quelconques  de  x,  y,  z,  w. 

En  ^rivant  d'abord 

V  =  (cuc'\'by)Z'k'{cx-hdy)w, 

U  —       —   y  z-k-  WW, 

on  obtient 

xV-(cw-hdy)  U  =: z[aa^ -h {b -h c) xy -h dj/^]. 

Et  de  m^me  en  ^crivant 

V={az  +  cw)  x  +  (bz  +  dw)  y, 

[7=  w  a?—  z  y, 

on  obtient 

zV -{■  {bz -{■  dw)  U^x[az'^  ■\'{b-\-c)zw-\'dv^\ 

Or  le  premier  de  ces  r&ultats  fait  voir  qu'en  supposant  t/'=0,  F=0,  on  obtient 
aa^  +  (6  +  c)a?y  +  dy'  =  0,  et  le  second,  qu'en  supposant  i7=0,  F  =  0,  on  obtient  de  mSme 
a^+(6+ c)-8W +  £&(;*=  0.  Les  surfaces  i7=0,  F=Ose  coupent  selon  la  courbe  excubo-quar- 
tique  et  les  droites  (a?  =  0,y  =  0)  et  (^^  =  0,  w  =  0);  mais  la  surface  aaj^  +  (A  +  c)ay +  dy'  =  0 
ne  passe  que  par  la  premiere,  et  la  sur&ce  a^  +  (6  +  c)2ti;  +  (2ti^^  =  0  ne  passe  que  par  la 
seconde  de  ces  deux  droites ;  done  les  deux  surfaces  se  coupent  selon  la  courbe  excubo- 
quartique,  mais  non  pas  selon  Tune  ou  Tautre  des  deux  droites,  c'est-lt-dire  que  les 
deux  surfaces  cubiques 

aar'-f  (64-c)a:y  +  dy-  =  0, 

az'^  4-  {b'{-c)zw  -\-dtd*=  0, 

se  coupent  selon  la  courbe  excubo-quartique,  et  encore  selon  une  courbe  quintique 
9-6  +  2. 

Les  deux  surfisuses  cubiques  ont  chacune  une  droite  double,  elles  sont  done  des 
surfaces  r^gl^.  La  courbe  est  done  comprise  parmi  les  courbes  d^crites  sur  une 
surface  cubique  r^gl^e,  pour  lesquelles  M.  Chasles  a  trouv^  demierement  une  con- 
struction g^m^trique  trfes-^l^gante. 

3—2 
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La  courbe  a  cinq  points  doubles  apparents ;  elle  pent  done  ne  pas  avoir  d'autre 
singularity,  ou  avoir  nn  point  double  ou  de  rebroussement :  cela  donne  les  trois  sous- 
espfeces 

F.7,     F.8,     F.  9 

de  M.  Salmon. 

On  ddmontre  sans  peine  que  toute  courbe  quintique  est  plane,  quadricubique, 
quadriquartique  ou  cubicubique;  mais,  pour  &ire  voir  qu'il  nexiste  que  les  cinq 
espies  ci-dessus  mentionn^es,  il  y  a  encore  plusieurs  cas  k  considdrer.  Par  exemple, 
pour  les  courbes  cubicubiques,  on  pourrait  supposer  que  les  deux  surfaces  cubiques 
avaient  en  commun  une  courbe  quadriquadrique :  si  cela  ^tait,  les  ^nations  des  deux 
surfaces  seraient  de  la  forme  Fa?  —  I7y  =  0,  Vz  —  Uw  =  0  (surfaces  qui  ont  en  commun 
la  courbe  quadriquadrique  U=0,  V  =  0),  mais  dans  ce  cas  la  courbe  quintique  serait 
situ^e  sur  la  sur£a,ce  quadrique  xw  —  yz^O,  et  Ton  ne  fait  que  retrouver  I'esp^ 
quadricubique  6  —  1.  J'ai  fait,  apr^  M.  Salmon,  cette  revue  des  diff^rents  cas,  et  je 
me  suis  assur^  qu'il  n'y  a  que  les  cinq  esp^ces.  II  convient  peut-Stre  de  remarquer 
que  r^num^ration  des  sous-esp^s  comprises  dans  celles-ci  n'est  pas  tout  k  Cut  com- 
plete, parce  que,  en  certains  cas,  la  courbe  pent  avoir  un  point  triple,  ou  autre 
singularity  plus  ^levee  que  les  points  doubles  ou  de  rebroussement.  Cela  ne  pr^nte 
pas  de  difficult^,  et  en  effet  je  n'ai  parld  des  sous-esp^s  que  pour  rapprocher  mes 
resultats  de  ceux  de  M.  Salmon. 

La  longueur  de  cette  communication  m'empeche  de  faire  voir  k  pr&ent  comment 
les  cinq  esp^ces  peuvent  se  d^uire  de  la  th^rie  g^ndrale  des  courbes  dans  Tespace 
considdr^es  comme  situ^s  sur  une  surface  monoide. 
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tandis  que  pour  le  quadrangle,  I'hexagoue,  Toctogone,  etc.,  ces  coDditioQB  soDt 


D,     K 

=  0, 

ft    «,    F 

E,    F 

E.  F,    0 

F.  a.    H 

de   niani&re   que  la  coodition   est  trouv^  explicitemeot   pour   un   polygone  d'ordre  q 
conque  sans  paster  par  celles  gui  appartienntnt  aux  polygones  iordre  ir^^rieur. 

Comme  j'attache,  je  I'avoue,  un  pen  d'importance  k  cette  solution  (laquelle  b 
I'explication  que  je  viens  de  donner  oe  parait  pas  m^riter  la  critique  que  vout^ 
fait«8)  je  serais  bien  aise  ci  vous*  voulez  bien  communiquer  cette  lettre  k  I'Acad^mie. 
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SUR  UN  MEMOIRE  DE  JACOBL     EXTRAIT  D'UNE  LETTRE 

A  M.   J.   BERTRAND. 

[From  the  Comptes  Rendus  de  VAcadAmie  des  Sciences  d  Paris,  torn.  LVi.  (Janvier — 

Juin,  1863),  p.  43.     See  298,  foot-note  to  No.  117.] 

Permettez-MOI  de  vous  soumetti*e  une  remarque  que  je  viens  de  faire  par  rapport 
M6moire  de  Jacob!  *'Sur  rumination  des  noeuds  dans  le  probleme  des  trois  corps'' 
<^<Jompte  Rendu  8  aoftt,  1842  [and  Crelle,  t.  xxvi.  (1843),  pp.  115—131]).  II  me  semble 
<^ue  quoique  Jacobi  disc  qu'il  a  fait  d^pendre  le  problfeme  d'un  syst^me  de  cinq  ^nations 
^iu  premier  ordre  et  une  seule  du  second  ordre,  il  a  r^Uement  fait  plus  que  cela,  savoir 
c:^ull  Ta  &it  d^pendre  d'un  systeme  de  six  Equations  du  premier  ordre  et  qu'ainsi  il 
^^st  alld  aussi  loin  que  vous  dans  le  ''  M^moire  sur  Tint^gration  de  quelques  ^nations 
cSifii^rentielles  de  la  M^canique,"  Journal  de  M,  LiouviUe,  t.  xvii.  (1852).  £n  effet  si 
cSans  lea  ^nations  i,...vi.  de  Jacobi,  pour  les  r^duire  a  un  systfeme  d'^uations  du  premier 
ordre,  on  ^rit 

le  systeme  pent  evidemment  se  printer  sous  la  forme 

di  _  di,  _  dtt  __  dui  __  dr  __  dr^  _  dO  ._  , . 

«t,  cela  ^tant,  en  remarquant  que  les  fonctions  /,  /i,  [^....,  ne  coutienuent  pas  t,  et  en 
omettant  T^uation  {^dt),  on  a  un  systeme  de  six  ^nations  entire  les  quantity 
«,  i|,  u,  U],  r,  Tu  0:  en  supposant  que  I'int^gration  soit  eifectu^e,  on  obtient  alors  t  au 
xnoyen  d'une  quadrature. 

Je  remarque  en  passant  qu'il  ne  me  parait  pas  que  Jacobi  ait  d<l  dire :  *'  Par 
suite  Ton  a  fait  cinq  integrations;"  les  seules  integrations  qu'il  a  faites  sont: 
Vint^grale  des  forces  vives,  et  les  trois  int^grales  des  aires:  cela  ^tant  on  obtient  au 
lieu  de  12  Equations  entre  13  variables,  8  Equations  entre  9  variables,  et  dans  la 
solution  de  Jacobi  il  arrive  que  ce  systeme  de  8  Equations  contient,  comme  partie  de 
lui-mdme,  un  sjrst^me  de  5  Equations  entre  7  variables;  mais  k  moins  d'int^grer  les 
6  Equations  on  n'obtient  pas  d'int^grale  nouvelle. 


[so 
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CONSIDERATIONS  GENERALES  SUR  LES  OOURBES  EN  ESPACI 
COURSES  DU  CINQUIfiME  ORDRE. 


[From  the  Comptea  Hendus  de  VAcad^fuie  des  Sciences  de  Paris,  torn,  lviii.  {Janvier — 
Jwin,  1864),  pp.  994—1000.    Continuation  of  302.] 

En   conBid^rant  une  courbe  dii  m'"^  ordre  repr(?sent«e  an  moyen  des  .^nations 

u.o.  ...f, 

qui   d^notent   i-espectivement   iin    c6ne   du   m'"^    ordre   et  une  sur&ce    monoide   du  jj" 
ordre,   le   c6ne  doit   paeser  7ii(p  — 1)   fois   par   les  p(p—l)  droites   (P  =  0,   Q^O)  de 
monuide.     J'indique  la   maniere   de   ce   passage   au   moyen   d'un   symbole   que  je   nomn 
la   signature    du    systfeme ;    ce    symbole,   compo84    ordinairement    des    num^ros    2,    1, 
ensemble  pip— I)   num^roe,  &it   voir  combien  des  p{p  —  l)  droites  de  la  monoide  son 
par   rapport   au   c6ne,   des   droites  doubles,   des  droites  simples,   ou    des   droites   qui    i 
soQt  pas  ratu^es  sur  le  c6ne:  par  exemple,  m  =  5,  p  =  3,  la  signature  222211   fidt  vo 
qu'il  y  a  quatre  droites    doubles,  deux    droites   simples ;    la  signature   222820,  qu'il 
a  cinq  droites  doubles,  ime  droite  qui  n'est  pas  situ^  sur  le  cdne. 

Je   reviens   aux   courbes  du   cinqiii^mc   ordre;  j'ai   ^tabli   (t.   lit.  p.  672)   qu'il  y 
cinq  espfeces  de  ces  courbes,  Ji  savoir : 


p.  D.  A. 

Courbe  plane                                        ou  espfece 

5 

0 

Courbe  quadricubique 

e-i 

4 

Courbe  qiiadriquartique 

a -a 

6 

Courbe  cubicubique  (deux  especes) 

|9-3-l 
t9-(!+2 

6 
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Je  fais  abstraction  de  la  courbe  plane,  et  je  cherche  k  rattacher  les  quatre  autres 
esp^ces  k  la  throne  de  la  surface  monoide.  Pour  cela  je  remarque  qu'en  prenant  pour 
sommet  du  c6ne  et  de  la  surface  monoide  un  point  quehonque,  la  surface  monoide  (ne 
pouvant  pas  6tre  de  Tordre  2)  sera  de  Tordre  3  ou  4. 

Je  considere  d'abord  le  cas  d'une  monoide  cubique:  la  signature  sera  222211  ou 
222220. 

Manotde  cubique,  aigncUure  222211. — Ici  le  c6ne  U=0  passe  par  les  six  droites  de 
la  monoide ;  done  U  est  fonction  syzyg^tique  de  -P  et  Q :  autrement  dit,  on  pent 
trouver  P*  et  Q'  fonctions  homog^nes  de  (x,  y,  z)  de  mani^re  k  avoir  identiquement 
U  =  PQ'  —  P'Q :  P  et  Q  sont  des  ordres  3  et  2  respectivement,  done  P'  et  Qf  seront 
aussi  des  ordres  3  et  2  respectivement.     En  combinant  les  ^nations 

t;'=PQ'-FQ  =  0,    i(;=|, 

on  obtient 

F 


ou  plus  gendralement 


<»/»  ^  — . 


P  +  aR 
Q  +  aQ' 


(oil  a  est  un  paramfetre  ai-bitraire) ;  mais  en  dcrivant  cette  Equation  sous  la  forme 
{Qw  +  P)  +  a  (Q^vr"  P')  =  0,  on  voit  que  les  monoides  cubiques  que  reprdsente  cette 
Equation  sont  toutes  en  involution  avec  les  deux  monoides  cubiques  Qw  —  P  =  0, 
Q'w  —  P'  =  0 ;  on  pent  done  dire  qu'il  y  a  dans  le  cas  dont  il  s'agit  deux  monoides 
cubiques. 

Monotde  cubique,  signature  222220. — Ici   le  cone  ne  passe   pas  par  les  six  droites  de 

la   monoide,   done   il   n'existe   pas    d'dquation    identique    telle    que    t7'=PQ'  — P'Q,  et   la 

p 

monoide  w;=:^  est  la  seule  monoide  cubique. 

Je  passe  au  cas  d'une  monoide  quartique;    la  signature  sera 

222111111111,  ou  222211111110,  ou  222221111100,  ou  222222111000. 

Monmde  quartique,  signature  222111111111. — Le  cone  [7  =  0  passe  ici  pai-  toutes  les 
douze  droites  de  la  monoide,  c'est-i-dire  on  aurait  identiquement  U  ^  PQ' —  P'Q,  oil  P,  Q 
seraient  des  fonctions  homogfenes  de   {x,  y,  z)  des  ordres   2  et  1   respectivement,  et  il  y 

P' 

aurait  une  monoide  quadrique  w  =  ^  .     Ce  cas  n'existe  done  pas. 

Monotde  quartique,  signature  222211111110. — Le  c6ne  U=0  passe  par  toutes  les 
douze  droites  de  la  monoide,  hormis  une  seule  droite ;  done  en  ^crivant  M  =  0  pour 
i'Ajuation  d'un  plan  quelconque  par  cette  droite  except^e,  le  c6ne  MU=0  passe  par 
les  douze  droites  de   la   monoide :  on   a  done  identiquement  MU  =  PQ'  —  P'Q,  oil  P,  Q' 

c.  V.  4 
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comme  facteur  une  constante  ;  il  y  a  done  en  tout  9  +  84-54-1  =  23  constantes.  Mais 
en  combinant  T^uation  de  la  monoide  avec  T^uation  U  =  0  du  cone  quintique,  on 
obtient  la  monoide  quartique 


«  = 


f*f  > 


et  sans  perte  de  g^neralit^  on  pent  disposer  des  constantes  a,  ff,  y,  de  mani^re  k  satis- 
faire  k  trois  conditions  quelconques;  on  doit  done  diminuer  de  3  le  nombre  23,  ce  qui 
donne  enfin  20  constantes. 

La  courbe  8  —  3  contient  18  constantes,  il  faut  done  chercher  quelle  est  la  parti- 
cularity qui  doit  avoir  lieu  pour  que  le  cas,  monoide  quartique  k  signature  222222111000, 
donne  une  courbe  8  —  3. 

J*ai  uomm^  droites  de  la  vwno'ide  les  droites  P  =  0,  Q  =  0  qui  passent  par  le 
sommet ;  en  supposant  qu'il  y  ait  sur  la  monoMe  des  droites  qui  ne  passent  pas  par 
le  sommet,  on  peut  appeler  transversaie  une  telle  droite.  Or,  pour  Tespece  8  —  3,  il 
doit  exister  sur  la  monoide  quartique  trois  transversales  qui  ne  se  rencontrent  pas ; 
car  alors,  en  faisant  passer  par  ces  transversales  un  hyperbolo'ide,  cet  hyperboloi'de  et 
la  monoide  se  coupent  selon  les  trois  transversales  et  selon  la  courbe  8  —  3  dout  il  s'agit. 
Or,  en  supposant  qu'il  existe  une  transversaie,  le  plan  passant  par  le  sommet  et  cette 
transversaie  contient  trois  des  droites  P  =  0,  Q  =  0.  En  effet,  un  plan  quelconque  par  le 
sommet  coupe  la  monol'de  selon  une  courbe  quartique  avec  un  point  triple  au  sommet ; 
pour  le  plan  men^  par  une  transversaie,  cette  courbe  quartique  devient  la  transversaie 
€t  une  courbe  cubique  avec  un  point  triple  au  sommet;  cette  courbe  cubique  sera 
^videmment  un  syst^me  de  trois  droites,  a  savoir  trois  des  droites  P  =  0,  Q  =  0.  Et 
reciproquement,  si  trois  quelconques  des  droites  de  la  monoide  sont  situ^  dans  un 
plan,  ce  plan  coupe  la  monol'de  selon  les  trois  droites  et  selon  une  transversaie.  S'il 
y  a  sur  la  monoide  une  seconde  transversaie,  il  y  aura  de  mfime  un  second  syst^me 
de  trois  droites  dans  un  plan ;  on  ddmontre  que  si  le  premier  syst^me  est  compost  de 
trois  droites,  et  le  second  syst^me  de  trois  autres  droites,  les  deux  transversales  se 
coupent;  done,  si  les  deux  transversales  ne  se  coupent  pas,  les  deux  syst^mes  auront 
une  droite  commune.  S'il  y  a  sur  la  monoide  une  troisi^me  transversaie,  il  y  a  de 
meme  un  troisieme  syst^me  de  trois  droites  dans  un  plan;  et  si  les  trois  transversales 
ne  se  rencontrent  pas,  il  est  de  plus  n^essaire  que  deux  quelconques  des  trois  plans 
aient  en  commun  une  droite  de  la  monoide ;  cela  revient  k  dire  qu'il  doit  y  avoir 
parmi  les  douze  droites  P  =  0,  Q  =  0  de  la  monoide  six  droites  7,  8,  9,  7',  8',  9'  telles 
que  les  droites  7,  8',  9',  les  droites  7',  8,  9',  et  les  droites  7',  8',  9  soient  situ^s 
chaque  systfeme  dans  un  mSme  plan :  cela  ^tant,  la  monoide  aura  trois  transversales 
qui  ne  se  rencontrent  pas. 

Je  prends  k  volontd  par  un  point  quelconque  de  Tespace  un  tel  syst^me  de  six 
droites  7,  8,  9,  7',  8',  9'  (9  constantes) ;  je  fais  passer  par  les  six  droites  un  cone 
cubique   quelconque   Q  =  0   (3   constantes)  et   aussi   un   cone   quartique   quelconque  P  =  0 

P 

(S   constantes);    au   moyen   des    deux    c6nes  je    forme    T^uation  w;  =^   de    la  surface 

monoide;  il  y   a   une   constante   arbitraire  contenue   implicitement  en  w:   cela  donne  en 

4—2 
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tout  9  +  3  +  8  +  1=  21  constantes.  Les  deux  cdnes  P  =  0,  Q  =  0  se  coupent  selon  les 
six  droites  7,  8,  9,  7',  8',  9',  et  selon  six  autres  droites  1,  2,  3,  4,  5,  6  :  il  suit  de  la 
th^rie  pr^c^dente  (mais  on  pent  aussi  d(5montrer  analytiquement)  qu'il  existe  un  c6ne 
quintique  ^  =  0  qui  satisfut  aux  conditions  de  passer  deux  fois  par  chacune  des 
droites  1,  2,  3,  4,  5,  6  (avoir  chacune  de  ces  droites  pour  une  droite  double,  18  con- 
ditions) et  une  fois  par  chacune  des  droites   7,  8,  9   (3  conditions,  en   tout   18 +  3  ==21 

conditions).      Et    cela   ^tant,  on   aura  la    courbe    8  —  3    d^termin^   au    moyen    du    cone 

p 
17=0   et  la   surface  monoi'de   ^=7)>   ^  signature   222222111000  {k   savoir   les   droites 

1,  2,  3,  4,  5,  6  qui  sont  par  rapport  au  c6ne  des  droites  doubles,  les  droites  7,  8,  9 
des  droites  simples,  et  les  droites  7',  8',  9'  des  droites  qui  ne  sont  pas  situ^  sur  le 
c6ne).     Le  nombre  des  constantes  est  21,  mais  au  moyen  de  la  transformation 


0)  = 


^  p  +  aF  + /SF^yF' 


e  +  aQ'  +  /8Q"  +  7(2'"' 
on  r^uit  comme  auparavant  ce  nombre  k  21  —3=  18,  ce  qui  est  juste. 

J'ajoute  les  considerations  que  voici:  le  cdne  U  =  0  passe  deux  fois  par  chacune 
des  droites  1,  2,  3,  4,  5,  6,  une  fois  par  chacune  des  droites  7,  8,  9.  Soit  M^O 
r^quation  du  syst^me  des  trois  plans  qui  contiennent  les  droites  7,  8^  9',  les  droites 
7',  8,  9',  et  les  droites  7',  8',  9  respectivement ;  le  c6ne  3f=0  contient  chacune  des 
droites  7,  8,  9  une  fois,  et  chacune  des  droites  7',  8',  9'  deux  foi&  Done  le  c6ne 
MU  =  0  contient  chacune  des  droites  1,  2,  3,  4,  5,  6,  7,  8,  9,  7',  8',  9'  deux  fois;  ces 
douze  droites  sont  les  droites  d'intersection  des  cones  P  =  0,  Q  =  0,  et  ainsi  nous  avons 
identiquement  MU^AP^  +  BPQ+CQ^,  A,  B,  C  ^tant  des  fonctions  homog^nes  de 
{x,  y,  z)  des  ordres  0,  1,  2  respectivement     Cela  dtant,  les  Equations 

u;  =  ~,    MU=AP'  +  BPQ  +  CQ'^0 

donnent 

Atv'  +  Bw  +  C=0, 

^nation  de  la  suiiiace  quadrique  sur  laquelle  est  situ^e  la  courbe  8  —  3. 

Je  passe  k  la  th^rie  analytique.     Soit,  pour  abr^ger, 

f=  h  y  +  czy    Z=  0  y  +  yz,    %-\x  +  fiy  +  pz, 

Je  prends  pour  Equations  des  droites  7,  8,  9,  7',  8',  9' : 

(y  =  (),     ^  =  0),     U=0,     ..=0),     (x^O,     y  =  0), 
(x  =  0,     f=0),     (y  =  0,     17  =  0),     (^  =  0,     ?=0), 
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et  pour  d^montrer  que  ces  termes  except^*  contiennent  aussi  le  facteur  xyz,  il  suffit 
de  faire  voir  que  la  fonction  AX^  —  BXh  +  OF  contient  le  facteur  x,  car  alors,  par  la 
sym^trie,  les  fonctions  AY^ -  BYi! -k- Ch'-  et  AZ' -  BZS^' +  CS''^  contiendront  respectivement 
les  fact^urs  y  et  z,  et  Texpression  entifere  sera  divisible  par  xyz,  Mais  en  Ajrivant  ar  =  0, 
on  trouve 

AX'=      SS^S^' {I3y  +  yzf  ^ 

-  BXB     -  [ST  iffy  +  yz)  +  S  (/S^fi-y  +  yTz)]  S  (ffy  +  yz)     =  0, 
+  (7S--'        +{i3y  +  yz)(^'S^y  +  yTz)S'  J 

c'est-i-dire  -4  Z*  —  BXS  +  CS*  contient  le  facteur  tt.    Done  enfin 

AP'-hBPQ-^CQ' 

contient  le  facteur  wyz,  ce  qui  ^tait  le  th^reme  k  ddmontrer. 
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SUR  LES  CONIQUES  QUI  TOUCHENT  DES  COURBES  DORDRE 
QUELCONQUE.     EXTRAIT  D  UNE  LETTRE  A    M.   CHASLES. 

[From  the  Comptea  Rendus  de  VAcadSniie  des  Sciences  de  Paris,  torn.  Lix.  {Juillet — 

D^cembre,  1864),  pp.  224—225.] 

En  consid^rant  Texpression 

S,  (&;  +  S4  +  S3-  3/S3  +  38,) 

que  vous  avez  donn^e  (Comptes  Rendtis,  t.  LVili.  p.  223)  pour  le  nombre  des  coniques 
qui  touchent  cinq  courbes  d'ordre  quelconque,  j'ai  trouv^  qu'elle  peut  s'^jrire  sous  la 
forme  que  voici,  savoir:  en  ddnotant  les  ordres  par  {m,  n,  p,  q,  r),  et  en  mettant 
M=m^^m,...,  de  manifere  que  (M,  N,  P,  Q,  R)  seront  les  classes  des  cinq  courbes, 
Texpression  transform^e  est 

(if,  m)  (i\r,  n)  (P,  p)  (Q,  q)  (R,  r)  {1,  2,  4,  4,  2,  1} ; 

en  repr^ntant  par  cette  notation  abr^g^  la  fonction 

1.  MNPQR 
+  22  (mNPQR) 
+  42  {mn  PQR) 
+  42  (mn  p  QR) 
+  22  (mn  p  qR) 
+  1 .    win  p  qr. 

En  ecartant  les  relations  Jf  =  m*  — m,...,  et  en  supposant  seulement  que  (m,  n,p,  q,  r) 
soient  les  ordres,  et  (M,  iV,  P,  Q,  R)  les  classes  des  cinq  courbes,  la  nouvelle  formule 
8  applique   aux   courbes   avec  des  points   doubles   ou   de    rebroussement ;    on   peut    mdme 
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supposer  que  la  courbe  de  la  classe  M  et  de  lordre  m  se  rAluise  k  un  systeme  de 
M  points  et  de  m  droites,  et  que  les  autres  courbes  se  r^uisent  aussi  k  des  systemes 
de  points  et  droites;  et  cela  ^tant,  on  obtient  une  verification  imra^iate  de  la 
formule.  Car  en  choisissant  dans  le  systeme  qui  remplaee  chaque  courbe  un  Element 
(point  ou  droite)  k  volont^,  on  obtient 

MNPQR  systemes  bp, 
^mNPQR  systferaes  4p,  Id. 
ImnPQR  systfemes  3/>,  2d, 
XmnpQR  systfemes  2/>,  3d, 
^mnpq  R  systfemes  1^;,  4d, 

mnpq  r   systfemes  5rf. 

Or  la  condition  par  rapport  a  la  premiere  courbe  se  r^uit  k  celle  de  passer  par 
Tun  quelconque  des  M  points,  ou  de  toucher  Tune  quelconque  des  m  droites;  et  de 
mSme  pour  les  autres  courbe&  Done  (en  entendant  par  le  mot  Umdier  appliqu^  a  un 
systeme  de  points  et  de  droites,  passer  par  les  points  et  toucher  les  droites  du 
systfeme)  la  conique  doit  toucher  Tun  quelconque  des  systfemes  {op),  ou  (4p,  Id),  ou 
(3p,  2d),...,  ou  (5d);  et  pour  un  systfeme  de  la  forme 

{op\    (4/),  Id),    (3p,  2d),    (2i>,  3d),    dp,  4d),    ou    (5d), 
le  nombre  des  coniques  est 

1,  2,  4,  4,  2.  ou       1, 

ce  qui  donne  pour  le  nombre  total  des  coniques  Texpression  ci-dessus  ^crite. 

On  pent  supposer  que  la  conique,  au  lieu  de  toucher  les  deux  courbes  m,  ??,  ait 
avec  la  seule  courbe  m  (1°)  un  contact  du  deuxieme  ordre;  (2")  un  contact  double. 
Le  nombre  des  coniques  qui  satisfont  k  Tune  ou  Tautre  de  ces  conditions,  et  qui 
passent  aussi  par  trois  points  donnas,  a  it&  trouv^  par  Steiner  (Aufgabe  und  Lehrsatze, 
Crelle,  t.   XLix.   p.   273),  savoir: 

(1°)  le  nombre  =  37/t(m  —  l);   (2°)  le  nombre  =^(m'--m)(m-  +  37H  — 6); 

j'ai  v^rifie  d'une  manifere  particuliere  ces  deux  r^sultats. 

En  supposant  quo  la  conique  (au  lieu  de  passer  par  les  trois  points  donn&) 
touche  les  courbes  p,  q,  r,  je  trouve  pour  les  deux  cas  respectivement  ces  rfeultats, 

r     le  nombre  =  3  (m^  -  m)  x  (P,  p)  (Q,  q)  (iZ,  r)  {1,  2,  2,  1}, 
2^     le  nombre  =  ^  (m*-*  —  m)  x 

(P,  p)  (Q,  q)  (Ry  r)  {m^  +  3m  -  6,  2m*  +  6m  -  16,  ^i^  +  4m  -  22,  4m»  -  15} ; 

formules  dans  lesquelles  la  courbe  m  doit  etre  une  courbe  sans  singularit^s. 
Grcrniiet^e,  Westmoreland,  37  Juillet,  1864. 
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NOTE   SUR   LES   FONCTIONS  al  (a;),  &c.,   DE   M.   WEIERSTRASS. 

[From  the  Journal  de  Maihimatiques  (Liouville),  torn.  vn.  (1862),  pp.  137 — 142.] 

Les  fonctions  al  («),  al  {x)i,  al  {x\,  al  {x\  de   M.  Weieretrass  satisfont  respectivement 
aux  ^uations 

cPal(a;)  .  _,,    d  al  (a?)   .  „, , „  d  al  (a;)  ,.  .   , ,  ^ 

t^^\  +  2A»a:  ^^>'  +  2H-"  ^^  +  (A:"  +  k'a^)  al  (a:).  =  0, 


ou,  ce  qui  est  la  meme  chose,  les  fonctions 
satisfont  chacune  &  T^uation 


Vjt  1 

al(a:),     V£al(a:X,     j-aU^)^,     :7Dal(a;)„ 


cur'  GUV  aA: 

Ecrivons  pour  un  moment  ^,  k  au   lieu  de  ^,  A;;  les  fonctions  al(^),  etc.,  satisfont  k 
r^uation 

d?+2*'f5-^+2««'«5;^  +  ^?.  =  0. 

c.  V.  5 
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L'4quation  fiit  donn^e  par  Jacobi  sans  demonstration.  Je  I'ai  d^montr^  (Camb. 
and  Dvbl.  Math.  Journal,  t.  IL  p.  256,  1847,  [45])  de  la  mani^re  que  voici,  savoir 
en  ^crivant 

on  obtient  pour  2  T^uation 

Cette  ^nation,  en  prenant 

nirK'  niru 

devient 

^-4^  =  0 
dv'        dto 

Equation  mentionn^  par  Jacobi,  laquelle  est  satisMte  par 


=  e  (nu,  ^j^- j  ,  ou  2  =  H  (nu,  -^-j  ; 


cela  donne  pour  z  deux  valours  qui  sont  le  d^nomiuateur  et  le  num^rateur  de  la 
fraction  dont  il  s'agit.  J'ose  croire  que  ce  doit  Stre  k  peu  pr^s  de  cette  mani^re 
que  r^uation  fut  trouv(5e  par  Jacobi. 

Or  les  solutions  en    question    de    Tc^quation    (1)   peuvent    6tre    trouv^es  au   moyen 
de  r^uation  de  Jacobi ;  pour  cela,  au  lieu  des  valeurs  ci-dessus  donn^es  de  c»,  v,  j'^ris 

'''~K'    "  =  "25"' 
ce  qui  conduit  h  la  mSme  ^uation 

*?-4— =0 
dv'        du       ' 

laquelle  sera  ainsi  satisfaite  par 


2  =  e  (Vn«.  ^y    2=  H  (Vnw,  |:)  , 


ou,  ce  qui  est  la  mSme  chose,  par 

2  =  e(v''nw),  2  =  H(Vjm). 

L'^uation  (2)  sera  done  satisfaite  par 


z  =  (^j        .©-"(tt)e(Vntt), 


5—2 
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ou,  en  se  souvenant  que  6 (0)  =  a/ ,  par 

_  e  (VnM)    ft»(0) 

©(0)    '%^{v)' 

on 
Or  en  ^crivant  -p.  au  lieu  de  a?,  pour  faire  ensuite  n  =  oo ,  nous  avons 

vn 

"7=  =  V  A:  sin  am  li, 


0  = 


Equation  qui  se  r^uit  & 


cela  donne 


e(Viitt)  =  ©(-^j,     ©«it  =  ©~(0)e      ^    ^^  =  ©«(0)e^^    ^^ 


puisque 

e(u)  =  ©(0)e*^('-i)"*'/o*' /<»*•""' •""; 

et   n  I    (2ti  I    (2t^  sin' am  t/,  en  y  substituant  tt  =  -p_,  contient  le   fecteur  -   et  se   reduit 
jQ        Jo  vnJfc  w 

ainsi  &  z^ro.     Done  on  obtient 


comme  solution    de    T^quation  (1),   qui  se  d^uit    de   F^uation   (2)   en  y  ^crivant   -p 

vn 

au   lieu  de  x  et  puis  /i  =  oo.     Et  cette  valeur  de  z  est  pr^cis^ment  la  fonction  ^1(7=) 
de  M.  Weierstrass.     On  obtient  de  rafime  la  solution 

6(0)  * 
ou,  ce  qui  est  la  mSme  chose, 

qui  est  la  fonction   y/k  al  f  -7^]  .     Et  d'une  mani^re   semblable  les  solutions 

e(d)     **         '  * 6(0)     * 

qui  sont  les  fonctions  ^^  al(^)^,  ;^al(;^)^. 
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J'ajoute  que  dans  le  Mdmoire  cit^  (1847)  j'ai  donn^  la  suite 


oh 


z  =  (7,  +  C.j-2  +  (7,j_  2.3.4  +  -. 


G,=  1. 

C,=  0, 

C,  =  -       2, 

C,  =  +       8a, 

G,  =  -     32a«  -        4, 

C,  =  +   128a*  +      96a, 

C,  =  -    512a'  -    9600*  -     408, 

C7  =  +  2048a»+  71680*+    7584o, 

0,  =  -  8192a'  -  460800*  -  88320o»  -  15384, 


de  fa^on  qu'en  g^n^ral 

a+,  =  -(2r+l)(2r  +  2)a-(2r  +  2)aa4-i  +  2(««-4)?^^^ 

c'est    le   d^veloppement    de   M.   Weierstrass    pour  la  fonction  al(-^j:  seulement  je  ne 
connaissais  pas  alors  Texpression  finie 


•'(^)'  ™  e<«,  «(7*)'^*'"'* 


de  cette  suite.     Je  remarque  en  passant  que  pour  a  =  2,  la  suite  se  rdduit  k 
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ON  THE  A  FACED  POLYACRONS,  IN  REFERENCE  TO  THE 
PROBLEM  OF  THE  ENUMERATION  OF  POLYHEDRA. 


[From  the  Memoirs  of  the  Literary  and  Philosophical  Society  of  Manchester,  vol.  i.  (1862) 

pp.  248—256.] 

The  problem  of  the  enumeration  of  polyhedra  (*)  is  one  of  extreme  diflSculty,  anc 
I  am  not  aware  that  it  has  been  discussed  elsewhere  than  in  Mr  Kirkman's  valuable 
series  of  papers  on  this  subject  in  the  Memoirs  of  the  Society  and  in  the  Philosophica 
Transactions,  A  case  of  the  general  problem  is  that  of  the  enumeration  of  the 
polyhedra  with  trihedral  summits;  and  Mr  Kirkman  in  the  earliest  of  his  papers 
viz.  that  "  On  the  representation  and  enumeration  of  polyhedra  *'  (Memoirs^  voL  xii 
pp.  47 — 70,  1854),  has  in  fact,  by  an  examination  of  the  particular  case,  accomplishec 
the  enumeration  of  the  octahedra  with  trihedral  summits.  A  subsequent  paper  ''Oi 
the  enumeration  of  a;-edra  having  trihedral  summits  and  an  (^— l)gonal  base,"  Phil 
Trans,  vol.  XLVi.  pp.  399 — 411,  1856),  relates,  as  the  title  shows,  only  to  a  specia 
case  of  the  problem  of  the  polyhedra  with  trihedral  summits,  and  in  this  particulai 
case  the  number  of  polyhedra  is  more  completely  determined;  but  the  later  memoirs 
relate  to  the  problem  in  all  its  generality,  and  the  above-mentioned  particular  problem 
of  the  enumeration  of  the  polyhedra  with  trihedral  summits  is  not,  I  think,  anj 
where  resumed.  Instead  of  the  polyhedra  with  trihedral  summits,  it  is  really  the 
same  thing,  but  it  is  rather  more  convenient  to  consider  the  polyacrons  with  triangulai 
faces,  or  as  these  may  for  shortness  be  called,  the  A  faced  polyacrons;  and  it  h 
intended  in  the  present  paper  to  give  a  method  for  the  derivation  of  the  A  &ucec 
polyacrons  of  a  given  number  of  summits  from  those  of  the  next  inferior  number  ol 
summits,  and  to  exemplify  it  by  finding,  in  an  orderly  manner,  the  A  faced  polyacronc 

^  I  use  with  Mr  Kirkman  the  expression   ''enumeration  of  polyhedra"  to  designate  the  general  problem, 
but  I   consider  that  the  problem  is  to  find  the  different  polyhedra  rather   than    to  count  them,   and  I  con 

sequentiiy  take  the  word  enumeration  in  the  popular  rather  than  the  mathematical  sense.  ; 

1 
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up  to  the  octacrons :  thus,  as  regards  the  examples,  stopping  at  the  same  point  as 
Mr  Eirkman,  for  although  perfectly  practicable  it  would  be  very  tedious  to  carry  them 
further,  and  there  would  be  no  commensurate  advantage  in  doing  so.  The  epithet  A 
faced  will  be  omitted  in  the  sequel,  but  it  is  to  be  understood  throughout  that  I  am 
speaking  of  such  polyacrons  only;  and  I  shall  for  convenience  use  the  epithets  tripleural, 
tetrapleural,  &c.  to  denote  summits  with  three,  four,  &c.  edges  through  them.  The 
number  of  edges  at  a  summit  is  of  course  equal  to  the  number  of  &ces,  but  it  is  the 
edges  rather  than  the  faces  which  have  to  be  considered. 

An  n-acron  has 

n  summits,  3n  — 6  edges,     2n  — 4  faces, 

and  it  is  easy  to  see  that  there  are  the  following  three  cases  only,  viz. : 

1.  The  polyacron  has  at  least  one  tripleural  summit. 

2.  The  polyacron,  having  no  tripleural  summit,  has  at  least  one  tetrapleural  summit. 

3.  The  polyacron,  having  no  tripleural  or  tetrapleural  summit,  has  at  least  twelve 
pentipleural  summita 

In  fact,  if  the  polyacron  has  c  tripleural  summits,  d  tetrapleural  summits,  e  penti- 
pleural summits,  and  so  on,  then  we  have 

w=   c-f  d-f   e+  f+  g+  A  +  &C., 
6w  -  12  =  3c +  4d +  66  + 6/+ 75r  + 8A  +  &C., 


and  therefore 
or 


12  =  3c  +  2(i+   6+0/-  5r-2A-&c., 
3c  +  2d  +  6  =  12  +  5r+2A  +  &c.; 


whence  if  c  =  0  and  d  =  0,  then  6  =  12  at  least.  It  appears,  moreover  (since  n  cannot 
be  less  than  e),  that  any  polyacron  with  less  than  12  summits  cannot  belong  to  the 
third  class,  and  must  therefore  belong  to  the  first  or  the  second  clasa 

An  (n  +  l)-acron,  by  a  process  which  I  call  the  subtraction  of  a  summit,  may  be 
reduced  to  an  n-acron;  viz.,  the  faces  about  any  summit  of  the  (7i+l)-acron  stand 
upon  a  polygon  (not  in  general  a  plane  figure)  which  may  be  called  the  basic  polygon, 
and  when  the  summit  with  the  faces  and  edges  belonging  to  it  is  removed,  the  basic 
polygon,  if  a  triangle,  will  be  a  fexje  of  the  n-acron ;  if  not  a  triangle,  it  can  be 
partitioned  into  triangles  which  will  be  faces  of  the  n-acron.  The  annexed  figures 
exhibit  the  process  for  the  cases  of  a  tripleural,  tetrapleural  and  pentipleural  summit 
respectively,  which  are  the  only  cases  which  need  be  considered ;  these  may  be  called 
the  first,  second  and  third  process  respectively.  It  is  proper  to  remark  that  for  the 
same  removed  summit  the  first  process  can  be  performed  in  one  way  only,  the  second 
process  in  two  ways,  the  third  in  five  ways ;  these  being  in  fact  the  numbers  of  ways 
of  partitioning  the  basic  polygon. 

We  may  in  like  manner,  by  the  converse  process  of  the  addition  of  a  summit, 
convert  an  n-acron    into   an  (n  +  l)-acron ;    viz.,  it    is    only  necessary   to    take    on  the 
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n-acron  a  polygon  of  any  number  of  sides,  and  make  this  the  basic  polygon  of  the 
new  summit  of  the  (n  +  l)-acron,  and  for  this  purpose  to  remove  the  faces  within  the 
polygon  and  substitute  for  them  a  set  of  triangular  faces  standing  on  the  sides  of 
the  polygon  and  meeting  in  the  new  summit:  the  same  figures  exhibit  the  process 
for  the   cases  of  a  tripleural,  tetrapleural   and  pentipleural  summit    respectively,   which 


(as  for   the   subtractions)    are    the    only  cases   which    need    be    considered.  It    may  be 

noticed    that   for  the   same  basic  polygon   the   process   is   in    each    case    a  unique    one; 

the  process    is  said    to   be    the   first,   second,   or    third    process,  according  as    the    new 
summit  is  tripleural,  tetrapleural,  or  pentipleural. 

Now,  reverting  to  the  before-mentioned  division  of  the  polyacrons  into  three  classes, 
an  (n  +  l)-acron  of  the  first  class  may  by  the  first  process  of  subtraction  be  reduced 
to  an  w-acron,  and  conversely  it  can  be  by  the  first  process  of  addition  derived  fix>m 
an  n-acron.  An  (72+l)-acron  of  the  second  class,  as  having  a  tetrapleural  summit,  may 
by  the  second  process  of  subtraction  be  reduced  to  an  n-acron,  and  conversely  it  can 
be  by  the  second  process  of  addition  derived  from  an  n-acron.  And  in  like  manner, 
an  (n-f  l)-acron  of  the  third  class,  as  having  a  pentipleural  summit,  may  be  by  the 
third  process  of  subtraction  reduced  to  an  n-acron,  and  conversely  it  may  be  by  the 
third  process  of  addition  derived  firom  an  n-acron. 

Hence  all  the  (n4- l)-acrons  can  be  by  the  first,  second  and  third  processes  of 
addition  respectively  derived  from  the  n-acrons.  It  is  to  be  observed  that  all  the 
(n  -f  l)-acrons  of  the  first  class  are  obtained  by  the  first  process ;  the  second  process 
is  only  required  for  finding  the  (n 4- l)-acrons  of  the  second  class;  and  these  being 
all  obtained  by  means  of  it,  the  third  process  is  only  required  for  finding  the 
(n-f-l)-acrons  of  the  third  class.  Hence  the  second  process  need  only  be  made  use 
of  when  the  n-acron  has  no  tripleural  summit,  or  when  it  has  only  one  tripleural 
summit,  or  when,  having  two  tripleural  summits,  they  are  the  opposite  summits  of  two 


308]  REFERENCE   TO   THE   ENUMERATION   OF  POLYHEDRA.  41 

adjacent  faces.  In  the  last-mentioned  two  cases  respectively  it  is  only  necessary  to 
consider  the  basic  quadrangles  which  pass  through  the  single  tripleural  summit  and  the 
basic  quadrangle  which  passes  through  the  two  tripleural  summits;  for  with  any  other 
basic  quadrangle  the  derived  (n+l)-acron  would  retain  a  tripleural  summit,  and  would 
consequently  be  of  the  first  class.  The  condition  is  more  simply  expressed  as  follows, 
viz.:  The  second  process  need  only  be  employed  when  there  is  on  the  w-acron  a  basic 
quadrangle   the  summits  of  which  are  at   least   of  the   number  of  edges  shown  in   the 


annexed  figure,  and  all  the  other  summits  are  at  least  4-pleural.  Again,  by  the  third 
process  (as  already  mentioned)  we  seek  only  to  obtain  the  (n+l)-acron8  of  the  third 
class ;  the  process  need  only  be  applied  to  the  n-acrons  for  which  there  exists  a  basic 
pentagon    the    summits  of   which   are   at   least   of   the   number  of  edges  shown  in  the 


annexed  figure,  all  the  other  summits  being  at  least  5-pleural;  for  it  is  only  in  this 
case  that  the  derived  (n  +  l)-acron  will  be  of  the  third  class.  The  condition  just 
referred  to  obviously  implies  that  the  n-acron  is  of  the  second  or  third  class.  It  is 
to  be  noticed  that  in  appljring  the  foregoing  principles  to  the  formation  of  the 
polyacrons  as  far  as  the  11-acrons  we  are  only  concerned  with  the  first  and  second 
processes. 

Consider  the  entire  series  of  n-acrons,  say  A,  B,  C,  &c.,  and  suppose  that  the 
n-acron  A  gives  rise  to  a  certain  number,  say  P,  Q,  i2,  S  of  (n+ l)-acrons,  the  (w  +  1)- 
acron  P  is  of  course  derivable  from  the  n-acron  A,  but  it  may  be  derivable  fi'om 
other  n-acrons,  suppose  firom  the  ?i-acrons  B  and  C,  Then  in  considering  the  (n  -f  1)- 
acrons  derived  fi'om  5,  one  of  these  will  of  course  be  found  to  be  the  (n+l)-acron  P, 
and  it  is  only  the  remaining  (n+l)-acrons  derived  fix>m  B  which  are  or  may  be 
(n+l)-acrons  not  already  previously  obtained  as  (n  4- l)-acrons  derived  fi-om  A.  And 
if  in  this  manner,  as  soon  as  each  (n  +  l)-acron  is  obtained,  we  apply  to  it  the 
process  of  subtraction  so  as  to  ascertain  the  entire  series  of  n-acrons  from  which  it  is 
derivable,  and,  in  forming  the  (n  +  l)-acrons  derived  from  these,  take  account  of  the 
(n  +  l)-acrons  ah-eady  previously  obtained  and  found  to  be  derivable  from  these,  we 
should  obtain  without  any  repetitions  the  entire  series  of  the  (n  4-  l)-acrons. 

c.  V.  6 
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For  merely  finding  the  number  of  the  (n4-l)-acron8,  a  more  simple  procesR  might 
be  adopted:  say  that  an  n-acron  is  p-wiae  generating  when  it  gives  rise  to  a  number 
p  of  (n  +  l)-acron8,  and  that  it  is  9- wise  generable  when  it  can  be  derived  from  a 
number  q  of  (n  +  l)-acrons ;  and  assume  that  a  given  n-acron  is  (yi  +  yi ->- yt  +  &c.)- 
wise  generating,  viz.  that  it  gives  rise  to  a  number  1/1  of  (n  +  l)-acrons  which  are 
1-wise  generable,  a  number  y,  of  (n  +  l)-acrons  which  are  2-wise  generable,  and  so  on ; 
these  forming  the  sum 

2  (yi+iy,  +  Jy, +  ...') 

where  2  refers    to    the    entire    series    of   the   n-acrons,  it    is   clear   that    every   m-wise 
generable  (n  +  l)-acron  will  in  respect  of  each  of  the  n-acrons  from  which  it  is  derivable 

be  reckoned   as   — ,  that  is,  it  will  be  in  the  entire  sum   reckoned  as   1,  and   the  sum 

m 

in  question  will  consequently  be  the  number  of  the  (w  +  l)-acrons. 

The  figures  of  the  polyacrons  comprised  in  the  annexed  Tables  show  the  application 
of  the  method  to  the  genesis  of  the  polyacrons  as  far  as  the  octacrons,  in  which  the 
numbers  indicate  the  nature  of  the  different  summits,  according  to  the  number  of 
edges  through  each  summit,  viz.,  3  a  tripleural  summit,  4  a  tetrapleural  summit,  and 
so  on.  It  will  be  noticed  that  there  is  only  a  single  case  in  which  this  notation  is 
insufficient  to  distinguish  the  polyacron,  viz.,  among  the  octacrons  there  are  two  forms 
each  of  them  with  the  same  symbol  33445566;  the  inspection  of  the  figures  shows  at 
once  that  these  are  wholly  distinct  forms,  for  in  the  first  of  them,  viz.  that  derived 
from  3344555,  each  of  the  tripleural  summits  stands  upon  a  basic  triangle  456,  while 
in  the  other  of  them,  that  from  3444555,  each  of  the  tripleural  summits  stands  upon 
a  basic  triangle  566.  But  the  symbol  is  merely  generic,  and  of  course  in  the  polyacrons 
of  a  greater  number  of  summits  it  may  very  well  happen  that  a  considerable  number 
of  polyacrons  are  comprised  in  the  same  genua 

The  following  remarks  on  the  derivation  of  the  octacrons  from  the  heptacrons  will 
further  illustrate  the  method : 

1.  The  heptacron  3335556  has  three  kinds  of  faces,  viz.  355(^),  356,  555,  the  first 
process  consequently  gives  rise  to  3  octacrons.  As  the  heptacron  has  more  than  two 
tripleural  summits  the  second  process  is  not  applicable. 

2.  The  heptacron  3344466  has  three  kinds  of  faces,  viz.:  366,  346  and  446,  and 
the  first  process  gives  therefore  3  octacrons.  The  heptacron  has  only  two  tripleural 
summits,  and  they  are  disposed  in  the  proper  manner ;  the  second  process  gives  there- 
fore 1  octacron. 

3.  The  heptacron  3344556  has  five  kinds  of  faces,  viz.  345,  346,  356,  456  and 
455,  and  the  first  process  consequently  gives  5  octacrons.  The  heptacron  has  two 
tripleural  summits,  but  they  are  not  disposed  in  such  manner  as  to  render  the  second 
process  applicable. 

^  It  is  hardly  necessaiy  to  remark  that  it  mast  not  be  imagined  that  in  general  all  the  faces  denoted 
by  a  symbol  saoh  as  355  (which  determines  only  the  nature  of  the  summits  on  the  face)  are  faces  of  the 
same  kind,  bat  this  is  so  in  the  cases  referred  to  in  the  text. 
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4.  The  heptacron  3444555  has  four  kinds  of  faces,  viz.  355,  455,  445  and  444, 
and  the  first  process  gives  therefore  4  octacrons.  The  heptacron  has  one  tripleural 
summit,  and  the  basic  quadrangles  3545  which  belong  to  it  are  of  the  same  kind  ; 
the  second  process  gives  therefore  1  octacron. 

5.  The  heptacron  4444455  has  only  one  kind  of  face,  viz.  445,  and  the  first 
process  gives  therefore  1  octacron.  There  are  two  kinds  of  basic  quadrangles,  viz.  4545 
and  4445,  and  the  second  process  gives  therefore  2  octacrona 

The  number  of  octacrons  would  thus  be  20^  but  by  passing  back  fix»m  the  octacrons 
to  the  heptacrons,  it  is  found  that  there  are  in  fact  only  14  octacrons.  Thus  the 
octacron  33336666  has  only  one  kind  of  tripleural  summit  666  (the  summit  is  here 
indicated  by  the  symbol  of  the  basic  polygon)  and  the  octacron  is  thus  seen  to  be 
derivable  fix)m  a  single  heptacron  only,  viz.  the  heptacron  3335556  from  which  it  was 
in  fact  derived.  But  the  octacron  33345567  has  three  kinds  of  tripleural  summits,  viz. 
567,  557  and  467,  and  it  is  consequently  derivable  from  three  heptacrons,  viz.  the 
heptacrons  3335556,  3344466  and  3344555,  and  so  on.  The  passage  to  the  heptacrons 
from  an  octacron  with  one  or  more  tripleural  summits  is  of  course  always  by  the 
first  process,  but  for  the  last  two  octacrons,  which  have  no  tripleural  summits,  the 
passage  back  to  the  heptacrons  is  by  the  second  process:  thus  for  the  octacron 
44445555  we  have  but  one  kind  of  tetrapleural  summit  4555 ;  but  as  opposite  pairs 
of  summits  of  the  basic  quadrangle  are  of  different  kinds,  viz.  45  and  55,  we  obtain 
two  heptacrons,  viz.  3444555  and  4444455.  The  octacron  44444466  has  but  one  kind 
of  tetrapleural  summit,  viz.  4646,  and  the  pairs  of  opposite  summits  of  the  basic 
quadrangle  being  of  the  same  kind  46,  we  obtain  from  it  only  the  heptacron  4444455. 

It  may  be  remarked  that  for  the  five  heptacrons  respectively  the  values  of  the 
sum  yi  +  iy,  +  Jy8  +  ...  are 

1+i+i.    i  +  l+i  +  i>    J+i  +  i  +  1  +  1,    1  +  1+1  +  1+i,    1  +  i  +  J, 

giving  for  2  (yi  +  4ya+iy8+  •••)  the  value  14,  as  it  should  do. 
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NOTE    ON    THE    THEOKY    OF    DETERMINANTS. 


[From  the  Philosophical  Magazine,  vol.  xxi.  (1861),  pp.  180—185.] 

The  following  mode  of  arrangement  of  the  developed  expression  of  a  determinant 
had  presented  itself  to  me  as  a  convenient  one  for  the  calculation  of  a  rather  complicated 
determinant  of  the  fifth  order ;  but  I  have  since  found  that  it  is  in  effect  given, 
although  in  a  much  less  compendious  form,  in  a  paper  by  J.  N.  Stockwell,  "On  the 
Resolution  of  a  System  of  Symmetrical  Equations  with  Indeterminate  CoeflScients," 
Gould's  Ast,  Journal,  No.  139  (Cambridge,  U.  S.,  Sept.  10,  1860). 

Suppose  that  the  determinant 

11,     12,     13 

21,     22,     23 

31,     32,    33 

is  represented  by  {123},  and  so  for  a  determinant  of  any  order  |123  ...  n}. 

Let    !  1  I,  I  2  ',  I  12  I,  I  123  I,   &c.,   denote   as   follows:  viz. 

I  1  I  =  11,    I  2  I  =  22,  &c. 


12  i  =  12.21, 

123  I  =  12.23.31, 
&c., 

where  it  is  to  be  noticed  that,  with  the  same  two  symbols,  e.g.  1  and  2,  there  is  but  one 
distinct  expression  |  12  \  (in  fact  |  21  |  =  21 .  12  =  |  12|);  with  the  same  three  symbols, 
1,  2,  3,  there  are  two  distinct  expressions,  |  123  |  (=12.23.31)  and  |  132  |  (=13.32.21); 
and  generally  with  the  same  m  sjrmbols   1,  2,  3...m,  there  are  1.2.3...(m— 1)  distinct 
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expressions   |123...m|,  which  are  obtained    by  permuting   in    every  possible    manner 
all  but  one  of  the  m  symbols. 

This  being  so,  and  writing  for  greater  simplicity  |  1  |  2  |  to  denote  the  product 
(1  I  X  I  2|,  and  so  in  general,  the  values  of  the  determinants  {12},  {123},  {1234},  {12345}, 
&c.  are  as  follows:  viz. 


{12}  =  + 


{123}  = 


{1234}  =  + 


+ 
+ 


{12345}  =  + 


+ 
+ 


2  I  3  I  4  I  5 

2  I  3  I  4  I  5 

2  3  I  4  I  5 

2  I  3  4  I  5 

2  3  4  I  5 

2  3  I  4  5 

2  3  4  5 


No.  of  termB. 

+ 

— 

0 

mt                          *             •              .             • 

1 

iW                          .... 

1 

1  + 

1  = 

2 

^        O                .        •        • 

1 

2     3         ... 

3 

A           V                    ... 

2 

3  + 

3- 

6 

2     3     4 

1 

2     3     4 

6 

2     3|4|     .     . 

8 

2     3     4  1     .     . 

3 

2     3     4 

6 

12  + 

12  = 

24 

60  +  60  =  120 


where,  as  regards  the  signs,  it  is  to  be  observed  that  there  is  a  sign  —  for  each 
compartment  |     |  containing   an  even  number  of  sjrmbols;    thus   in   the   expression  for 

|1234},  the  terms    |  1  2  |  3  4  |   have  the  sign =  +,  and  the  terms   |  1  2  3  4  |   the 

sign  — .  Or,  what  comes  to  the  same  thing;  when  n  is  even,  the  sign  is  +  or  — 
according  as  the  number  of  compartments  is  even  or  odd ;  and  contrariwise  when  n  is 
odd.    As  regards  the  remaining  part  of  the  expression,  this  merely  exhibits  the  partitions 
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of  a  set   of  n  things ;  and   the   fonnulae   for  the  several   determiDants   up  to  the  deter- 
minant of  a  given  order  are  all  of  them  obtained  by  means  of  the  form 


which  is  carried  up  Ifo  the  order  7,  but  which  can  be  further  extended  without  any 
difficulty  whatever. 


It  is  perhaps   hardly  necessary,  but 
determinant  of  the  third  order :    this  is 

[   give   at   full 

|123|  - 

|1|2|3| 

-|1     2|3| 

-|2    3|1 1 

-|3    1|2| 

+  1  1     2    3  1 

+  1  1     3    2  1 

and   by  writing   down   in   like   manner  the   expression   for   the   twenty-four  terms  of  the 
determinant  of  the  fourth  order,  the  notation  will  become  perfectly  clear. 

The  formula  hardly  requires  a  demonstration.  The  terms  of  a  determinant  {123. ..n), 
for  example  the  determinant  {1234),  are  obtained  by  permuting  in  every  possible 
manner  the  symbols  in  either  column,  say  the  second  column,  of  the  arrangement 

1  1 

2  2 

3  8 

4  4 
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and  prefixing  the  sign   (+  or  — )  of  the  arrangement;  and  the  resulting  arrangements, 
for  instance 

+  11,    -  1  2,    -  1  2, 

2  2  2  1  2  3 

3  3         3  3         3  4 

4  4         4  4         4  1 

are  interpreted  either  into  + 11 .  22 .  33  .  44,  - 12  .  21 .  33 .  44,  - 12 .  23 .  34 .  41,  or  in  the 
notation  of  the  formula,  into 

+  |1|2|3|4|,     «|12|3|4|,     -|1234|; 
and  so  in  general. 

Suppose  that  any  partition  of  n  contains  a  compartments  each  of  a  symbols, 
fi  compartments  each  of  b  symbols  ...(a,  6, ...  being  all  of  them  different  and  greater 
than  unity),  and  p  compartments  each  of  a  single  symbol,  we  have 

n  =  aa  +  )86  + ...  +p; 

and   writing,  as  usual,  Ila  =  1 . 2 . 3  . . .  a,  &c.,  the   number  of  ways   in  which   the  symbols 
1,  2,  .3,  ...n,  can  be  so  arranged  in  compartments  is 

IIw 


(na)*(n6)^...nan/8...np' 


but   each    such  arrangement   gives  (n(a-- l))».(n(6  — 1))^    terms   of   the    determinant, 
and  the  corresponding  number  of  terms  therefore  is 


Tin 


a^b^. ..nallB...  Hp' 
The  whole  number  of  terms  of  the  determinant  is  Iln,  and  we  have  thus  the  theorem 

1=2 


a*6^..,  HaUff  ...Hp' 


in  which  the  summation  corresponds  to  all  the  diflerent  partitions  n  =  eta  +  ^96, . . .  +  p, 
where  a,  6,...  are  all  of  them  different  and  greater  than  unity;  a  theorem  given  in 
Cauchy's  MSmoire  sur  les  Arrangements  &c.,  1844.  But  it  is  to  be  noticed  also  that, 
the  number  of  the  positive  and  negative  terms  being  equal,  we  have  besides 

0  =  2     ^   ^ 


a^bP  ...Han^  ...  Up' 
or,  what  is  the  same  thing, 

and  thence  also 

i-2— — J— — • 

'       a*6»...  nan/3. ..np' 
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NOTE    ON    MR    JERRARD^S    RESEARCHES    ON    THE    EQUATION 

OF    THE    FIFTH    ORDER. 

[From  the  Philosophical  Magazine,  vol.  xxi.  (1861),  pp.  210—214.] 

Functions  of  the  same  set  of  quantities  which  are,  by  any  substitution  whatever, 
simultaneously  altered  or  simultaneously  unaltered,  may  be  called  honwtypical.  Thus  all 
symmetric  functions  of  the  same  set  of  quantities  are  homotypical:  {x-\-y  —  z^ulf  and 
ay  +  zw  are  homotypical,  &c. 

It  is  one  of  the  most  beautiful  of  Lagrange's  discoveries  in  the  theory  of  equations, 
that,  given  the  value  of  any  function  of  the  roots,  the  value  of  any  homotypical 
function  may  be  rationally  determined  ^ ;  in  other  words,  that  any  homotypical  function 
whatever  is  a  rational  function  of  the  coefficients  of  the  equation  and  of  the  given 
function  of  the  roots. 

The  researches  of  Mr  Jerrard  are  contained  in  his  work.  An  Essay  on  the  Reso- 
IvJbion  of  EqtuUions,  London,  Taylor  and  Francis,  1859.  The  solution  of  an  equation 
of  the  fifth  order  is  made  to  depend  on  an  equation  of  the  sixth  order  in  TF;  and 
he  conceives  that  he  has  shown  that  one  of  the  roots  of  this  equation  is  a  rational 
function  of  another  root :  "  The  equation  for  W  will  therefore  belong  to  a  class  of 
equations  of  the  sixth  degree,  the  resolution  of  which  can,  as  Abel  has  shown,  be 
eflfected  by  means  of  equations  of  the  second  and  third  degrees;  whence  I  infer  the 
possibility  of  solving  any  proposed  equation  of  the  fifth  degree  by  a  finite  combination 
of  radicals  and  rational  functions." 

^  The  d,  priori  demonstration  shows  the  cases  of  failure.  Suppose  that  the  roots  of  a  biquadratic  equation 
are  1,  3,  5,  9;  then,  given  a  +  &=8,  we  know  that  either  a=3,  6=5,  or  else  as5,  5=8,  and  in  either  case 
ab= 15;  hence  in  the  present  case  (which  represents  the  general  case),  a  +  b  being  known,  the  homotiypical 
function  ab  is  rationally  determined.  But  if  the  roots  are  1,  3,  5,  7  (where  1  +  7=3  +  5),  then,  given  a +5=8, 
this  is  satisfied  by  (a,  &=3,  5)  or  by  (a,  &  =  1,  7),  and  the  conclusion  is  a6  =  15  or  7;  so  that  here  ab  is  deter- 
mined, not  as  before,  rationally,  but  by  a  quadratic  equation. 
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and  this  is  also  the  form  of  the  other  determinants,  the  only  difference  being  as  to  the 
meaning  of  the  symbol  {afi],  which,  however,  in  each  case  denotes  a  function  such  that 
{a/3}  =  —  {^a}.     Writing  for  greater  shortness, 

{a/SySe}  =  [0/3]  +  {^7}  +  {7S}  +  {6e}  +  {ca}, 
and  in  like  manner 

{ay€/3B}  =  {ay}  +  {ye}  +  {efi]  +  {/3S}  +  {Sa}, 

Hi  is  an  unsymmetric  linear  function  (without  constant  term)  of  {0Ll3yS€],  {oyefiB} ;  or, 
what  is  all  that  is  material,  it  is  an  unsymmetric  function,  containing  only  odd 
powers,  of  {affySe},  {aye/SS}. 

If  for 

a     0    y     B     € 

we  substitute  any  one  of  the  five  arrangements 

a  i8  7  S  €, 

/3  y  8  €  a, 

7  S  €  a  0, 

S  6  a  )8  7, 

€  a  /8  7  S, 

then  {affySe}  and  {076/88}  will  in  each  case  remain  unaltered. 

But  if  we  substitute  any  one  of  the  five  arrangements 

a  €  S  y  /3, 
687/80, 
87/806, 
7  /8  a  6  8, 
/8    a    6    8    7, 

then  in  each  case  {a/8786}  and  {076/88}  will  be  changed  into  —  {0/8786}  and  —  {o7€/88} 
respectively.  Hence  Hi  remains  unaltered  by  any  one  of  the  first  five  substitutions; 
and  it  is  changed  into  —  Hi  by  any  one  of  the  second  five  substitutions.  And  the 
like  being  the  case  as  regards  Ila ,  &c.,  it  follows  that  the  quotient  Hi  h-  Uj,  or  say  P, 
remains  unaltered  by  any  one  of  the  ten  substitutions.  Now  the  120  permutations  of 
^9  09  7)  Bf  ^  <^^  ^  obtained  as  follows,  viz.  by  forming  the  12  different  pentagons 
which  can  be  formed  with  o,  /8,  7,  8,  6  (treated  as  five  points),  and  reading  each  of 
them  off  in  either  direction  from  any  angle.  To  each  of  the  12  pentagons  there 
corresponds  a  distinct  value  of  P,  but  such  value  is  not  altered  by  the  different  modes 
of  reading  off  the  pentagon ;    P  is  consequently  a  12- valued  function. 
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But  there  is  a  more  simple  form  of  the  analytical  expression  of  such  a  12-valued 
function ;  in  fact,  if  [a/Sy^e]  be  any  function  which  is  not  altered  by  any  one  of  the 
above  ten   substitutions — if,  for  instance,  [a/3]  is  a  symmetrical  function  of  Xa,  x^,  and 

[afiy^]  =  [a/3]  +  [0y]  +  [7^]  +  [Se]  +  [ea], 
and  therefore 

[076/38]  =  [07]  +  [7^]  +  [6/9]  +  [/3S]  +  [Sa], 

then  any  unsymmetrical  function  of  [alSy^e]  and  [076)88]  will  be  a  12-valued  function 
homotypical  with  P. 

Mr  Jerrard's  function  W  is  the  sum  of  two  values  of  his  function  P ;  the  sub- 
stitution by  which  the  second  is  derived  from  the  first  can  only  be  that  which 
interchanges  the  two  functions  [i/SyBe]  and  [aye^S] ;  and  hence  any  symmetrical  function 
of  [ctfiyBe]  and  [ctyefiS]  is  a  function  homotypical  with  Mr  Jerrard's  W;  such  symmetric 
function  is  in  fact  a  6-valued  function  only.  Indeed  it  is  easy  to  see  that  the  twelve 
pentagons  correspond  together  in  pairs,  either  pentagon  of  a  pair  being  derived  from 
the  other  one  by  stellation,  and  the  six  values  of  the  function  in  question  corresponding 
to  the  six  pairs  of  pentagons  respectively. 

Writing  with  Mr  Cockle  and  Mr  Harley, 

T   =  XoXy  +  OyC,  +  X^^  4-  X^X^  -VXijfRai 

then  (t  +  T  is  a  symmetrical  function  of  all  the  roots,  and  it  must  be  excluded ;  but) 
{j—tJ^  or  tt'  are  each  of  them  6-valued  functions  of  the  form  in  question,  and  either 
of  these  functions  is  linearly  connected  with  the  Resolvent  Product.  In  Lagrange's 
general  theory  of  the  solution  of  equations,  if 

then  the  coefficients  of  the  equation  the  roots  whereof  are  (/*)*,  (/**)*,  (/t*)*,  (/**)',  and 
in  particular  the  last  coefficient  (/t/t^/t'/t*)',  are  determined  by  an  equation  of  the 
sixth  degree  ;  and  this  last  coefficient  is  a  perfect  fifth  power,  and  its  fifth  root,  or 
/l/t^yi*/**,  is  the  function  just  referred  to  as  the  Resolvent  Product. 

The  conclusion  from  the  foregoing  remarks  is  that  if  the  eqaaJtixm  for  W  has  the 
above  property  of  the  rcUional  expressibility  of  its  roots,  the  equation  of  the  sixth  order 
resulting  frx)m  Lagrange's  general  theory  has  the  same  property. 

I  take  the  opportunity  of  adding  a  simple  remark  on  cubic  equations.  The 
principle  which  furnishes  what  in  a  foregoing  foot-note  is  called  the  d  priori  demon- 
stration of  Lagrange's  theorem  is  that  an  equation  need  never  contain  extraneous  roots; 
a  quantity  which  has  only  one  value  will,  if  the  investigation  is  properly  conducted, 
be  determined  in  the  first  instance  by  a  linear  equation;  one  which  has  two  values 
by  a  quadratic  equation,  and  so  on ;  there  is  always  enough,  and  not  more  than  enough, 
to  determine  what  is  required. 
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Take   Cardan's  solution  of  the  cubic  equation  «*  +  ?«?  — r  =  0,  we  have  a:  =  a  +  6,  and 
thence  Sab  =  —  ?,  a^  +  ¥  =  r;   and  to  obtain  the  solution  we  write 

But   these  two    equations  are   not    enough   to    precisely  determine    x,  they   lead   to   the 
9-valued  function 


/r         /r*      o*  /r        /r*      o* 

V2  +  V4+^  + V2-V4+27'- 


in   order   to    precisely  determine    x,  it  is    (as   ever)^body   knows)    necessary  to    use    the 
original  equation  oft  =  —  ^ .     But  seek  for  the  solution  as  follows ;  viz.  write  a:  =  a6  (a  +  6), 

which  gives 

3a»6«  =  -  J,    a*¥  (a»  +  &•)  =  r, 

or  what  is  the  same  thing, 

3  q 

these  equations  give  a;  =  oft  (a +  6),  where 


^"V-2^  +  V43'-^3'     ^  =  V   -2^-V4^.  +  i^ 


which  is  a  3- valued  function  only,  ab  in  this  case  being  not  gfiven. 


2,  Stone  Btiildings,  W,C.,  January  28,  1861. 
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ON    A    THEOREM    OF    ABEL'S    RELATING    TO    EQUATIONS    OF 

THE    FIFTH    ORDER. 

[From  the  Phihaophical  Magazine^  vol.  xxi.  (1861),  pp.  257 — 263.] 

The  following  is  given  (Abel,   (Euvrea,  vol   ii.    p.   253   [Ed.  2,  vol.  ii.  p.  266])  as 
an  extract   of  a  letter  to  M.  Crelle : 

'•'Si  une    Equation    du    cinquifeme    degr^,    dont    les    coefficients    sont    des    nomhres 
rationnels,  est  r^luble  alg^riquement,  on  pent  donner  anx  racines  la  forme  suivante. 


oh 


x  =  c  +  Ac^a^a^a}  H-  A^a^a^a^a^  +  A^a^a^a^  H-  A^a^a^a^^ 


a  =m-\-n  Vl4-6»  +  >/a  (1  +  6^  +  Vl  +  e"), 
Oi  =  m-  /t  Vn-  e"  +  n/a  (1  +  e»  -  Vl  +"?), 
(12=  m  +  /i  VrT?-  >/a  (1  +  e»  +  Vl  +V), 
as  =  m-?i  ViT^->/A(1  +6^- Vr+>), 

A  =K-hK'a  +K''a,-¥K''aa,,    A,^ K'¥  K'a,-{- K"a,^- K"a,a,, 
A,  =  K  +  K'(u,'^K''a  +K''aa,,    A,  =  K  +  K%  +  K"a,  +  K'''a,a,. 

Les  quantity  c,  h,  e,  m,  n,  K,  K\  K'\  K"  sont  des  nombrea  rationnels, 

''Mais  de  cette  mani^re  T&juation  ofi  +  ax  +  b  =  0  n*est  pas  resoluble  tant  que  a 
et  b  sont  des  quantit^s  quelconques.  J'ai  trouv^  de  pareils  th^or^mes  pour  les  Equations 
du  7*°",  11*°^,  13*°^,  &c.  degrd     Fribourg,  le  14  Mars,  1826." 

The  theorem  is  referred  to  by  M.  Kronecker  (Berl.  Monatsb.  June  20,  1853),  but 
nowhere  else  that  I  am  aware  of 
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It  is  to  be  noticed  that  in  the  expressions  for  a,  Oj,  «,,  a„  the  radicals  are  such 
that  

Vf+7>/A  (1  +  e'  +  Vl  +~e- )  N//i(H-e5-Vl  +  ^)  =  he  (1  +  ^\ 
a  rational  number. 

The  theorem  is  given  as  belonging  to  numerical  equations ;  but  considering  it  as 
belonging  to  literal  equations,  it  will  be  convenient  to  change  the  notation ;  and  in 
this  point  of  view,  and  to  avoid  suflSxes  and  accents,  I  write 

where 

a—vi-\-n  VB  +  Jp  +  q  V  B, 

yg  =  wi  _  7?  V©  +  >/p  -  9  V0. 

<y  =  m  +  w  V©  —  vp  +  5  VB, 

g  =  7«  —  n  V©  —  V  ;>  —  q  V©  ; 

the  radicals  being  connected  by 

V©  Jp-^q  V©  Jp^q  ^/©  =  «, 
and  where 

in   which  equations   ^,   r?i,    ?j,  p,   g,   ©,    «,   -K",   Z,    ilf,   iV  are   rational    functions    of   the 
elements  of  the  given  quintic  equation. 

The  basis  of  the  theorem  is,  that  the  expression  for  x  has  only  the  five  values 
which  it  acquires  by  giving  to  the  quintic  radicals  contained  in  it  their  five  several 
values,  and  does  not  acquire  any  new  value  by  substituting  for  the  quadratic  radicals 
their  several  values.  For,  this  being  so,  w  will  be  the  root  of  a  rational  quintic ;  and 
conversely. 

Now  attending  to  the  equation 

>/©  'Jp  +  q  ^®  y/p  —  q  V&«  «, 
the  different  admissible  values  of  the  radicals  are 

\/©,  'Jp'\-q  V^,  "Jp-q  V^S, 

—  V©,  Jp-q  V^,  —  y/p  +  q  n/©, 

V©,  ^'Jp  +  q  V^,  -  >/p  -  q  V©, 

«  V©,  -  >/p  -  5  V©,  s/p-hq  V©, 
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corresponding  to  the  sjrstems 

a,  fif  7»  ^> 

/9,  7»  ^>  a» 

y,  S,  a,  )9, 

a,    /9,    7»     S, 

of  the  roots  o,  )8,  7,  S ;  i.e.  the  eflfect  of  the  alteration  of  the  values  of  the  quadratic 
radicals  is  merely  to  cyclically  permute  the  roots  o,  /S,  7,  S;  and  observing  that  any 
such  cyclical  permutation  gives  rise  to  a  like  cyclical  permutation  of  -4,  B,  C,  D,  the 
alteration  of  the  quadratic  radicals  produces  no  alteration  in  the  expression  for  x. 

The  quantities   a,  )9,   7,    B   are    the    roots    of   a   rational    quartic.     If,  solving   the 
quartic  by  Euler's  method,  we  write 

a  =  m  +  V^+  V^  +  y/H,        y/FOH  =  1/,  a  rational  function, 
7=m+VP-V&-.\/:^, 

then  the  expi^essions  for  F,  G,  H  in  terms  of  the  roots  are 

(a  +  7-^-Sy,    (a  +  i8-7-8)^    (a  +  S-i8-7)^, 
which  are  the  roots  of  a  cubic  equation 

u^  -  \u^  -\-  fiu  —  p^  —  O, 
where  X,  fi,  v  are  given  rational  functions  of  the  coefficients  of  the  quartic.     We  have 

80  that,  taking  6  =  1*,  the  last-mentioned  expressions  for  o,  /8,  7,  S  mil  be  of  the 
assumed  form 


a  =  m  +  V^  +  ^/p  +  5  n/B,     &c. 
The  equation 

\/©  Jp  +  q  V©  yp  —  q  V©  =  « 
thus  becomes 

^FyJ{Q^Hf^8.  or  F(G-H)^  =  ^] 

that   is, 

or,  what  is  the  same  thing,  and  putting  0  for  -F, 

C.    V. 


8 
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I  Hence  in  order  that  the  roots  of  the  quartic  may  be  of  the  assumed  form, 

a  =  7ii-l-VO  +  vp  +  9V8,  &c., 
where  m,  jp,  5,  6  are  rational,  and  where  also 

V©  V p  +  q  V0  vp  •-  q  V©  =  «,  a  rational  function, 

the  necessary  and   sufficient  conditions   are   that   the   quartic  should  be   such    that 
reducing  cubic 

(whose  roots  are  (a-h/8  — 7— S)*,  (a  +  7  — /8  — S)*,  (a  +  8  — )8  — 7)*)  may  have  one  rati 
root  6,  and  moreover  that  the  function 

shall  be  the  square  of  a  rational  function  s.  This  being  so,  the  roots  of  the  quj 
will  be  of  the  assumed  form 

a  =  m  +  V©  +  vp  +  g  ^^O,  &c ; 

and  from  what  precedes,  it  is  clear  that  any  function  of  the  roots  of  the  qm 
which  remains  unaltered  by  the  cyclical  substitution  a^yB,  or  what  is  the  same  tb 
any  function  of  the  form 

^(a,  A  7,  S)  +  ^(/3,  7,  S,  a)  +  ^(7,  S,  «,  i8)  +  ^(S,  a,  A  7) 

will  be  a  rational  function  of  m,  0,  p,  q,  8,  and  consequently  of  the  coefficients  of 
quartic.  The  above  are  the  conditions  in  order  that  a  quartic  equation  may  hi 
the  Abelian  form. 

It  may  be  as  well  to  remark  that,  assuming  only  the  system  of  equations 

a  =  m  +  V^O  +  VT  , 

then  any  rational  function  of  a,  )8,  7,  8  which  remains  unaltered  by  the  cyclical  1 
stitution  a/378  wiU  be  a  rational  function  of  6,  T  +  r,  TT,  VTr(T-r),  Ve(T- 
V©  VTT.     In  fact,  suppose  such  a  fimction  contains  the  term 

(Ve)*  (Vry  (Vr)y ; 

then  it  will  contain  the  four  terms 

(   Ve)«(   Vf)^(   Vr)^ 

(-Ve)«(    VT7(-VT)y, 

(   Ve)«(-VT)^(- Vr)>, 
(-  ve)*  (-  Vr)^  (   Vt  )y, 


^ 
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which  together  are 

(VS)*  {(1  +  (-y'+y  i)  (^ry  (Vr  )r  +  (-)•  [(-y  i  +  h^  i]  (VT)r  (Vr)^}, 

an  expression  which  vanishes  unless  (— )^,  (— )y  are  both  positive  or  both  negative.     The 
forms  to  be   considered  are   therefore 


(-)•. 

(-A 

(-)' 

+ 

+ 

+ 

— 

+ 

+ 

H- 

— 

— 

The  first  form  is  _  

(Ve)*  {(Vt/  (Vr)r + (Vfy  (Vr)^}, 

which,  0,  )8,  7  being  each  of  them  even,  is  a  rational  function  of  0,  T  +  T,  TT. 
The  second  form  is 

(Ve)«  i(Vfy  (Vf  )r  -  (Vry  (Vr)r}, 

which,   a   being   odd    and    13   and    7   each    of   them    even,  is    the    product    of  such    a 
function  into  VO(T-T'). 

The  third  form  is 

(Ve)«  {(Vfy  (y/ry  -  (Vt>  (Vr)^j, 

which,  a  being  even  and  fi  and  7  each  of  them  odd,  is  the  product  of  such  a  function 
into  Vfr  (T  -  T), 

And  the  fourth  form  is 

(Ve)*  {{y/ry  (Vr)y + (VT)r  (Vry» }, 

which,  a,  )8,  7  being  each  of  them  odd,  is  the  product  of  such  a  function  into  V©  (T  —  T'). 
Hence  if  T=jp  +  9VB,  T'=jp  — gV©.  and  V©  V^  +  5  V©  Vp  -  g  \/iHi  =  5,  then 

©,  T+r(=2p),  Tr(=i>«-9»©),  Vfr(T-r)(=^V 

V©(T-r)(=25©),  and  V©VTr(=«) 

are  respectively  rational   functions.     This  is   the  d  posteriori  verification,  that  with   the 
system  of  equations 

a  =  m  +  V©  '\-*Jp-\-q  V©,  &c.,     V©  Jp  +  q  V©  ^p-q  V©  =^, 
any  function 

*(«,  /9,  %  S)  +  ^(/3,  %  S,  a)  +  ^(7,  S,  cr,  i8)  +  0(S,  a,  /9,  7) 

is  a  rational  function. 

8—2 
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The  coefficients  of  the  quintic  equation   for  x  must  of  course  be  of  the  form 
mentioned;    that  is,  they  must  be   functions  of  a,  /9,  7,  S,  which   remain   unaltered 
the  cyclic  substitution  a^S.     To  form  the  quintic  equation,  I  write 

tf  —  a:  =  a, 


then  we  have 


and  the  quintic  equation  is 


0«:a  +  6H-c  +  d  +  c, 


/I  »«>»>*  =  0, 


where  <»  is  an  imaginary  fifth  root  of  unity,  and 


We  have 


/w/o)*  =  2a»  +  («  +  «*)  2'a6  +  (<»«  +  <»«)  Toe, 

where  2'  is  Mr  Barley's  cyclical  symbol,  viz. 

2'a6  =  ab  -\-hc  •¥  cd-^  de  •¥  ea\ 
and  so  in  other  cases,  the  order  of  the  cycle  being  always  ahcde.    This  gives 
ffoffo'fd'fm'^  =  Sa*  +  2a%»  -  2a»6  +  22a*c  -  Softcd  -  52V  (66  +  cd)  ; 
and  multiplying  by  /I,  =  2a,  and  equating  to  zero,  the  result  is  found  to  be 

2a»- 5a6ccfo -  52V (fe  +  cd)  +  52'a (6V 4- c>rf«)  =  0 ; 
or  arranging  in  powers  of  a,  this  is 


a« 


+ 


+  a*.     -5(66     +cd) 
+  a*.         5(6c»  +c^    +6c?  +  d6*) 
5(6»c    +0*6    +6»d  +  cP6) 
5(6»^  +c>rf«  -66cd) 
6»4-c»  +  6»H-cP 
-  5  (6»d6  +  (?bd  +  6»c6  +cPec) 
^  +  5  (6d«^  +  c6«»  +  ec%»  + cfeV) 


a  .  -! 
1+ 


^=0. 


+ 


the    several    coefficients    being,    it    will    be    observed,  cjrclical    (unctions    to    the    c 
6,  c,  6,  d. 
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+  {a!-e) 


^  =  0, 


Putting  for  a  its  value  —(x  —  $),  and  for  b,  c,  d,  e  their  values,  the  quintic  equation 
iu  X  is 

{x-ey 

+  (x-ey.     -5{AC         +BD)affyB 

+  (x-0y.     -oiA^ByS     +£»C&i     +CDal3   +D*Affy  )affyS 

'-  5  (AW^i'S  +  &Af»a  +  C»J?8a»/3  +  IXJa^)  <n/»yS 

.+  5  {AH?        +  £»2)»       -  ABCD)  a'/9V^ 

(-d'^yS*  +JBvS'a*    +C*8a'/8»    +i)»o/9V  )«;9y8 

-  5  (ul»5C78  +  &CDia  +  C»Z)ila/8  +  B'AB^y)  o^^S* 

+  5  (A  B'C'aB  +  BC*D'0a  +  CD'A'yfi  +  DE'A^Sa)  tf^SyS* 

where  as  before 

A=K  +  La+My+Ntty, 

B=K  +  L^  +  MB  +  N0S, 
C=K  +  Ly+Ma+Nya, 

and  the  coefficients  of  the  quintic  equation  are,  as  they  should    be,  cyclical   functions 
with  the  cycle  a0yS. 


2,  Stone  Buildings,  W.C.,  February  10,  1861. 
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/  ON    THE    PARTITIONS    OF    A    CLOSE. 


[From  the  Philosophical  Magazine,  vol.  xxi.  (1861),  pp.  424—428.] 

If  F,  S,  E  denote   the   number  of  faces,  summits,  and  edges  of  a  polyhedron,  then, 
by  Euler's  well-known  theorem, 

J?'+S=^+2; 

and  if  we  imagine  the  polyhedron  projected  on  the  plane  of  any  one  face  in  such 
manner  that  the  projections  of  all  the  summits  not  belonging  to  the  face  fall  within 
the  face,  then  we  have  a  partitioned  polygon,  in  which  (if  P  denote  the  number  of 
component  polygons,  or  say  the  number  of  parts)  F—P-\-\,  or  we  have 

P  +  S  =  ^4.1, 

where  S  is  the  number  of  summits  and  E  the  number  of  edges  of  the  plane  figure. 
I  retain   for  convenience  the  word  edge,  as  having  a  different  initial  letter  from  summit. 

The  formula,  however,  excludes  cases  such  as  that  of  a  polygon  divided  into  two 
parts  by  means  of  an  interior  polygon  wholly  detached  from  it ;  and  in  order  to 
extend  it  to  such  cases,  the  formula  must  be  written  under  the  form 

•    p+s=^+i+js, 

where  B  is  the  number  of  breaks  of  contour,  as  will  be  presently  explained. 

The  edges  of  a  polygon  are  right  lines :  it  might  at  first  sight  appear  that  the 
theory  would  not  be  materially  altered  by  removing  this  restriction,  and  allowing  the 
edges  to  be  cuived  lines ;  but  the  fact  is  that  we  thus  introduce  closed  figures  bounded 
by  two  edges,  or  even  by  a  single  edge,  or  by  what  I  term  a  mere  contour;  and  we 
have  a  new  theory,  which  I  call  that  of  the  Partitions  of  a  Close. 
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Several  definitions  and  explanations  are  required.  The  words  line  and  curve  are 
used  indifferently  to  denote  any  path  which  can  be  described  currente  ccUamo  without 
lifting  the  pen  from  the  paper.  A  closed  curve,  not  cutting  or  meeting  itself  (*),  is 
called  a  contour.  An  enclosed  space,  such  that  no  part  of  it  is  shut  out  from  any 
other  part  of  it,  or,  what  is  the  same  thing,  such  that  any  part  can  be  joined  with 
any  other  part  by  a  line  not  cutting  the  boundary,  is  termed  a  dose.  The  boundary 
of  a  close  may  be  considered  as  the  limit  of  a  single  contour,  or  of  two  or  more 
contours  lying  wholly  within  the  close.  The  reason  for  speaking  of  a  limit  will  appear 
by  an  example.  Consider  a  circle,  and  within  it,  but  wholly  detached  from  it,  a 
figure  of  eight;  the  space  interior  to  the  circle  but  exterior  to  the  figure  of  eight  is 
a  close :  its  boundary  may  be  considered  as  the  limit  of  two  contours, — ^the  first  of 
them  interior  to  the  close,  and  indefinitely  near  the  circle  (in  this  case  we  might  say 
the  circle  itself);  the  second  of  them  an  hour-glass-shaped  curve,  interior  to  the  close 
(that  is,  exterior  to  the  figure  of  eight)  and  indefinitely  near  to  the  figure  of  eight. 
The  figure  of  eight,  as  being  a  curve  which  cuts  itself,  is  not  a  contour;  and  in  the 
case  in  question  we  could  not  have  said  that  the  boundary  of  the  close  consisted  of 
two  contours.  A  similar  instance  is  afforded  by  a  circle  having  within  it  two  circles 
exterior  to  each  other,  but  connected  by  a  line  not  cutting  or  meeting  itself;  or  even 
two  points,  or,  as  they  may  be  called,  summits,  connected  by  a  line  not  cutting  or 
meeting  itself;  or,  again,  a  single  summit:  in  each  of  these  cases  the  boundary  of 
the  close  may  be  considered  as  the  limit  of  two  contours.  But  this  explanation  once 
given,  we  may  for  shortness  speak  of  the  close  as  bounded  by  a  single  contour,  or  by 
two  or  more  contours ;  and  I  shall  throughout  do  so,  instead  of  using  the  more  precise 
expression  of  the  boundary  being  the  limit  of  a  contour,  or  of  two  or  more  contoura 
The  excess  above  unity  of  the  number  of  the  contours  which  form  the  boundary  of 
a  close  is  the  break  of  contour  for  such  close;  in  the  case  of  a  close  bounded  by  a 
single  contour,  the  break  of  contour  is  zero. 

Any  point  whatever  on  a  curve  may  be  considered  as  the  point  of  meeting  of 
two  curves,  or,  in  the  case  of  a  closed  curve,  as  the  point  where  the  curve  meets 
itself,  but  it  is  not  of  necessity  so  considered.  A  point  where  a  curve  cuts  or  meets 
itself  or  any  other  curve,  is  a  summit;  each  point  of  termination  of  an  unclosed 
curve  is  also  a  summit;  any  isolated  point  may  be  taken  to  be  a  summit  It  follows 
that,  in  the  case  of  a  closed  curve  not  cutting  or  meeting  itself  (that  is,  a  contour), 
any  point  or  points  on  the  curve  may  be  taken  to  be  summits ;  but  the  contour  need 
not  have  upon  it  any  summit:  it  is  in  this  case  termed  a  m£re  contour.  The  curve 
which  is  the  path  from  a  summit  to  itself,  or  to  any  other  summit,  is  an  edge:  the 
former  case  is  that  of  a  contour  having  upon  it  a  siiigle  summit,  the  latter  that  of 
an  edge  having,  that  is  terminated  by,  two  summits,  and  no  more.  It  is  hardly 
necessary  to  remark  that  a  contour  having  upon  it  two  or  more  summits  consists  of 
the  same  number  of  edges,  and,  by  what  precedes,  a  contour  having  upon  it  a  single 
summit  is   an   edge ;  but   it  is   to  be   noted   that  a   contour  without  any  summit   upon 

1  It  is  hardly  necessary  to  add,  except  in  so  for  as  any  point  whatever  of  the  curve  may  be  considered 
as  a  point  where  the  curve  meets  itself. 
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it,  or  mere  contour,  is  not  an  edge.  It  may  be  added  that  an  edge  does  not  cut  or 
meet  itself  or  any  other  edge  except  at  the  summit  or  summits  of  the  edge  itself 

Consider  now  a  close  bounded  by  yS  + 1  mere  contours :  if  for  any  partitioned 
close  we  have  P  the  number  of  parts,  S  the  number  of  summits,  E  the  number  of 
edges,  B  the  number  of  breaks  of  contour;  then,  for  the  unpartitioned  close,  we  have 
P  =  l,  S  =  Oy  ^  =  0,  B  =  fi,  and  therefore 

P  +  S-^fi^E-^-l+B; 

and  it  is  to  be  shown  that  this  equation  holds  good  in  whatever  manner  the  close  is 
partitioned.  The  partitionment  is  effected  by  the  addition,  in  any  manner,  of  summits 
and  mere  contours,  and  by  drawing  edges,  any  edge  from  a  summit  to  itself  or  to 
another  summit.  The  effect  of  adding  a  summit  is  first  to  increase  S  by  unity:  if 
the  summit  added  be  on  a  contour,  E  will  be  thereby  increased  by  unity;  for  if  the 
contour  is  a  mere  contour,  it  is  not  an  edge,  but  becomes  so  by  the  addition  of  the 
summit ;  if  it  is  not  a  mere  contoiu*,  but  has  upon  it  a  summit  or  summits,  the 
addition  of  the  summit  will  increase  by  unity  the  number  of  edges  of  the  contour. 
If,  on  the  other  hand,  the  summit  added  be  an  isolated  one,  then  the  addition  of 
such  summit  causes  a  break  of  contour,  or  £  is  increased  by  unity.  Hence  the 
addition  of  a  summit  increases  by  unity  S;  and  it  also  increases  by  unity  E  or  else  B, 
that  is,  it  leaves  the  equation  undisturbed.  The  effect  of  the  addition  of  a  mere  con- 
tour is  to  increase  P  by  unity,  and  also  to  increase  B  by  unity:  it  is  easy  to  see 
that  this  is  the  case,  whether  the  new  mere  contour  does  or  does  not  contain  within 
it  any  contour  or  contours.  Hence  the  addition  of  a  mere  contour  leaves  the  equation 
undisturbed.  The  effect  of  drawing  an  edge  is  first  to  increase  E  by  unity;  if  the 
edge  is  drawn  from  a  summit  to  itself,  or  from  a  summit  on  a  contour  to  another 
summit  on  the  same  contour,  then  the  effect  is  also  to  increase  P  by  unity ;  if, 
however,  the  edge  is  drawn  from  a  summit  on  a  contour  to  a  summit  on  a  different 
contour,  then  P  remains  unaltered,  but  B  is  diminished  by  unity.  There  are  a  few 
special  cases,  which,  although  apparently  different,  are  really  included  in  the  two 
preceding  ones:  thus,  if  the  edge  be  drawn  to  connect  two  isolated  summits,  these  are 
in  fact  to  be  considered  as  summits  belonging  to  two  distinct  contours,  and  the  like 
when  a  summit  on  a  contour  is  joined  to  an  isolated  summit.  And  so  if  there  be 
two  or  more  summits  connected  together  in  order,  and  a  new  edge  is  drawn  connecting 
the  first  and  last  of  them,  this  is  the  same  as  when  the  edge  is  drawn  through  two 
summits  of  the  same  contour.  The  effect  of  drawing  a  new  edge  is  thus  to  increase 
E  by  imity,  and  also  to  increase  P  by  unity,  or  else  to  diminish  B  by  unity;  that 
is,  it  leaves  the  equation  undisturbed.  Hence  the  equation  P+S  +  /9  =  J&+l+5, 
which  subsists  for  the  unpartitioned  close,  continues  to  subsist  in  whatever  manner  the 
close  is  partitioned,  or  it  is  always  true. 

In  particular,  if  /9  =  0,  that  is,  if  the  original  close  be  bounded  by  a  mere  contour, 
P  +  S  =  E+l'¥B;  and  if,  besides,  fi=0,  then  P  +  S  =  E+1,  which  is  the  ordinary 
equation  in  the  theory  of  the  partitions  of  a  polygon. 
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If  we  consider  the  surface  of  a  plane  as  bounded  by  a  mere  contour  at  infinity, 
then  for  the  infinite  plane,  ^  =  0,  or  we  have  P  +  S=E  +  1+B:  in  the  case  where 
the  infinite  plane  is  partitioned  by  a  mere  contour,  P  =  2,  8  =  0,  E  =  0,  B=l  (for  the 
exterior  part  is  bounded  by  the  contour  at  infinity,  and  the  partitioning  contour,  that 
is,  for  it,  B  =  1),  and  the  equation  is  thus  satisfied.  And  so  for  a  contour  having  upon 
it  n  summits,  P=2,  S  =  n,  E^riy  B=l,  and  the  equation  is  still  satisfied:  this  is  the 
case  of  the  plane  partitioned  into  two  parts  by  means  of  a  single  polygon. 

The  case  of  a  spherical  surfisice  is  very  interesting:  the  entire  surface  of  the  sphere 
must  be  considered  as  a  close  bounded  by  0  contour,  or  we  have  ^  =  —  1,  and  the 
equation  thus  becomes  P  +  S  =  jE+2+fi.  Thus,  if  the  sphere  be  divided  into  two 
parts  by  a  mere  contour,  P  =  2,  8  =  0,  E  =  0,  J5  =  0,  and  the  equation  is  satisfied.  And 
in  general,  when  5=0,  then  P  +  iS  =  ^-h2;  or  writing  F  for  P,  then  i'+iS  =  ^-h2, 
which  is  Euler's  equation  for  a  polyhedron. 


2,  8tone  Buildings,  W,C.,  March  8,  1861. 


C.    V. 
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ON  A  SURFACE  OF  THE  FOURTH  ORDER. 


[From  the  Philosophical  Magazine,  vol.  xxi.  (1861),  pp.  491 — 495.] 

Let  ^,  ^,  C  be  fixed  points;  it  is  required  to  investigate  the  nature  of  the  surface, 
the  locus  of  a  point  P  such  that 

where  \,  /i,  v  are  given  coefficients ;  the  equation  depends,  it  is  clear,  on  the  ratios  only 
of  these  quantities. 

The  surfieice  is  easily  seen  to  be  of  the  fourth  order;  it  is  obviously  sjonmetrical 
in  regard  to  the  plane  ABC  \  and  the  section  by  this  plane,  or  say  the  principal 
section,  is  a  curve  of  the  fourth  order,  the  locus  of  a  point  M  such  that 

\AM^-iiBM^vCM--0. 

The  curve  is  considered  incidentally  by  Mr  Salmon,  p.  125  of  his  Higher  Plane 
Curves  [Ed.  3,  p.  126  and  see  also  p.  240  et  seq,"] ;  and  he  has  remarked  that  the 
two  circular  points  at  infinity  are  double  points  on  the  curve,  which  is  therefore  of 
the  eighth  class.  Moreover,  that  there  are  two  double  foci,  since  at  each  of  these 
circular  points  there  are  two  tangents,  each  tangent  of  the  one  pair  intersecting  a 
tangent  of  the  other  pair  in  a  double  focus;  hence,  further,  that  there  are  four 
other  foci,  the  points  A,  B,  C,  and  a  fourth  point  D  lying  in  a  circle  with  A,  B,  (7, 
and  which  are  such  that,  selecting  any  three  at  pleasure  of  the  points  A,  B,  C,  D,  the 
equation  of  the  curve  is  in  respect  to  such  three  points  of  the  same  form  as  it  is  in 
regard  to  the  points  A,  B,  C, 

Consider  a  given  point  Jf,  on  the  principal  section,  then  the  equations 

BP_GP       CP^AP       AP  _BP 
BM^CM'     CM"  AM'     AM'BM 

belong  respectively  to   three  spheres :  each  of  the   spheres  passes  through  the  point  A 
The   first  of  the  spheres  is   such   that,  with   respect   to   it,    B  and    C   are   the   imag 
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each  of  the  other;  that  is,  the  centre  of  the  sphere  lies  on  the  line  BC,  and  the 
product  of  its  distances  from  B  and  C  is  equal  to  the  square  of  the  radius;  in  like 
manner  the  second  sphere  is  such  that,  with  regard  to  it,  0  and  A  are  the  images 
each  of  the  other;  and  the  third  sphere  is  such  that,  with  regard  to  it,  A  and  B 
are  the  images  each  of  the  other.  The  three  spheres  intersect  in  a  circle  through  M 
at  right  angles  to  the  principal  plane  (that  is,  the  three  spheres  have  a  common  circular 
section),  and  the  equations  of  this  circle  may  be  taken  to  be 

AP  _BP  _  CP 
AM~ BM'  CM' 

It  is  clear  that  the  circle  of  intersection  lies  wholly  on  the  surface. 

The  spheres  meet  the  principal  plane  in  three  circles,  which  are  the  diametral 
circles  of  the  spheres ;  these  circles  are  related  to  each  other  and  to  the  points  A,  B,  C, 
in  like  manner  as  the  spheres  are  to  each  other  and  to  the  same  points.  The  circles 
have  thus  a  common  chord ;  that  is,  they  meet  in  the  point  M  and  in  another 
point  M :  and  MM'  is  the  diameter  of  the  circle,  the  intersection  of  the   three  spheres. 

It  may  be  shown  that  M,  M'  are  the  images  each  of  the  other  in  respect  to 
the  circle  through  -4,  J5,  C.  In  fact,  consider  in  the  first  place  the  two  points 
A,  B,  and  a  circle  such  that,  with  respect  to  it,  il,  £  are  the  images  each  of  the 
other ;  take  M  a  point  on  this  circle,  and  let  0  be  any  point  on  the  line  at  right 
angles  to  AB  through  its  middle  point,  and  join  OM  cutting  the  circle  in  if;  then 
it  is  easy  to  see  that  M,  M'  are  the  images  each  of  the  other,  in  regard  to  the 
circle,  centre  0  and  radius  OA  (=  0B\  Hence  starting  with  the  points  A,  B,  C  and 
the  point  if,  let  0  be  the  centre  of  the  circle  through  A,  B,  C,  and  take  if'  the 
image  of  if  in  respect  to  this  circle ;  then  considering  the  circle  which  passes  through 
if,  and  in  respect  to  which  B,  C  are  images  each  of  the  other,  this  circle  passes 
through  if';  and  so  the  circle  through  if,  in  respect  to  which  C,  A  are  images  each 
of  the  other,  and  the  circle  through  if,  in  respect  to  which  A,  B  are  images  each 
of  the  other,  pass  each  of  them  through  if' ;   that  is,  the  three  circles  intersect  in  M\ 

It  is  to  be  noticed  that  M\  being  on  the  surface,  must  be  on  the  principal 
section ;  that  is,  the  principal  section  is  such  that,  taking  upon  it  any  point  My  and 
taking  if'  the  image  of  if  in  regard  to  the  circle  through  A,  B,  C,  then  if  is  also 
on  the  principal  section.  It  is  very  easily  shown  that  the  curve  of  the  fourth  order 
possesses  this  property;  for  if,  M'  being  images  each  of  the  other  in  respect  to  the 
circle  through  -4,  J5,  C,  then  A,  J5,  C  are  points  of  this  circle,  or  we  have 


that  is,  the  equation 

being  satisfied,  the  equation 


MJ^_MB_MC 
MA''  M'B'M'C'' 


\AM  +  fiBM  +vCM  =0 


\AM  +  ,iBM'^vCM'  =  Q 


is  also  satisfied. 
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The  points  M,  M'  of  the  curve,  which  are  images  each  of  the  other  in  respect  to 
the  circle  through  A,  B,  C,  may  be  called  conjugate  points  of  the  curve.  The  above- 
mentioned  circle,  the  intersection  of  the  three  spheres,  is  the  circle  having  MMT  for 
its  diameter;  hence  the  required  surface  is  the  locus  of  a  circle  at  right  angles  to  the 
principal  plane,  and  having  for  its  diameter  MM\  where  M  and  M'  are  conjugate 
points  of  the  curve. 

In  the  particular  case  where  the  equation  of  the  surface  is 

BC. AP+  CA   BP  +  AB.CP^O, 

the  principal  section  is  the  circle  through  A,  B,  Cy  twice  repeated.  Any  point  on  the 
circle  is  its  own  conjugate,  and  the  radius  of  the  generating  circle  of  the  sur&ce  is 
zero ;  that  is,  the  surface  is  the  annulus,  the  envelope  of  a  sphere  radius  0,  having 
its  centre  on  the  circle  through  A,  B,  C.  Or  attending  to  real  points  only,  the  surface 
reduces  itself  to  the  circle  through  A,  B,  C.  But  this  last  statement  of  the  solution  is 
an  incomplete  one.  The  equation  of  an  annulus,  the  envelope  of  a  sphere  radius  c, 
having  its  centre  on  a  circle  radius  unity,  is 

V^  Vf  =  1  ±  Vc^  -  ^^  ; 
and  hence  putting  c  =  0,  the  equation  of  the  surface  is, 

y/jc^Tf  =  1  ±zi 


(if,  as  usual,  i=V  — 1),  or,  what  is  the  same  thing,  it  is 

^•^  +  ^^  +  ^±1)^  =  0; 

that  is,  the  surface  is  made  up  of  the  two  spheres,  passing  through  the  points  A,  B,  C, 
and  having  each  of  them  the  radius  zero ;  or  say  the  two  cone-spheres  through  the 
points  Af  B,  C,     In  other  words,  the  equation 

BC.AP-^CA.BP+AB.CP^O 

is  the  condition  in  order  that  the  four  points  A,  B,  C,  P  may  lie  on  a  sphere  radius 
zero,  or  cone-sphere.  Using  1,  2,  3,  4  in  the  place  of  A,  By  C,  P  to  denote  the  four 
points,  the  last-mentioned  equation  becomes 

12.  34+ 13. 42-h  14.  23  =  0; 
and  considering  12,  &c.  as  quadratic  radicals,  the  rational  form  of  this  equation  is 


n  = 


0  ,     12, 
21,     0, 


2 

13, 

2 

23, 


31  ,    32 ,     0  , 
41*,     42*     43*, 


14 

^i 
24 

— i 
34 

0 


=  0. 


313] 


ON  A  SURFACE  OF  THE  FOURTH  ORDER. 


69 


In  my  paper  "  On  a  Theorem  in  the  Geometry  of  Position,"  (7am6.  Math.  Journ.  vol.  IL 
pp.  267 — 271  (1841),  [1],  I  obtained  this  equation,  the  four  points  being  there  con- 
sidered as  lying  in  a  plane,  as  the  relation  between  the  distances  of  four  points  in  a 
circle,  in  addition  to  the  relation 

=  0, 


1 , 

1, 

.  1, 

1 

1, 

0, 

2 

12, 

2 

13. 

14 

1, 

2 

21. 

0, 

2 

23, 

24 

1, 

31, 

2 

32, 

0. 

34 

1, 

2 

41, 

2 

42, 

4 

43, 

0 

which  exists  between  the  distances  of  any  four  points  in  a  plane.  The  present  investi- 
gation shows  the  signification  of  the  equation  0=0  between  the  distances  of  four 
points  in  space;  viz.  it  expresses  that  the  four  points  lie  in  a  sphere  radius  zero,  or 
cone-sphere.  But  the  formula  in  question  is  in  reality  included  in  that  given  in  the 
paper  for  the  distances  of  five  points  in  space.  For  calling  the  points  0,  1,  2,  3,  4, 
the  relation  between  the  distances  of  these  five  points  is 

=  0. 


0, 

1 , 

1  , 

1  . 

1  . 

1 

0  . 

2 

01, 

2 

02, 

03, 

04 

2 

10. 

0, 

2 

12, 

— i 

13, 

14 

2 

20. 

2 

21, 

0, 

2 

23. 

24 

30* 

2 

31, 

2 

32. 

0  , 

34 

— t 
40, 

2 

41, 

2 

42, 

2 

43, 

0 

Hence  if  1,  2,  3,  4  are  the  centres  of  spheres  radii  a,  ^,  7,  h,  and  if  0  is  the  centre 
of  a  tangent  sphere  radius  r,  we  have 

01=r±a,     02  =  r±^,     03  =  r±7,     04=r±S; 

so  that,  for  any  given  combination  of  signs,  it  would  at  first  sight  appear  that  r  is 
determined  by  a  quartic  equation;  but  by  means  of  a  simple  transformation  (indicated 
to  me  by  Prof.  Sylvester)  it  may  be  shown  that  the  equation  for  r  is  really  a  quadratic 
one;  moreover,  the  equation  remains  unaltered  if  the  signs  of  a,  ^,  7,  S  and  of  r,  are 
all  reversed ;  and  r"  has  thus  in  the  whole  sixteen  values.  In  particular,  if  a,  /9,  7,  S 
are  each  equal  0,  then  r*  is  determined  by  a  simple  equation  (r  the  radius  of  the 
sphere  through  the  four  points);  and  if,  moreover,  r=0,  then  we  have  for  the  relation 
between  the  distances  of  the  four  points,  the  foregoing  equation  D  =  0. 


2,  Stone  Buildings,  W.C.,  March  25,  1861. 
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ON   THE   CURVES    SITUATE   ON   A    SURFACE   OF   THE    SECOND 

ORDER. 


[From  the  Philosophical  Magazine,  vol  xxii.  (1861),  pp.  35 — 38.] 

A  SURFACE  of  the  second  order  has  on  it  a  double  system  of  generating  lines, 
real  or  imaginary;  and  any  two  generating  lines  of  the  first  kind  form  with  any  two 
generating  lines  of  the  second  kind  a  skew  quadrangle.  If  the  equations  of  the 
planes  containing  respectively  the  first  and  second,  second  and  third,  third  and  fourth, 
fourth  and  first  sides  of  the  quadrangle  are  x=^0,  y  =  0,  £:  =  0,  w  =  0,  and  if  the 
constant  multipliers  which  are  implicitly  contained  in  x,  y,  z,  w  respectively  are  suit* 
ably  determined,  then  the  equation  of  the  surface  of  the  second  oixler  (or  say  for 
shortness  the   quadric  surfieice)  is  xw^yz=^0. 

Assume   -  =  ^ ,   -  =  - ,  then  ^ ,  - ,  or  say  (X,  /a,  v,  p),  may  be  regarded  as  the  co- 
so     \     sc     p  \     p 

ordinates  of  a  point  on  the  quadric  surface ;   we  in  (act  have  x  :  y  :  z  :  w==l  :[^  :  -  :  ~ , 

\     p     \p 

or   what   is   the   same   thing,  ^\p  :  fip  :  v\  :  p,v.    The   four  quantities  (X,  ft,   v^  p)  are 

for  symmetry   of    notation   used  as  coordinates;    but    it  is  to    be   throughout  borne  in 

mind    that    the    absolute    magnitudes    of   \   and    /li,    and    of   v    and    p    are    essentially 

indeterminate;  it  is  only  the  ratios  \  :  p,  and  v  :  p  that  we  are  concerned  with. 

An  equation  of  the  form 

(♦$\,  p.y{v,  p)9  =  0, 

that  is,  an  equation  homogeneous  of  the  degree  p  as  regards  (X,  ft),  and  homogeneous 
of  the  degree  q  as  regards  {v,  p),  represents  a  curve  on  the  quadric  surfieu^e;  and  this 
curve  is  of  the  order  p-^q.  In  feet,  combining  with  the  equation  of  the  curve  the 
equation  of  an  arbitrary  plane 

Ax-^By+Cz^  Dw  =  0, 
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thLs  equation,  expressed  in  terms  of  the  coordinates  (\,  /a,  v,  p\  is 

A\p+  Btip  +  Cv\  +  Dfiv  =  0 ; 
or,  as  it  is  more  conveniently  written, 

\  A,  B  \ 

and  if  from  this  and  the  equation  of  the  curve  we  eliminate  \  :  fi  or  v  :  p,  say  the 
second  of  these  quantities,  we  obtain 

(♦$\,  fi)P  (-  A\  -Bfi,  C\  +  Dfi)^  =  0, 

which  is  of  the  order  p  +  q  in  (\,  fi) ;  and  \  :  fi  being  known,  i;  :  p  is  linearly  deter- 
mined. There  are  thus  p  +  g  systems  of  values  of  the  coordinates,  or  the  plane  meets 
the  curve  in  p  +  q  points ;  that  is,  the  curve  is  of  the  order  p  +q. 

A  linear  equation  AX-^Bfi^O  gives  a  generating  line,  say  of  the  first  kind,  of 
the  quadric  surfexje,  and  a  linear  equation  Cp  +  Dp  =  0  gives  a  generating  line  of  the 
second  kind :  and  by  combining  the  one  or  the  other  of  these  equations  with  the 
equation  of  the  curve,  it  is  at  once  seen  that  the  curve  meets  each  generating  line 
of  the   first  kind  in  q  points,  and  each  generating  line  of  the  second  kind  in  p  points. 

Consider  the  curves  of  the  order  n :  the  different  solutions  of  the  equation  p+q  =  n 
give  different  species  of  curves.  But  the  solution  (n,  0)  gives  only  a  system  of  n 
generating  lines  of  the  first  kind,  and  the  solution  (0,  n)  gives  only  a  system  of 
generating  lines  of  the  second  kind.  And  in  general  the  solutions  (p,  q)  and  (q,  p) 
give  species  of  curves  which  are  related,  the  one  of  them  to  the  generating  lines  of 
the  first  and  second  kinds,  in  the  same  way  as  the  other  of  them  to  the  generating 
lines  of  the  second  and  first  kinds;  and  they  may  be  considered  as  correlative  members 
of  the  same  species.  The  number  of  distinct  species  is  thus  ^  (n  —  1)  or  ^n,  according 
as  n  is  odd  or  even;  for  w  =  3  we  have  the  single  species  (2,  1)  or  (1,  2);  for  n  =  4, 
the  two  species  (1,  3)  or  (3,  1),  and  (2,  2);  for  n  =  5,  the  two  species  (4,  1)  or  (1,  4), 
and  (3,  2)  or  (2,  3);  and  so  pn.  Thus  for  n  =  3,  the  species  (2,  1)  is  represented  by 
an  equation  of  the  form 

(a,  6,  c$X,  /a)2  i;  +  (a\  h\  c'$X,  /i)»  p  =  0, 

^hich    belongs    to    a    cubic    curve    in    space.      To    show    el   posteriori   that    this    is    so, 
J.  observe  that  the  equation  expressed  in  terms  of  the  original  coordinates  {x,  y,  z,  w)  is 

a;  (a,  6,  c^x,  yy-¥z{a',  b\  c'Ja?,  yf  —  Oy 

^hich  by  means  of  the  equation  xw  —  yz  =  0  of  the  quadric  surface  is  reduced  to 

(a,  6,  c^x,  yf  +  a'xz  +  2b' yz  -h  cyw  =  0 ; 

and  this  is  the  equation  of  a  quadric  surface  intersecting  the  quadric  surface 
ijcw-  yz  =  Q  in  the  line  a;  =  0,  y  =  0 ;  and  therefore  also  intersecting  it  in  a  cubic  curve. 


72  ON   THE   CUKVES   SITUATE   ON   A    SURFACE   OF  THE   SECOND  ORDER.       [314 

For  n  =  4,  I  take  first   the   species  (2,  2)  [the   quadriquadric   curve]  which   is   repre- 
sented by  an  equation  of  the  form 

(a,  6,  c$\.  M)»i^=  +  2(a',  b\  c'JX,  M)«i/p  +  (a",  V\  c"$\,  /i)«p»  =  0, 

which  in  fact  belongs  to  a  quartic  curve,  the  intersection  of  two  quadric  surfaces. 
For,  reverting  to  the  original  coordinates,  the  equation  becomes 

(a,  6.  c$a?,  y)^ar^  +  2(a',  h\  c'$ar,  y)=a?^  +  (a",  V\  o"^x,  yYz^^O, 

which  by  means  of  the  equation  xw  —  yz^O  of  the  quadric  surfiice  is  at  once  reduced  to 

(a,  6,  c$a?,  y)3  +  2a'ir^  +  46'y-2r -h  2c'yM;  +  a V -h  26"-wi;  +  c' V  =  0, 

which  is  the  equation  of  a  quadric  surface  intersecting  the  given  quadric  surface 
onv  —  yz=0  in  the  curve  in  question. 

Consider   next    the    species    (3,    1)    [the    excubo-quartic    curve]    represented    by   an 
equation  of  the  form 

(a,  6,  c,  d$\,  fiyv+{a\  b\  c\  d'$X,  fifp^Q, 

which  is  the  other  species  of  quartic  curve  situate  on  only  a  single  quadric  surface. 
Reverting   to   the   original   coordinates,  the   equation   becomes 

(a,  6,  c,  d$a?,  yyx-\'(a\  b\  c\  d'][a?,  yYz^O; 

and  by  means  of  the  equation  anv  —  yz  =^0  of  the  quadric  surface  this  is  reduced  to 

(a,  6,  c,  d$a?,  yy  +  a'a^z  +  Sb'xyz-^-Sc'fz  +  d'fw^O, 

which  is  the  equation  of  a  cubic  surface  containing  the  line  (x  =  0,  y  =  0)  twice,  and 
therefore  along  this  line  touching  the  quadric  siirface  xw  —  yz  =  0;  and  consequently 
intersecting  it  besides  in  a  quartic  curve.  And  in  like  manner  for  the  curves  of  the 
fifth  and  higher  orders  which  lie  upon  a  quadric  surface. 

The  combination  of  the  equations 

(•'$x,  ^y  (I/,  py  =  0, 

shows  at  once  that  two  curves  on  the  same  quadric  surface  of  the  species  {p,  q) 
and  {p\  q')  respectively  intersect  in  a  number  (p^+p'q)  of  points.  Thus  if  the  curves 
are  (1,  0)  and  (1,  0),  or  (0,  1)  and  (0,  l),  Le.  generating  lines  of  the  same  kind,  the 
number  of  intersections  is  1.0  +  0.1=0;  but  if  the  curves  are  (1,  0)  and  (0,  1), 
i.e.  generating  lines  of  different  kinds,  the  number  of  intersections  is  1.1+0.0  =  1. 

The   notion   of  the   employment  of  hyperboloidal  coordinates  presented  itself  several 

years  ago  to   Prof.   PlUcker  (see  his   paper  "Die   analytische  Geometric  der  Curven  auf 

den   Flachen    zweiter    Ordnung   und    Classe,"   Crelle,  vol.   xxxiv.   pp.   341—359,   1847); 

d  z  d  z 

but    the   systems    made    use    of,  e.g.   f  = ,  17  = ,   with    z(z  +  d)'¥  fixy^O   for 

fi  y  fi  X 

the  equation  of  the  surface   of  the  second   order,  is  less  simple;    and  the   question  of 

the  classification  of  the  curves  on  the  surface  is  not  entered  on. 

2,  SUme  Buildings,  F.C.,  May  24,  1861. 
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ON    THE    CUBIC    CENTRES    OF    A    LINE   WITH    RESPECT    TO 

THREE  LINES  AND  A  LINE. 

[From  the  Philosophical  Magazine,  vol.  xxir.  (1861),  pp.  433 — 436.] 

On    referring    to    my   Note   on   this    subject   {Phil.    Mag,    vol.    xx.    pp.    418 — 423, 
1860  [257]),  it  will  be  seen  that  the  cubic  centres  of  the  line 

Xfl?  +  fty  +  v^  =  0 

in  relation  to  the    lines  a?  =  0,  y  =  0,  ^  =  0,  and   the   line  ar  -h  y  +  ^  =  0,  are  determined 
by  the   equations 

1  1  1 

where  ^  is  a  root  of  the  cubic  equation 

1  1  1         2 

e^\'^ 0+fi'^ 0+v   e~^' 

or  as  it  may  also  be  written, 

^  -  ^  (/iv  +  I'X  -h  \ti)  -  2X/ii/  =  0. 

Two   of  the   centres  will  coincide   if  the  equation   for   0  has  equal   roots;   and   this  will 
be  the  case  if 

or,  what   is   the  same   thing,   if    \,  /i,  v  =  a"*,   hr\   c"^,   where   a  -h  6  -h  c  =  0.     In    fact,  if 
a  +  6  +  c  =  0,  then  a'  -h  6*  +  c*  =  3a6c,  and  the  equation  in  6  becomes 

0.^^ 2_^ 

C.  V.  10 
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that  is 

(abcOY  -  S  (abed)  -  2  =0, 

which  is 

(abc0+iy{abc0-2)^O; 

- 1       2 

80  that  the  values  of  0  are  -|-  ,  -r-  . 

iwc     abc 

First,  if  ^  =  —   T- ,  then  x,  y,  z  will  be  the  coordinates  of  the  double  centre.     And 

ctoc 


we  have 


a'     aic     2a*oc  2a»oc 


or  putting  for  shortness  D  =  a*  +  6*  +  tf', 

.        1     p,      ___3_    5. 

'^■^^~     2a»6c     '    ~     a6c*6o>' 

with  similar  values  for  ^4-^,  0'\-v.  But  -,  -,  -  are  proportional  to  ^+X,  ^  +  /4,  ^  +  1^; 
and  we  may  therefore  write 

p^n_    p^n     ^^n. 

whence,  in  virtue  of  the  equation  a  -h  6  +  c  =  0,  we  have  for  the  locus  of  the  double 
centre, 

V«  +  Vy  +  V-g:  =  0 ; 

or  this  locus  is  a  conic  touching  the  lines  a;  =  0,  y  =  0,  ^  =  0  harmonically  in  respect 
to  the  line  d?  +  y  +  -2;  =  0,  a  result  which  was  obtained  somewhat  diflferently  in  the 
paper  above  referred  to. 

2 

Next,  if  ^  =  -T- ,  a?,  y,  ^  will  be  the  coordinates  of  the  single  centre.    And  we  now 

have 

with  similar  values  for  ^  +  /i,  0'\-v,     But  -,  -,  -  are  proportional  to  tf  +  X,  ^  +  /4,  ^+v, 

X    y    z 

and  we  may  therefore  write 

P  _  D  -  6a»      f  ^D~66»      P     D-Sc' 

from  which  equations,  and  the  equation  a  +  6  +  c  =  0,  the  quantities  P,  a,  6,  c  have 
to  be  eliminated.  I  at  first  effected  the  elimination  as  follows:  viz.,  writing  the 
equations  under  the  form 

X     _Qa?  y     _(i¥         z     _6c» 

a;  +  P"U'     y  +  P""D'    z  +  P^W 
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we  obtain 


X 

'      -6 

z^p-^' 

X 

1    . 

/  y   .. 

1^     =n 

which  are  easily  transformed  into 


x  +  P         ^  y  +  P         ^  z  +  P 


ys  zx  xy 


;-fr.  =  9 ; 


{y  +  P)(z  +  P)^{z  +  F)ix^  +  F)  '  (x-hP)(y  +  P) 

or,  what  is  the  same  thing, 

6(P  +  a?)(P  +  y)(P-h^)-a:(P  +  y)(P  +  5)-.v(P-h^)(P  +  a?)-^(P  +  ^)(P-hy)  =  0, 

9(P'¥w){P  +  y)(P  +  z)''yz{P  +  x)  -zx(P  +  y)  ^xy(P  +  z)  =  0, 

which  'give 

6P^  +  oP^  (x  +  y  +  z)+  ^P  (yz  +  zx  -h  xy)  +  3xyz  =  0, 

9P^  +  9P^(x-\-y'¥z)+SP(yz'^zx  +  xy)  +  6xyz  =  0; 

or,  multipljdng  the  first  equation  by  2,  and  subtracting  the  second, 

3P  +        (a;  -h  y  +  i)=  0 ; 
and  we  thus  obtain  for  the  locus  of  the  single  centre  the  equation 

^  y  z  c% 

+  —5—7 — r-  +—5—: r-  =  2. 


—  2x  +  y  +  z     —  2y  +  2'  +  a?     —  2£:  +  a?-hy 
or,  what  is  the  same  thing, 

a^  +  T^  +  z'  —  (yz^  +  zic^ -h  xj/^  +  j/*z  •{- z^x -¥  ah/)  -h  ^xyz  =  0, 
which  may  also  be  written, 

-  (-  a?  +  y  -h  3^)  (a?  -  y  +  -^)  (it'  +  y  —  2')  +  xyz  =  0. 
The  same  result  may  also  be  obtained  as  follows:   viz.,  observing  that 

D  -  6a2  =  62  +  c»  -  5a«  =  -  4a-  -  26c, 
we  have 

X       -3a2        l__--3^         ^        -3c* 


P     2a»-f6c'    P     26»-hca'    P     2c»  +  a6' 
and  then  by  means  of  the  equation 

-H  «iT-: +  S3r— 77  -1=0, 


2a«  +  6c     25»  +  ac     2c=  +  a6 


10—2 
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which  is  identically  true  in  virtue  ofa  +  6  +  c  =  0(in  feet,  multiplying  out,  this  gives 

12a«6V  +  4  (ft'c*  +  c«a»  +  a»6»)  +  a6c  (a»  +  6»  +  c») 

-8a«5V-4(6»c'  +  c'a»  +  a»6»)-2a6c(a»  +  6»  +  c»)-a«6V  =  0; 
that  is 

3a«6«c>-a6c(a»  +  6»  +  c')  =  0.  or  a6c(a»  +  6»  +  c'-3a6c)  =  0, 

where  the  second  fector  divides  by  a+6  +  c),  we  find  the  above-mentioned  equation, 


We  then  have 


—  x+j/-^z  _ x  +  y  +  z _  2«  _  ^  ^         6a*     _  _     36c 


that  is 


—  a?-f  y -f  ^  _   —36c       x  —  y  +  z  ^  —  3ca       x  +  y^z  _   —  3a6 
P        "2a«  +  6c'     ~P       ""26»Hhc'         P      "2c»  +  a6' 


and    forming    the    product   of    these   functions,    and    that    of   the    foregoing    values    of 

X      y      z  ^    ,        ,    « 

py    p»    p>  we  find  as  before, 

—  (-  «  +  y  +  z)  (a?  -  y  +  -?)  (^  -h  y  -  2r)  -h  ^y-^  =  0 

for  the  equation  of  the  locus  of  the  single  centre.  The  equation  shows  that  the  locus 
is  a  cubic  curve  which  touches  the  lines  x=^0,  y  =  0,  z^O  at  the  points  where  these 
lines  are  intersected  by  the  lines  y  —  z  =  0,  £?  — a?  =  0,  a;  — y  =  0  (that  is,  it  touches  the 
lines  x^O,  y  =  0,  z  =  0  harmonically  in  respect  to  the  line  a;  +  y  +  2r  =  0),  and  besides 
meets  the  same  lines  x=^0,  y^O,  z  =  0  at  the  points  in  which  they  are  respectively 
met  by  the  line  d?  +  y  +  ^  =  0. 

2,  SUyne  Buildings,  W.C.,  September  25,  1861. 
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316. 


NOTE   ON   THE  SOLUTION   OF   AN   EQUATION   OF  THE   FIFTH 

ORDER. 

[From  the  PhUoaophical  Magazine,  voL  XXIIL  (1862),  pp.  195,  196.] 

This  Note  was  in  answer  to  Mr  Jeixard's  paper  "Bemarks  on  Mr  Cayley's  Note,"  Phil.  3Iag.  vol.  zxi. 
pp.  348 — 850,  referring  to  the  foregoing  paper  810. 
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NOTE  ON  THE  TRANSFORMATION  OF  A  CERTAIN  DIFFERENT] 

EQUATION. 

[From  the  Philosophical  Magazine,  vol.  xxiu.  (1862),  pp.  266,  267.] 
The  differential  equation 


if  we  put  therein  i^  =  2ic"  +  1  (»  =  v'  —  1  as  usual),  becomes 

In  fact  an  integral  of  the  second  equation  is  {^l^-af^ -^-xf^  \   this  is 

=  (V(2ar=  +  1)=-1  +  2a?»  +  l)"' ; 
or  putting  i^  =  2a:*+l,  it  is 

which   is 

so  that  an  integral  of  the  transformed  equation  in  0  is 

and   writing  in  the   second   equation   0  for  x,  and   \m   for  m,   we    see    that    the 
mentioned  function,  viz.  (V^+l  +  ^)'",  is  an  integral  of 


a+^)S+^^2-«»*i/=o; 


dd''    de 
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whence   the    transformed   equation    in   0  must  be   this  very  equation,   that   is,  it  must 

be  the  first  equation.  I  have  for  shortness  used  the  particular  integral  (Vl  +  a;*  +  xj^ ; 
but  the  reasoning  should  have  been  applied,  and  it  is  in  fact  applicable,  without  alter- 
ation, to  the  general  integral 

c  ( ViT^ + rf?y"  +  c  (Vi+a^  -  xy\ 

There   is  of  course   no  difficulty   in  a  direct    verification.     Thus,  starting  from   the 
first  equation,  or  equation  in  0,  the  relation  i^  =  2ar*4-l  gives 

M"  ix  dx'     d^^^^dxK^  dx)  "^  IG^Kd^^x  dx)  ' 
l+^^  =  -4^(l+ar»); 
so  that  the  equation  becomes 

or  multipljdng-by  4, 
that  is 

the  second  equation.  But  the  first  method  shows  the  reason  why  the  two  forms  are 
thus  connected  together. 

2,  Stone  Buildings,  W.C,  February  19,  1862. 
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ON    A    QUESTION    IN    THE    THEORY    OF    PROBABILITIES. 


[From  the  Philosophical  Magazine,  vol.  xxm.  (1862),  pp.  361 — 365.] 

The  question  referred  to  is  that  disoassed  in  the  paper  121;  the  remarks  on  that  paper  in  the  Notes 
and  Beferenoes  to  Tolmne  IL  are  in  a  great  measure  to  the  same  effect  as  the  present  and  next  papers, 
318  and  319,  the  existence  of  which  I  had  entirely  overlooked.  In  the  first  part  (dated  3,  Stone  Buildings, 
W.C,  March  1862)  of  the  present  paper  318,  after  referring  to  the  two  modes  of  statement  which  may  be 
called  the  Cautatian  statement  and  the  Concomitance  statement,  I  reproduce  nearly  as  in  the  Notes  and 
References  first  my  own  solution  as  completed  by  Dedekind,  next  Boole's  solution  of  the  problem,  involving 
his  logical  probabilities;  and  the  paper  is  then  continued  as  follows. 

The  foregoing  paper  was  submitted  to  Prof.  Boole,  who,  in  a  letter  dated  March  26, 
1862,  writes: 

"The  observations  which  have  occurred  to  me  after  studjring  your  paper  are  the 
following. 

1st.  I  think  that  your  solution  is  correct  under  conditions  partly  expressed  and 
partly  implied.  The  one  to  which  you  direct  attention  is  the  assumed  independence  of 
the  causes  denoted  by  A  and  B.  Now  I  am  not  sure  that  I  can  state  precisely  what 
the  others  are;  but  one  at  least  appears  to  me  to  be  the  assumed  independence  of 
the  events  of  which  the  probabilities  according  to  your  hypothesis  are  oX,  fifi.  Assuming 
the  independence  of  the  causes  as  to  happening,  I  do  not  think  that  you  are  entitled 
on  that  ground  to  assume  their  independence  as  to  acting;  because,  to  confine  our 
observations  to  common  experience,  we  often  notice  that  states  of  things  apparently 
independent  as  to  their  occurrence,  may,  when  concurring,  aid  or  hinder  each  other  in 
such  a  manner  that  the  one  may  be  more  or  less  likely  to  act  '  efficiently '  in  the 
presence  of  the  other  than  in  its  absence.  I  use  the  language  of  your  own  hypothesis 
of  efficient  action. 

2ndly.  When  I  say  that  I  think  your  solution  correct  under  certain  conditions^ 
I   ought   to  add   that  it   appears  to  me    that  such    conditions  ought    to  be    stated    as 


318] 


ON   A   QUESTION    IN   THE   THEORY   OF   PROBABILITIES. 


81 


part  of  the  original  data,  and  that  they  ought  to  be  of  such  a  kind  that  they  can 
be  established  by  experience  in  the  same  way  as  the  other  data  are.  For  instance, 
if  experience,  as  embodied  in  a  sufficiently  long  series  of  statistical  records,  establish  that 

Prob.  il  =  a,     Prob.  5  =  ^, 

the  very  same  experience  may,  by  establishing  also  that 

Prob.  AB  =  a^, 
whence  in  conjunction  with  the  former  it  follows  that 

Prob.  AR  =  0/3',     Prob.  A'B  =  a'/3,     Prob.  A'F  =  a'j3\ 

enable  us  to  pronounce  that  A  and  B  are  in  the  long  run,  as  to  happening  or  not 
happening,  in  the  position  of  mutually  independent  events. 

3rdly.  I  think  it  may  be  shown  to  demonstration,  from  the  nature  of  the  result, 
that  the  solution  you  have  obtained  does  not  apply  simply  and  generally  to  the  problem 
under  the  single  modification  of  the  assumption  that  A  and  B  are  independent.  The 
completed  data  under  this  assumption  are 

Prob.  A=a,     Prob.  £  =  /9,     Prob.  AB  =  a/9, 
Prob.  AE=ap,     Prob.  BE^^q, 

You  may  deduce  all  these  from  your  Table  of  Probabilities  of  'compound  events'  given 
in  your  paper.  Now  you  may  easily  satisfy  yourself  that  the  sole  necessary  and 
sufficient  conditions  for  the  consistency  of  these  data  are  the  following : 


(I) 

(2) 


=  «iO  ^ 


op'  +  /S?  >  a/9, 

(  a^ 


(3) 


■< 


v 


p 

9) 


<1. 


0. 


(M). 


But  your  solution  requires  the  following  conditions  to  be  satisfied,  viz., 

9-ap?0,    p-l3qsO, 

together  with  the  sjrstem  (3).     Now  (1)  and  (2)  are  expressible  in  the  form 

^(9-ap)  +  a/3'p'>0, 

from  which  you  will  see  that  your  conditions  are  narrower  than  those  which  the  data 
are  really  subject  to.  If  your  conditions  are  satisfied,  the  data  will  be  consistent;  but 
the  converse  of  this  proposition  does  not  hold. 


O.    V. 


II 
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4thly.  You  remark  that  my  solution  of  the  problem,  in  which  the  independence 
of  A  and  B  is  not  assumed,  but  in  which  the  probabilities  are  otherwise  the  same 
as  in  yours,  is  only  applicable  when 

but  you  do  not  appear  to  have  noticed  that  these  are  actually  the  conditions  of 
consistency  in  the  data.  Unless  these  are  satisfied,  the  data  cannot  possibly  be  furnished 
by  experience. 

othly.  You  remai'k  that  I  have  solved  the  problem  under  what  you  call  the 
'concomitance*  statement,  and  not  the  'causation*  statement.  I  think  that  every  problem 
stated  in  the  *  causation '  form  admits,  if  capable  of  scientific  treatment,  of  reduction 
to  the  'concomitance'  form.  I  admit  it  would  have  been  better,  in  stating  my  problem, 
not  to  have  employed  the  word  '  cause '  at  all.  But  the  introduction  of  the  hypothesis 
of  the  independence  of  A  and  B  does  not  affect  the  nature  of  the  problem. 

6thly.  The  x,  s,  &c.,  about  the  interpretation  of  which  you  inquire,  are  the  pro- 
babilities of  ideal  events  in  an  ideal  problem  connected  by  a  formal  relation  with  the 
real  one.  I  should  fully  concede  that  the  auxiliary  probabilities  which  are  employed 
in  my  method  always  refer  to  an  ideal  problem ;  but  it  is  one,  the  form  of  which, 
aAj  given  by  the  calculus  of  logic,  is  not  arbitrary.  Nor  does  its  connexion  with  the 
real  problem  appear  to  me  arbitrary.  It  involves  an  extension,  but  as  it  seems  to 
me,  a  perfectly  scientific  extension,  of  the  principles  of  the  ordinary  theory  of  pro- 
babilities. On  this  subject,  however,  I  have  but  little  to  add  to  what  I  have  said. 
Transactions  of  the  Royal  Society  of  Edinburgh,  vol.  xxi.  part  4,  "  On  the  Application  of 
the  Theory  of  Probabilities  &c." 

7thly.  The  problem,  as  stated  by  me,  and  then  modified  by  the  simple  introduction 
of  the  hypothesis  of  the  independence  of  A  and  B,  must  admit  of  solution  by  my 
method;  and  that  solution  ought  to  impose  no  restriction  beyond  the  conditions  of 
possible  experience  noted  in  (M). 

I  should  be  extremely  glad  if  mathematicians  would  examine  the  analytical  questions 
connected  with  the  application  of  my  method.  There  can,  I  think,  after  the  partial 
proofs  which  I  have  given,  exist  no  doubt  that  the  conditions  of  applicability  of  the 
solutions  are  always  identical  with  the  conditions  of  consistency  in  the  data,  i.e.  with 
what  I  have  called,  in  the  paper  above  referred  to,  the  conditions  of  possible  experience. 
The  proof  of  the  general  proposition  would  involve  the  showing  that  a  certain  functional 
determinant  consists  solely  of  positive  terms,  with  some  connected  theorems  which 
appear  to  me  to  be  of  considerable  analytical  interest. 

8thly.  I  certainly  think  your  paper  deserving  of  publication.  If  you  think  proper 
to  add  any  or  the  whole  of  my  remarks,  you  can  do  so,  with  of  course  any  comments 
of  your  own." 

I  remark  upon  Prof  Boole's  observations : 

1st.  I  do  assume  that  the  causes  A  and  B  are  absolutely  independent  of,  and 
uninfluenced   by   each   other;    viz.   not   only   the  probability   of   A   acting,   but    also    the 
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Prof.  Boole,  in  his  reply,  dated  April  2,  writes,  "  No  such  explanation  as  you 
desiderate  of  the  interpretation  of  the  auxiliary  quantities  in  my  method  of  solution 
is  possible ;  because  they  are  not  of  the  nature  of  additional  data,  and  their  introduction 
does  not  limit  the  problem  as  any  h}rpotheses  which  are  of  that  nature  do.  I  do  not 
see  any  difficulty  whatever  in  the  conception  of  the  ideal  problem." 

We  thus  join  issue  as  follows :  Prof.  Boole  says  that  there  is  no  difficulty  in 
understanding,  I  say  that  I  do  not  understand,  the  rationale  of  his  solution. 

It  may  be  remarked  that  the  question  may  be,  not  to  find  any  actual  probability 
whatever,  but  only  to  find  a  Boolian  probability  or  probabilities.  Thus  the  equations  (L), 
p.  356,  omitting  the  last  member,  which  alone  involves  u,  determine  in  terms  of  the 
data  a,  j3,  ap,  I3q  the  Boolian  probabilities  ^,  y,  8,  t  of  the  events  A,  B,  AE,  BE. 

In  a  subsequent  hastily-written  letter.  Prof.  Boole  gives  an  explanation  of  the 
equations  (L),  which  appears  to  me  little  more  than  a  translation  of  these  equations 
into  ordinary  language. 


April  16,  1862. 
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POSTSCRIPT  TO  THE  PAPER  "  ON  A  QUESTION  IN  THE  THEORY 

OF   PROBABILITIES." 


[From  the  Philosophical,  Magazine,  vol.  xxiii.  (1862),  pp.  470 — 471.] 

See  318.  The  present  paper  reproduces  Wilbraham's  discnssion  of  Boole's  Solution;  and  concludes 
with  the  remark  **  Professor  Boole  wishes  me  to  mention  that  he  has  succeeded  in  obtaining  a  demonstration 
of  the  analytical  theorem  arising  from  his  theory  referred  to  in  his  Reply  in  my  paper."    See  ante  p.  82,  7thly. 
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ON   THE  TRANSCENDENT  gd  M  =  ilogtan(iir  +  i»i). 


[From  the  Philosophical  Magazine,  vol.  xxiv.  (1862),  pp.  19 — 21.] 

The  elliptic  functions  which  correspond  to  the  modulus  k=l  reduce  themselves, 
as  is  well  known,  to  circular  functions.  The  case  in  question  plays  implicitly  an 
important  part  in  the  general  theory,  and  it  has  been  particularly  studied  by  Gudermann, 
and  by  Dr  Booth  in  connexion  with  his  theory  of  parabolic  logarithms.  But  in  the 
absence  of  a  notation  corresponding  to  that  used  for  elliptic  functions  in  general,  the 
theory  has  not,  it  appears  to  me,  been  exhibited  in  its  proper  form.  The  defect  is 
very  easily  supplied:  using  for  am?*,  to  the  modulus  1,  the  notation  gd?/  (Guderman- 
nian  of  t*),  then  if 

we  have 

<^  =  gd  u ; 

and  hence,  observing  that  the  equation  between  u  and  (f>  is 

or,  what  is  the  same  thing, 

g« J 

« 

and  that  we  have 


1    "^  tflill  rtUI. 

log  tan  (iir  +  iui)  =  log  = — - — f- . 
^        ^*         ^    ^        ^l-tani/<? 


,      cosAm  +  smim 

=  l0g ^      ; ^.— T     • 

^  cos  jwi  —  sm  Jwi 
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log 


eh*  4-  e-i "  _  i  (ei«  -  g-*^) 


'    =1     e''-hl+i{e''-l) 

=  log  i r: — TT  =  log  e^  =  i^, 

or  if 

M  =  logtan(j7r+i0), 
then 

<^  =  -.logtan(j7r+i?a); 
and  substituting  for  ^  its  value,  we  obtain 

gdu=  .  log  tan  (Jtt  +  ^t^i), 

which  is  the  definition  of  the  transcendent  gd  u.  It  is  to  be  noticed  that  gd  m, 
although  exhibited  in  an  imaginary  form,  is  a  real  function  of  w,  and,  moreover,  that 
it  is  an  odd  function,  viz.  we  have 


and  therefore  also 

The  original  equation, 
written  under  the  form 


gd(-//)  =  -gd(M), 

gd  (0)  =  0. 

a  =       log  tan  ( J  tt  +  i  ^), 

(1  =  1-,  log  tan  (i7r+  Jt  v  j. 


shows  that  we  have 


u 


=  »gd(|)=tgd(-i<^); 


or  substituting  for  <f>  its  value  gdu,  we  have 

u  =  I  gd  (- 1  gd  u), 
which  may  also  be  written 

i//  =  gd(igdu); 

so   that  gdu   is  a  quasi-periodic   function   of    the   second   order — ^a    property  which    has 
not,  at  least  obviously,  any  analogue  in  the  general  theory.     We  have 

cos  gd  11  =  i  («»*«*«  +  e-*>*«) 


_  -  /I  +  tan  ^ui     1  —  tan  ^ui\ 
\1  —  tan  ^ui     1  +  tan  ^ui) 

l+tan^iwi         1 
~      1  —  tan^  ^  Ml  ~  cos  t^t ' 
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and  in  like  manner 

sin  gd  u  =  ^ .  (e*^''  -  e-**^") 

__  1  /I  +  tan  ^71%      1  —  tan  ^wix 
2i\l  —  tan  ^ m»      1  +  tan  ^ ?a' ' 

_  2  tan  ^7/1       __  sin  Ml 

i  ( I  —  tan^  J  i/t )     t  cos  ?/i ' 

or,  as  these  equations  may  also  be  written, 

sec  gd  u  =  cos  ui  =  J  (c"  +  e"")» 

tan  gd  ?/  =  -.  sin  ui  =  ^  (c'*  —  c"^') ; 

and   from  these  equations  we  have 

sec  gd  (m  4-  v)  =  sec  gd  u .  sec  gd  t;  +  tan  gd  u  .  tan  gd  ?», 
tan  gd(u  -\-v)  =  tan  gd  w .  sec  gd  v  +  tan  gd  t; .  sec  gd  v  ; 

or,  what  is  the  same  thing, 

J  ,         .        sin  gd  t^  +  sin  gd  v 

smgd(w4-t;)=^ — v — ^ .^    ,- , 

°    ^         '      1  +  sm  gd  w .  sm  gd  v 

, ,     .    .        cos  gd  w .  cos  gd  V 
cosgd(w  +  v)  =  ::  - — ~ — ^j-       ."--J     ; 
°  1  +  sin  gd  M .  sm  gd  V 

which  forms  are  at  once  obtainable  from  the  formula? 

.         .     sin  am  u  cos  am  t;  A  am  t;  +  sin  am  t;  cos  am  ti  A  am  u 

1  —k^  sm'  am  u  sm'  am  t; 

.         .      cos  am  u  cos  am  t;  —  sin  am  u  sin  am  v  A  am  ti  A  am  v 

cos  am  («  +  v)  = = — . ,  .  , r— , 

^  1  —  A:*  sin'  am  ti  sin'  am  v 

.         ,        .     AamuAamv— A^'sinamtisinamvcosamf^cosamt^ 

A  am  (w+  v)  = = 7—7— .— , 

1  —  A:*  sm'  am  u  sm'  am  ?; 

observing  that   for  k=l    we   have  A  am  =  cos  am,  and   that   the   numerators  and  denomi- 
nator each  of  them  divide  by 

.  1  —     sin  am  u  sin  am  v. 


2,  Stone  Buildings,  W.C.,  May  7,  1862. 
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ON    THE    SKEW    SURFACE    OF    THE    THIRD    ORDER. 

[From  the  Philosophical  Magazine,  vol.  xxiv.  (1862),  pp.  514 — 519.] 

The  skew  surface  of  the  third  order,  or  "  cubic  scroll "  (disregarding  a  certain 
special  form),  may  be  considered  as  generated  by  a  line  which  always  passes  through 
three  directrices;  viz.,  a  plane  cubic  having  a  node,  and  two  lines,  one  of  them 
meeting  the  cubic  in  the  node,  the  other  of  them  meeting  the  cubic  in  an  ordinary 
point.  The  analytical  investigation  possesses  some  interest  as  an  illustration  of  the 
analytical  theory  of  skew  surfaces  in  general. 

Take  for  the  equation  of  the  cubic 

(a»  +  ^)  a?y -(«:»+ y»)  0/3  =  0, 

which   belongs   to  a  cubic   having  a  node   at   the   origin,  and  passing  through  the  point 
(a,  /8) ;  and  for  the  equations  of  the  two  lines 

(a?  —  m^  =  0,    y  —  n^  =  0), 
{x^  a  =0,    y-/S  =0). 

Then,  {X,  F,  Z)  being  current  coordinates,  the  equations  of  the  generating  line  will  be 

Y^y  +  BZ; 

when  this  meets  the  line  (X  —  mZ  =  0,  F— nZ=0),  we  have 

mZ=x-{-  AZ, 

nZ^y^-BZ, 

and  thence 

.c (n  —  -B)  -  y  (m  —  -4)  =  0  ; 


322]  ON  THE  SKEW  SURFACE  OF  THE  THIRD  OBDER.  '91 

or,  what  is  the  same  thing, 

rw?  —  my  —  Bx  +  Ay  =  0 : 

and  when  it  meets  the  line  (JST  — a  =  0,  F  — /9  =  0),  we  have 

a  ^x  +  AZ, 

and  thence 

£(a;-a)-.l(y-)8)=0. 

We  have  thus  the  system  of  equations 

(a»  +i8«)a;y  -  (a;»+  y»)  a/3  =  0, 

X^x-^-AZ, 
Y^y+BZ, 

7W?  —  my  —  Bx  +  Ay  =  0, 

from  which,  eliminating  (-4,  B,  x,  y),  we  obtain  the  equation  of  the  surface. 

Writing  in  the  last  equation 

B^8{x-aX     A^aiy--^) 
(values  which  give  Bx^Ay  =  —  8{0X'-ay)\  we  find 

X  +  a8Z  =  (l-\-8Z)x, 

(n  +  ^s)  a?  —  (m  +  ow)  y  =  0 ; 


whence  also 


that  is 


(n  + 138)  (X  +  asZ)  ^  {m  +  (w)(F+  jSaZ)  =  0, 


nX  -  wiF+  (wa  -  mfi)8Z+8 (/9Z  -aF)  =  0  ; 
or  eliminating  8  from  this  equation  and  the  two  equations 

x-X  '{-Z(x-a)8  =  0, 

y-  F  +  ^(y-/8)5  =  0, 
we  have 

{(na-m/3)Z  +  /3Z-aF}(a;-Z)-Z(a?-a)(nZ-mF)  =  0, 

{(wa-mi8)^4-/8Z-aF}(y-  F)-Z(y-/3)(nZ-mF)  =  0; 

these  give 

fla;  =  Z  {(na- m/S)Z+  /SZ - aF}  - aZ(nX -mY) 

=  -mZl3X  +  X  (I3X  -  aY)  -hmZaY 

=:(X''mZ)(/3X''aY\ 

12—2 
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and 

%=  F{(na  -m/3)^+  I3X -aYj-^ZinX -mY) 

^nZaY+  7  (/3Z  -aY)-  nZfiX 

=  {Y-nZ)(fiX-aY), 


where 


so  that 


n  =  (na  -  my9) -^  +  (/3Z  -  a  7)  - -^  (nZ  - 1»  F) 

=  /9(X-7nZ)- a  (F-«^-Z{n(Z-mZ)-m(F-«Z)} 
=  (ff-nZ)(X-mZ)-(a-mZ)(Y-nZ); 


(X-mZ)  (/3Z  -  aY) 


(fi-nZ){X-mZ)-ia-mZ)(Y-nZ)' 

(F-itZ)08Z-aF) 

^     (fi-nZ)iX-mZ)-(tt-mZ)(Y-nZ)' 

which  equations  give  the  coordinates  (x,  y)  of  the  point  in  which  the  generating  line 
through  the  point  (Z,  F,  Z)  of  the  surface  meets  the  cubic 

(a«  +  /8»)  ay  -  (a;*  +  y*)  0)9  =  0. 

Substituting  these  values  of  {x,  y)  in  the  equation  of  the  cubic,  we  obtain  the  equation 

{<f  +  fi'){X-mZ){Y-nZ)\(fi-nZ){x-mZ)-{a-mZ)(Y-nZ)] 

-a^(/8Z-oF){(Z-mZ)»  +  (F-nZ)«}  =  0; 
or,  as  it  may  be  written, 

(«•  + /8»)  (Z  -  mZ)  ( F- n^  {iS  (Z  -  mZ)  -  o  (  F  -  nZ)} 
+  (a«  + /8»)  (Z  -  n»Z)  (  F  -  nJ^  Z  (m  F  -  «^) 
-  ay9 OSZ  -  aF)  {(Z  -  mZ)»  +  ( F- fiZ)»}  =  0. 

This  equation  contains,  however,  the  extraneous  fifictor 

P{X-mZ)-a{Y~nZ), 

which,  equated  to  zero,  gives  the  equation  of  the  plane  through  the  node  and  the  line 
{x  —  mz  =  0,  y  —  Tie  =  0).    In  fiu:t,  assuming 

(a'  +  /3»)(Z-n»Z)(F-nZ)Z(mF-n^-a/3(/3Z-aF){(Z-mZ)»  +  (F-«Z)'} 

=  {B{X-mZ)-a(Y-nZ)]<S>{X,  Y,  Z), 

it  will  presently  be  shown   that  4>  is  an  integral  function.     Hence,  omitting  the  &ctor 
in  question,  we  have 

(a»  +  ;8«)(Z-m^)(F-n^  +  <D(Z,  F,  Z)  =  0, 


322]  ON  THE  SKEW  SURFACE  OF  THE  THIRD  ORDER.  93 

which   is  the  equation  of    the  surfiswe.     It  only  remains   to    find    ^:    writing   for    this 
purpose  X  +  mZ,  Y+nZ  in  the  place  of  X,  F,  respectively,  and  putting  for  a  moment 

^(X  +  mZ,  7+7iZ,  Z)  =  ^\ 
we   have 

that  is 

(i8Z-aF)*'=Z{(a»  +  i8»)ZF(mF-nZ)-(Z»+P)fi^(m/8-na)}-(/9Z-aF)ay8(Z«+F»); 
or,  eflFecting  the  division, 

*' =  Z  {(Z»a  -  F«y8)  (an  -  i8m)  -  Z  F  (a«m  + /8«n)}  -  a/3  (Z» -h  F»), 

and  then  writing  X  —  mZ,  Y  —  nZ  m  the  place  of  X,  Y  respectively,  we  have 

4>(Z,  F,  Z)  =  Z{((Z-7wir)»a-(F-n^)»i8)(an-i8m) 

-  (Z  -  mZ)  (  F- nZ)  (a»//i  +  i8»n)}  -  a/3  {(Z  -  mZ)»  +  ( F- /i2r)3}. 

Hence,  finally,  the  equation  of  the  surface  is 

(a»  +  i8»)(Z-mZ)(F-n^)-fi^{(Z-mZ)»  +  (F-nZ)»} 
+  Z{((Z-wiZ)»a-(F-ri^)»/S)(an--/8m)-(Z-m2:)(F-nZ)(a«m  +  /3^)}  =  0, 

which  is,  as  it  should  be,  of  the  third  order. 

Arranging  in  powers  of  Z  and  reducing,  the  equation  is  found  to  be 

(a»  +  )8»)ZF-ay8(Z»+F») 
+  ^{-(a»  +  /8»)(mF+nZ)  +  (Z«tt+F»i8)(mi8+wa)  +  a/3(mZ«  +  nF«)-(a^  +  /3^^ 
+  ^«  {mn  (a»  +  )8»  -  c^Z  -  )8»F)  (/8n«  -  am*)  (i8Z  -  aF)}  =  0. 

The  first  form  puts  in  evidence  the  nodal  line 

(Z-mZ=0,     Y-nZ  =  0), 
and  the  second  form  puts  in  evidence  the  simple  line 

(Z-a=0,     F-y8  =  0). 

But  to  obtain  a  more  convenient  form,  write  for  a  moment  X^-niZ^P,  Y—nZ=:Q; 
the  equation  is 

(a»  +  /8')PQ-ay8(P3  +  (?)  +  ^{(P^a-(?y8)(na-mi8)-.PQ(ma»  +  n/9^)}=0, 
or,  as  this  may  be  written, 
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or,  observing  that  X  =  P  +  mZ,  F  =  Q  4-  nZ,  and  thence 

PY-QX^ZiPn-Qml    XP' +  QY^'  =  P'  +  Q^  +  Z(mP'  +  nQ^l 
the  equation  becomes 

or,  what  is  the  same  thing, 

whence,   making   a  slight   change   in   the   form,  and   restoring  for   P,  Q  their   values,  the 
equation  ib 

}a(Z-m^=-/8(F-n^)»}{a(F-)8)-/8(Z-a)} 

-(Z-mZ)(F-n^){a?(Z-a)  +  /8'(F-/8)}=0, 

a  form  which  puts   in   evidence   as   well   the   simple   line    (A'—assO,    Y  —  l3=0)  as  the 
nodal  line  (Z  -  mZ  =  0,  F-  nZ  =  0). 

If  Z  =  0,  we  have 

(aX''--0Y^)(aY-fiX)-XY{a^X-a)  +  ^(Y'-l3)}  =  O, 

m  _ 

which  18  in  fact  the  cubic  curve  (a* -f /8')ZF— fl^  (Z'+ F*)  =  0. 

Reverting  to  a  former  system  of  equations 

ruv  —  my  —  iix  -f  Ay  =  0, 
B{x-a)--A(y-^)  =  0, 


or,  as  these  may  be  written. 


we  find 


so  that  we  have 


Bx  —  Ay  =  nx  —  my, 
Ba—  A/S  =^  nx  —  viy, 

B  (I3x  -  ay)  =  (/8  -  y)  {m-  -  my), 
A  (fix  —  ay)  =  (a  —  a?)  (iix  —  my) ; 


fix  -  ay 

J.  ^         (ff  -  y)  (n^  -  ?>iy)  ^ 
^  /tf  a?  —  ay  ' 


as   the   equations   of  the  generating   line  which   passes   through   the   point   (x,  y)  of  the 
cubic  curve. 


2,  Stme  Buildings,  W,a,  October  28,  1862. 
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323. 


ON    A    TACTICAL    THEOKEM    KELATING    TO    THE    TKIADS    OF 

FIFTEEN    THINGS. 

[From  the  Philosophical  Magazine,  vol.  xxv.  (1863),  pp.  59 — 61.] 


The  school-girl  problem  may  be  stated  as  follows: — "With  15  things  to  form 
35  triads,  involving  all  the  105  duads,  and  such  that  they  can  be  divided  into  7  systems, 
each  of  5  triads  containing  all  the  15  things.*'  A  more  simple  problem  is,  "With 
15  things,  to  form  35  triads  involving  all  the  105  duads." 

In  the  solution  which  I  formerly  gave  of  the  school-girl  problem  (PhiL  Mag. 
vol.  XXXVII.  1850,  [82]),  and  which  may  be  presented  in  the  form 


a 

h 

c 

d 

6 

/ 

9 

abc 

35 

17 

82 

64 

ode 

62 

84 

15 

37 

<\f9 

13 

57 

86 

42 

Uf 

47 

16 

38 

25 

hge 

58 

23 

14 

67 

cdg 

12 

78 

56 

34 

I 

cef 

36 

45 

27 

18 

(viz.  the  things  being  a,  6,  c,  d,  e,  /,  g,  1,  2,  3,  4,  5,  6,  7,  8,  the  first  pentad  of  triads 
is  (d>c,  rf35,  el7,  /'82,  5^64,  and  so  for  all  the  seven  pentads  of  triads),  there  is  obviously 
a  division  of  the   15   things  into   (7  +  8)  things,   viz.   the   35   triads   are   composed  7  of 
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them  each  of  3  out  of  the  7  things,  and  the  remaining  28  each  of  1  out  of  the 
7  things,  and  2  out  of  the  8  things:  or  attending  only  to  the  8  things,  there  are 
28  triads  each  of  them  containing  a  duad  of  the  8  things,  but  there  is  no  triad 
consisting  of  3  of  the  8  things.  More  briefly,  we  may  say  that  in  the  system  there 
is  an  8  without  3,  that  is,  there  are  8  things  such  that  no  triad  of  them  occurs  in 
the  system. 

I  believe,  but  am  not  sure,  that  in  all  the  solutions  which  have  been  given  of 
the  school-girl  problem  there  is  an  8  without  3. 

Now,  considering  the  more  simple  problem,  there  are  of  course  solutions  which 
have  an  8  without  3  (since  every  solution  of  the  school-girl  problem  is  a  solution  of 
the  more  simple  problem) :  but  it  is  very  easy  to  show  that  there  is  no  solution  which 
has  a  9  without  3.  I  wish  to  show  that  there  is  in  every  solution  at  least  a  6 
without  3.  This  being  so,  there  will  be  (if  they  all  exist)  3  classes  of  solutions,  viz. 
those  which  have  at  most  (1)  a  6  without  3,  (2)  a  7  without  3,  (3)  an  8  without  3. 
I  believe  that  the  first  and  second  classes  exist,  as  well  as  the  third,  which  is  known 
to  do  so. 

The  proposition  to  be  proved  is,  that  given  any  system  of  35  triads  involving  all 
the  duads  of  15  things;  there  are  always  6  things  which  are  a  6  without  3,  that  is, 
they  are  such  that  no  triad  of  the  6  things  is  a  triad  of  the  sjrstem.  This  will  be  the 
case  if  it  is  shown  that  the  number  of  distinct  hexads  which  can  be  formed  each  of  them 

containing  a  triad  of  the  system  is  less  than  f  ..  '      '  o~~T~~g~~fi  =5.7.11. 13  =  )  5005, 

the  entire  number  of  the  hexads  of  15  thinga     Now  joining  to  any  triad  of  the  system 

a  triad  formed  out  of   the  remaining   12    things  (there    are     ^  '      '       =4.5. 11  =  220 

such  triads),  we  obtain  in  all  (220  x  35  =)  7700  hexads,  each  of  them  containing  a  triad 
of  the  system.  But  these  7700  hexads  are  not  all  of  them  distinct.  For,  first,  con- 
sidering any  triad  of  the  system,  there  are  in  the  system  16  other  triads,  each  of 
them  having  no  thing  in  common  with  the  first-mentioned  triad.  (In  &ct  if  e.g.  123 
is  a  triad  of  the  system,  then  the  system,  since  it  contains  all  the  duads,  must  have 
besides  6  triads  containing  1,  6  triads  containing  2,  and  6  triads  containing  3,  and 
therefore    35  —  1  —  6  —  6  —  6  =  16    triads    not    containing    1,   2,   or   8.)    Hence   we    have 

I — ^ —  =J  280  hexads,  each   of  them   composed  of  two  triads  of  the  system;  and  since 

each  of  these  hexads  can  be  derived  from  either  of  its  two  component  triads,  these 
280  hexads  present  themselves  twice  over  among  the  7700  hexads. 

Secondly,  there  are  in  the  system  seven  triads  containing  each  of  them  the  same 
one  thing,  e.g. 

123,     145,     167,     189,     1.10.11,     1.12.13,     1.14.15, 

-i-  =  )   21    pairs    such    as 
123,  145  containing  the  thing  1,  and  therefore   (15  x  21  =)  315  pairs  such  as  a/87,  aSc. 
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And  for  any  such  pair,  combining  with  affyBe  any  one  of  the  remaining  10  things, 
we  have  10  hexads  a/3yB€^,  each  of  them  derivable  from  either  of  the  triads  affy,  aBe; 
that  is,  we  have  (315  x  10=)  3150  hexads  which  present  themselves  twice  over  among 
the  7700  hexads.  The  hexads  not  belonging  to  one  or  other  of  the  foregoing  classes 
are  derived  each  of  them  from  a  single  triad  only  of  the  system,  and  they  present 
themselves  once  among  the  7700  hexads.  This  number  is  consequently  made  up  as 
follows,  viz. 

280  hexads  each  twice  =    560 

3150  „  „      =6300 

840  ..  once  =    840 


4270  7700 

or  there  are  in  all  4270  distinct  hexads;  and  since  this  is  less  than  5005,  it  follows 
that  there  are  hexads  not  containing  any  triad  of  the  system:  there  must  in  fact  be 
(5005  —  4270  =)  735  such  hexads.    The  theorem  in  question  is  thus  shown  to  be  true. 

2,  Stone  Buildings,  W.C.,  November  24,  1862. 


C.    V. 
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NOTE    ON    A    THEOREM    RELATING    TO    SURFACES. 


[From  the  PhUasaphicai  Magasine,  voL  xxv.  (1863),  pp.  61,  62.] 

The  following  apparently  selfrevident  geometrical  theorem  requires,  I  think,  a 
proof;  viz.  the  theorem  is — ^"If  every  plane  section  of  a  sur£sM»  of  the  order  m  +  n 
break  up  into  two  curves  of  the  orders  m  and  n  respectively,  then  the  surface  breaks 
up  into  two  surfaces  of  the  orders  m,  n  respectively." 

To  fix  the  ideas,  suppose  n  =  2.  Imagine  any  line  meeting  the  surface  in  m  +  2 
points,  the  section  includes  a  conic  which  meets  the  line  in  two  of  the  m+2  points, 
say  the  points  il,  A'Q).  Suppose  that  the  plane  revolves  round  the  line  AA\  the 
section  will  always  include  a  conic  which  passes  through  these  same  two  points  A,  A'\ 
and  it  is  to  be  shown  that  the  sheet,  the  locus  of  this  conic,  is  a  surface  of  the 
second  order.  In  £act  the  conic  in  question,  say  APA\  by  its  intersection  with  an 
arbitrary  plane  traces  out  a  branch  of  the  intersection  of  the  given  surfeu^  with 
the  arbitrary  plane.  And  if  ABA'R  be  the  conic  in  any  particular  plane  through 
A,  A',  and  if  the  arbitrary  plane  meet  this  conic  in  the  points  B,  R,  then  the  branch 
passes  through  these  points  B,  R.  Imagine  the  plane  ABA'B  revolving  round  BB 
until  it  coincides  with  the  arbitrary  plane;  the  section  includes  a  conic  passing  through 
the  points  By  Bf,  and  the  before-mentioned  branch  is  this  conic;  that  is,  the  conic 
APA'  by  its  intersection  with  an  arbitrary  plane  traces  out  a  conic;  or,  what  is  the 
same  thing,  the  sheet,  the  locus  of  the  conic  APA\  is  met  by  an  arbitrary  plane  in 
a  conic,  that  is,  the  sheet  is  a  surface  of  the  second  order;  and  the  given  surface  thus 
includes  a  surface  of  the  second  order,  and  is  therefore  made  up  of  two  surfaces  of 
the  orders  m  and    2   respectively.     The    demonstration   seems    to  me   to   add   at    least 

^  The  figure  referred  to  will  be  at  once  understood  by  oonsidering  A^  A'  as  the  poles  of  an  ellipsoid,  or 
say  of  a  sphere,  ABA'B*  the  meridian  of  projection,  APA'  any  other  meridian,  BPB'  the  equator  or  any  other 
great  circle. 
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something  to  the  evidence  of  the  theorem  asserted,  but  I  should  be  glad  if  a  more 
simple  one  could  be  found.    Analytically,  the  theorem  is — ''If 

where  (a,  y8,  7)  are  arbitrary,  break  up  into  factors  (a?,  y,  zy^,  (x,  y,  zY,  rational  in 
regard  to  (a?,  y,  z\  then  {x,  y,  z,  wf^'^  breaks  up  into  fiwtors  (a:,  y,  z,  w)^,  (x,  y,  z,  w)^, 
rational  in  regard  to  (x,  y,  z,  w),*'  It  would  at  first  sight  appear  that  (a,  fi,  7)  being 
arbitrary,  these  quantities  can  only  enter  into  the  factors  of  {x,  y,  z,  ax-^-fiy+yzy^^ 
through  the  quantity  ax-^-  fiy-^yz;  that  is,  that  the  factors  in  question,  considered  as 
functions  of  (x,  y,  z,  a,  )3,  7),  are  of  the  form 

(a?,  y,  z,  ouc  +  ffy  +  yzy^,    (a?,  y,  z,  ax  +  fiy  +  yzy; 

and  then  replacing  the  arbitrary  quantity  ax-^fiy-hyz  by  w,  the  feu^tors  of  (a?,  y,  z,  w)"^^ 
will  be  (a?,  y,  z,  w)^,  (x,  y,  z,  w)\  But  the  objection  proves  too  much ;  for  in  a 
similar  way  it  would  follow  that  if  {x,  y,  aa?  +  y8y)*»*+*,  where  a,  fi  are  arbitrary,  breaks 
up  into  the  factors  (x,  y)*^,  (x,  yY^  rational  in  regard  to  (a;,  y)  (and  quii.  homogeneous 
function  of  two  variables  it  always  does  so  break  up\  then  {x,  y,  ;?)**+**  would  in  like 
manner  break  up  into  the  &ctors  (a?,  y,  -a:)**,  (a:,  y,  zY,  rational  in  regard  to  (a?,  y,  z): 
and  a  simple  example  will  show  that  it  is  not  true  that  the  feu^tors  of  {x,  y,  aa;+y3y)*^^ 
only  contain  (a,  /8)  through  oaj  +  y8y;  in  fact,  if  the  function  be  =  a;"  +  y®  +  (aa?  +  y8y)*, 
then  the  factor  is 

1  , 

;j^p=-{(a»+l)a?  +  (a^  +  iVa»  +  ^  +  l)y}, 

which  cannot  be  exhibited  as  a  function  of  a,  /9,  ax  +  ffy. 

I  am  not  acquainted  with  any  analytical  demonstration;  the  geometrical  one  cannot 
easily  be  exhibited  in  an  analytical  form. 

2,  Stone  Buildings,  W.C.,  November  26,  1862. 
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325. 


NOTE  ON  A  THEOREM  RELATING  TO  A  TRIANGLE,  LINE,  AND 

CONIC. 

[From  the  Philosophical  Magadne,  vol.  xxv.  (1868),  pp.  181 — 183.] 

I  FIND,  among  my  papers  headed  ''Generalization  of  a  Theorem  of  Steiner's/'  an 
investigation  leading  to  the  following  theorem,  viz.: 

Ck)nsider  a  triangle,  a  line,  and  a  conic;  with  each  vertex  of  the  triangle  join  the 
point  of  intersection  of  the  line  with  the  polar  of  the  same  vertex  in  regard  to  the 
conic;  in  order  that  the  three  joining  lines  may  meet  in  a  point,  the  line  must  be 
a  tangent  to  a  curve  of  the  third  class;  if,  however,  the  conic  break  up  into  a  pair 
of  lines,  or  in  a  certain  other  case,  the  curve  of  the  third  class  will  break  up  into 
a  point,  and  a  conic  inscribed  in  the  triangle. 

Let  the  equations  of  the  sides  of  the  triangle  be 

a:  =  0,    y  =  0,    2r  =  0, 
the  equation  of  the  conic 

(a,  6,  c,  /,  g,  h\x,  y,  ^)'=0, 
and  that  of  the  line 

then  the  polar  of  the  vertex  (y  =  0,  -a:  =  0)  has  for  its  equation 

cw;  +  Ay  +  flr^  =  0 ; 

it  therefore  meets  the  line  X«  +  /tty  +  v^  =  0  in  the  point 

X  :  y  \  z  =  hv  —  gfi  :  g\  —  av  :  aii—h\ 


=  0, 
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and    the    equation    of   the    line   joining   this    point   with    the    vertex    (y  =  0,  ier  =  0)    is 
(aft  —  Ax)  y  =  {g\  —  av)  z.    The  equations  of  the  three  joining  lines  therefore  are 

(a/Lt  —  h\)  y  =  {g\  —  av)  Zy 
{bv  — /m)  z  =  {hfi  —  b\)  X, 
(cK -gv)x^{fy-  Cfi) y, 

lines  which  will  meet  in  a  point  if 

(afi  —  h\)  {bv  —fiu)  (cX  —  gv)  —  (grX  —  av)  (A/*  —  6X)  {fv  —  c/a)  =  0, 

or,  multiplying  out  and  putting  as  usual 

K^ahc-ap-bg^-ch^  +  ^fgh, 

21  =  5c   -/•,  &c., 

if 

2(ai)c—fgh)\fiv 

+  a®fiv^  +  a^fi^v 

-hbJ^vX^  +&gi^X 

+  c^Xfi*  +  c@XV  J 

that  is,  the  line  must  touch  a  curve  of  the  third  class. 

If  this  equation  break  up  into  &ctors,  the  form  must  be 

(aX  +  i8/A  +  71/)  (Afiv  +  Bv\  +  CXfi)  =  0 ; 

that  is,  we  must  have 

Aa-hBfi  +  C7  =  2  (abc  -fgh), 

Ba=b^,    Oa  =c@, 

(7/8=:cg,    Afi^a^, 

Ay^a®,     By  =6g; 

and  the  last  six  equations  give  without  difficulty 
where  k  is  arbitrary ;    the  first  equation  then  gives 
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or,  reducing  by  the  equations  @^  =  9iS  +  aJr,  &c.,  this  is 

8b  =  »6+6c«2a6c  +  2/^A  +  (|  +  |  +  |)A^  =  0; 

which,  substituting  for  S(,  9,  6  their  values,  becomes 

a»     6«      c«^ 


'('-f4-5)  =  »- 


Hence  if  A'  =  0,  that  is,  if  the  conic  break  up  into  a  pair  of  lines,  or  if 

,     a*     6«      c"      ^ 

in  either  case  the  equation  of  the  curve  of  the  third  class  becomes 


^$)(s'-4'^^|^)-''^ 


that  is,  the  curve  breaks  up  into  a  point,  and  a  conic  inscribed  in  the  triangle. 
In  the  case  where  the  conic  breaks  up  into  a  pair  of  lines,  then  we  have 

and  thence 

(a,  »,  6,  8,  ®,  ^$«,  y,  zy  =  -{(qr'-qr)x  +  (rp'-'r'p)y-^{pq'^p'q)z}'; 

so  that  the  equation  in  (X,  fi,  v)  is 

{(}/  -gV)  X  +  (rp'  -  r^p)/*  +  (p9'  -p'q)  v] 

\pp'{qr  -  ^r)iAV'\'q^ (rp' --rp)  v\  +  rr^  {p^  -p'i)  V*}  =  0  ; 

where  the  point  represented  by  the  equation 

(gr'  -  gV)  \  +  (rp'  -  /p)/Lt  +  (pg'  -p'?)  ^  =  0 

is,  of  course,  the  intersection  of  the  two  lines. 


326] 


103 


326. 


THEOKEMS  RELATING  TO  THE  CANONIC  ROOTS  OF  A  BINARY 

QUANTIC  OF  AN  ODD  ORDER. 

[From  the  PhUosaphical  Magazine,  vol.  xxv.  (1863),  pp.  206 — 208.] 

I  CALL  to  mind  Professor  Sylvester's  theory  of  the  canonical  form  of  a  binary 
quantic  of  an  odd  order ;  viz.,  the  quantic  of  the  order  2w  + 1  may  be  expressed  as 
a  sum  of  a  number  n  +  1  of  (2n  +  l)th  powers,  the  roots  of  which,  or  say  the  canonic 
roots  of  the  quantic,  are  to  constant  multipliers  pris  the  factors  of  a  certain  covariant 
derivative  of  the  order  (n  +  1),  called  the  Canonizant  If,  to  fix  the  ideas,  we  take 
a  quintic  function,  then  we  may  write 

(a,  6,  c,  d,  6,/$a?,  yY  =  A  (lx  +  myy+  A'  (I'x  +  m'yy  +  A"  (V'x  +  m"yy 

(it  would  be  allowable  to  put  the  coefficients  A  each  equal  to  unity;  but  there  is 
a  convenience  in  retaining  them,  and  in  considering  that  a  canonic  root  Ix  +  my  is 
only  given  as  regards  the  ratio  I  :  m,  the  coefficients  I,  m  remaining  indeterminate); 
and  then  the  canonic  roots  (Ix  +  my),  &c.  are  the  factors  of  the  Canonizant 


f. 

-fx,    ya?. 

-iC» 

a, 

6    ,    c    , 

d 

6, 

c    ,    d   , 

e 

c, 

d   ,    e    , 

f 

It  is  to  be  observed  that  this  reduction  of  the  quantic  to  its  canonical  form,  Le. 
to  a  sum  of  a  number  n  +  1  of  (2n+l)th  powers,  is  a  unique  one,  and  that  the 
quantic  cannot  be  in  any  other  manner  a  sum  of  a  number  n  + 1  of  (2n  + 1)  th  powers. 
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Professor  Sylvester  communicated  to  me,  under  a  slightly  less  general  form,  and 
has  permitted  me  to  publish  the  following  theorems: 

1.  If  the  second  emanant  (Xd^  +  YdyY  U  has  in  common  with  the  quantic  U  a 
single  canonic  root,  then  all  the  canonic  roots  of  the  emanant  are  canonic  roots  of  the 
quantic;  and,  moreover,  if  the  remaining  canonic  root  of  the  quantic  be  rX'\-9y,  then 
(X,  F),  the  facients  of  emanation,  are  =(s,  —  r),  or,  what  is  the  same  thing,  they  are 
given  by  the  equation 

canont.  U  (X,  Y  in  place  of  x,  y)  =  0. 

In  fact,  considering,  as  before,  the  quintic   i7  =  (a,  ft,  c,  d,  e,  fj[x,  yf,  we  have 

U^A{lx-\'  myY  +  A'  {Vx  +  m'y)»  +  A''  {V'x  +  m'yj, 
and  thence 

if  for  shortness 

Suppose  (Z9jB  +  YbyY  U  has  in  common  with   U  the  canonic  root  Ix  +  my,  then 
and  thence 

which  must  be  an  identity ;  for  otherwise  we  should  have  the  same  cubic  function 
expressed  in  two  different  canonical  forms.    And  we  may  write 

F  =  C",    Vx-k-m'y-^px-^qy,    5"  =  0,     (7  =  5, 
and  then  we  have 

{Xd;,'\'TdyYU^B{lx  +  myy'\'B{Vx'^myY\ 

so  that  all  the  canonic  roots  of  the  emanant  are  canonic  roots  of  the  quantic.  More- 
over, the  condition  5"  =  0  gives  Z''Jr  +  m''F=0,  that  is,  X  :  Fs=m":  —  T,  or  writing 
rx-hsy  instead  of  t'X'\'m"y,  X  :  F  =  «  :  — r;  and  the  sjrstem  is 

U^A  (Ix  +  myy  +  -4' (Z'a?  +  m  y)»  +  -4  (rx  +  syY, 
(8d„-r^yyU^B{lx  +  myy  +  R(rx  +  myy, 

which  proves  the  theorem. 

2.  The  two  functions,  canont.  i7,  canont.  (-X'9a.+ F3y)*i7,  have  for  their  resultant 
{canont  U  {X,  Y  in  place  of  x,  y)}*~,  if  2w  + 1  be  the  order  of  U. 

In  fact,  in  order  that  the  equations 

canont.  CT  =  0,    canont.  (Za,  +  Ydyf  I/'  =  0, 
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may  coexist,  their  resultant  must  vanish ;  and  conversely,  when  the  resultant  vanishes, 
the  equations  will  have  a  common  root.  Now  if  the  equation  canont.  (Xdx  +  ^dyY  U  =  0 
has  a  common  root  with  the  equation  canont.  U  =  0,  all  its  roots  are  roots  of 
canont  17=0;  and,  moreover,  if  ra?  +  «y  =  0  be  the  remaining  root  of  canont.  Cr=:0, 
then  X  :  F=«  :  —  r,  that  is,  we  have 

canont.  U  (X,  Y  in  place  of  a?,  y)  =  0 ; 

or  the  resultant  in  question  can  only  vanish  if  the  last-mentioned  equation  is  satisfied. 
It  follows  that  the  resultant  must  be  a  power  of  the  nilfcwtum  of  the  equation;  and 
observing  that  canont.  IT  is  of  the  form  (a,  ...)**+^(a?,  y)**^S  Le.  that  it  is  of  the  degree 
71  +  1  as  well  in  regard  to  the  coefficients  as  in  regard  to  the  variables  {x,  y),  it  is 
easy  to  see  that  the  resultant  is  of  the  degree  2?i(n  +  l)  as  well  in  regard  to  the 
coefficients  as  in  regard  to  (X,  F);  that  is,  we  have  2n  as  the  index  of  the  power 
in  question. 

3.     In    particular,   if    F  =  0,    the   theorem    is    that   the    resultant    of   the    functions 
canont.  U,  canont  dx^U  is  equal  to  the  2nth  power  of  the  first  coefficient  of  canont.  U. 

Thus  for  n  =  l,  that  is,  for  the  cubic  function  (a,  b,  c,  d$a?,  y)',  we  have 

=  (ac  — 6",    ad --be,    M  — 0*5^,  y)*, 


canont  U  = 

y. 

-«y, 

,    «• 

a. 

b 

,    c 

b. 

c 

,    d 

canont.  dx^U= 

y. 

—  X 

a. 

b 

^=^ax-^by; 


and  the  resultant  of  the  two  functions  is 

=  (oc  —  ft*,    ad  —  be,    bd  —  c^\b, 

which  verifies  the  theorem. 


-of 


The  theorems  were,  in  fact,  given  to  me  in  relation  to  the  quantic  U  and  the 
second  differential  coefficient  dg?U\  but  the  introduction  instead  thereof  of  the  second 
emanant  {Xdx  +  ^yf  ^  presented  no  difficulty. 

2,  Stone  Buildings,  W.C.,  FAruary  16,  1863. 
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ON    THE    STEREOGRAPHIC    PROJECTION    OF    THE    SPHERICAL 

CONIC. 


[From  the  Philosophical  Magazine,  vol.  xxv.  (1863),  pp.  360 — 353.] 

Ik  order  to  the  tolerable  delineation  of  some  figures  relating  to  spherical  geometry, 
I  had  occasion  to  consider  the  stereographic  projection  of  the  spherical  conic.  To  fix 
the  ideas,  imagine  a  sphere  having  its  centre  in  the  plane  of  the  paper,  and  through 
the  centre  three  rectangular  axes,  that  of  x  horizontal  and  that  of  y  vertical,  in  the 
plane  of  the  paper,  and  the  axis  of  z  perpendicular  to  and  in  front  of  the  plane  of 
the  paper.  The  radius  of  the  sphere  is  taken  equal  to  unity  (so  that  its  intersection 
by  the  plane  of  the  paper  is  the  circle  radius  unity),  and  the  points  X,  F,  and  Z  are 
taken  to  denote  the  points  where  the  axes,  drawn  in  the  positive  direction,  meet  the 
surface  of  the  sphere;  and  the  opposite  points  are  called  X\  Y,  and  Z*.  The  eye 
is  supposed  to  be  at  ^,  and  the  projection  to  be  made  on  the  plane  of  the  paper. 
This  being  so,  and  supposing  that  the  axes  of  coordinates  are  the  principal  axes  of 
the  spherical  conic,  the  axis  of  x  being  the  interior  aais,  and  taking  {,  17,  ^  as  the 
coordinates  of  a  point  on  the  spherical  conic,  its  equations  are 

P  +  if  +f«  =  l, 

-f  +  ifcot»)8  +  5  =  0; 

c 

where  it  may  be  remarked  that  tan/9,  c  are  the  semiaxes  of  the  plane  conic  which 
is  the  gnomonic  projection  (Le.  the  projection  by  lines  through  the  centre  of  the 
sphere)  of  the  spherical  conic  on   the  tangent  plane  at  X   or  X'. 

Taking,  for  a  moment,  x,  y,  z  as  the  coordinates  of  a  point  on  the  projecting  line 

(that  is,  the    line   through   the  eye  to  a  point   ({,  17,   ^)  on  the  spherical    conic),  the 

equation  of  this  line  is  ^ 

a?_y  _^  — 1 
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and  thence   putting   z  =  0,  x,  y  will  be  the  coordinates  of  a  point  of  the  projection, 
and  we  have 


or,  what  is  the  same  thing, 

the  equations  of  the  spherical  conic  may  be  written 

!-?•=      P  +  if, 

f«  =  ca(fi-,;»cot«)8); 

and  by  eliminating  {,  97,  ^  from  the  four  equations,  we  obtain  the  equation  of  the  conic. 

Substituting  for  f  and  17  their  values,  we  find 

l  +  ?=(«»  +  y»)(l-?), 

?'  =  c'(a»-y»cot'i9)(l-r)»; 
or,  observing  that  the  first  equation  gives 


and  that  thence 


^^<e'  +  y'-l 


the  equation  is 


{a?  +  y^ -If  ^^{a^ -f  Qo\? 0). 


It  is  now  very  easy  to  trace  the  curve.  We  see  first  that  the  curve  is  S}mimetrical 
with  respect  to  the  axes,  and  that  it  meets  the  axis  of  y  in  four  imaginary  points, 
but  the  axis  of  x  in  four  real  points,  the  coordinates  whereof  are 

a?=±(Vl  +(f±c), 

so  that  the  two  points  on   the  same  side   of   the   centre  are   the  images  one    of   the 
other  in  regard  to  the  circle  radius  unity.     Moreover  the  curve  touches  the  lines 

y  =  ±x  tan  )3 

at  their  intersections  with  the  circle.     By  developing  in  regard  to  y,  the  equation  becomes 

y4  +  2  (aj«- 1  + 2c2  cot«i8)y>  + (a^  - 1)*  -  Va^  =  0 ; 
and  putting 

a?  =  +  (Vl-f  c»  ±  c), 

14—2 
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the  last  term  vanishes,  and  the  equation  gives  y^  =  0,  or 

i/i«=2(l-d;»-2c»cot»i8) 


=  4  (-c» T c Vl +c» - c»cot»i8) 
=  4c(-cco8ec"^T  Vl  +  c»), 
the  upper  sign  corresponding  to  the  exterior  values 


and  the  lower  sign  to  the  interior  values 

+  ir  =  Vl  +  c"  -  c. 
In  the  former  case  the  values  of  y  are  imaginary ;  in  the  latter  case  they  are  real  if 


or,  what  is  the  same  thing,  if 


Vl4-c">cco6ec"^, 


sin»i8> 


vTT?' 


that   is,   if  (for    a   given    value   of   c)  ^    is   sufficiently  great,   but  otherwise   they  are 
imaginary. 


If,  as  in  the  annexed  figures,  c  =  V^  (and  therefore   VH-c"  =  -}|,  VH-c"+c  =  f, 


Fig.  1. 


Fig.  2. 


VH-c*-c  =  §),  then  for  the  limiting  value  of  fi  we  have 

sin»^  =  ^  =  -3846,  sini8  =  -62,  or  ^8  =  38^  nearly. 

In  the  first  figure  P  is  less,  in  the  second  figure  greater  than  this  value:  the   form 
for  the  limiting  value  is  obvious  firom  a  comparison  of  the  two  figures. 

I  take  the  opportunity  to  mention  the  following  theorem,  which  is  perhaps  known, 
but  I  have  not  met  with  it  anywhere;  viz.   any  three  circles,  each  two  of  which  meet. 
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ON   THE  DELINEATION   OF  A  CUBIC  SCROLL. 


[From  the  Philosophical  Magazine,  vol  xxv.  (1863),  pp.  628 — 530.] 

Imagine  a  cubic  scroll  (skew  surface  of  the  third  order)  generated  by  lines  each 
of  which  meets  two  given  directrix  linea  One  of  these  is  a  nodal  (double)  line  on 
the  surfisu^e,  and  I  call  it  the  nodal  directrix;  the  other  is  a  single  line  on  the  surface, 
and  I  call  it  the  single  directrix.  The  section  by  any  plane  is  a  cubic  passing 
through  the  points  in  which  the  plane  meets  the  directrix  lines;  i.e.  the  point  on  the 
nodal  directrix  is  a  node  (double  point)  of  the  curve,  the  point  on  the  single 
directrix  a  single  point  on  the  curve;  the  two  directrix  lines,  and  the  cubic  curve, 
the  section  by  any  plane,  determine  the  scroll.  Consider  the  sections  by  a  series  of 
parallel  planes.  Let  one  of  these  planes  be  called  the  basic  plane,  and  the  section  by 
this  plane  the  basic  section  or  basic  cubic;  and  imagine  any  other  section  projected 
on  the  basic  plane  by  lines  parallel  to  the  nodal  directrix:  such  section  may  be  spoken 
of  simply  as  *the  section,*  and  its  projection  as  *the  cubic'  The  cubic  has  a  node 
at  the  node  of  the  basic  cubic;  that  is,  the  two  curves  have  at  this  point  four 
points  in  common.  The  two  curves  have,  moreover,  in  common  the  tiiree  points  at 
infinity  (or,  in  other  words,  their  asymptotes  are  parallel);  in  fi^^t  the  points  at  infinity 
of  either  curve  are  the  points  in  which  the  line  at  infinity,  the  intersection  of  the 
basic  plane  and  the  plane  of  the  section,  meets  the  scroll;  and  these  points  are 
therefore  the  same  for  each  of  the  two  curves.  The  remaining  two  points  of  inter- 
section of  the  cubic  with  the  basic  cubic  are  also  fixed  points  on  the  basic  cubic, 
Le.  they  are  the  points  of  intersection  of  the  basic  plane  by  the  two  generating  lines 
parallel  to  the  nodal  directrix.  Hence  the  cubic  meets  the  basic  cubic  in  nine  fixed 
points,  viz.  the  node  counting  as  four  points,  the  three  points  at  infinity,  and  the  two 
points  the  feet  of  the  generators  parallel  to  the  nodal  directrix.  It  follows  that  if  {7=  0 
is  the  equation  of  the  basic  cubic,  F=0  the  equation  of  some  other  cubic  meeting 
the  basic  cubic  in  the  nine  points  in  question,  then  the  equation  of  'the  cubic'  is 
U+\V=0,  X  being  a  parameter  the   value  of  which   varies  according  to   the  position 
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Hence,  starting  -  from  the  basic  cubic  and  the  line  Kk,  we  have  a  construction  for  the 
point  Q  the  locus  whereof  is  the  cubic,  the  projection  of  a  section  of  the  scroll;  for 
the  projections  of  the  parallel  sections,  we  have  only  to  vary  the  length  Kk,  By  what 
precedes,  the  construction  gives  for  the  locus  of  Q  a  cubic  having  a  node  at  O,  and 
having  its  asymptotes  parallel  to  those  of  the  basic  cubic.  As  P  moves  up  to  K, 
the  distances  Pr,  rK  become  indefinitely  small;  but  their  ratio  is  finite,  hence  the 
cubic,  the  locus  of  Q,  does  not  pass  through  the  point  K.  The  construction  shows, 
however,  that  it  does  pass  through  the  points  £,  M^  which  are  the  other  two  inter- 
sections of  Kk  with  the  basic  cubic;  these  points  Z,  M  are  in  fact  the  feet  of  the 
generators  parallel  to  the  nodal  directrix. 

The  general  conclusion  is,  that  a  series  of  cubics  having  each  of  them  at  one 
and  the  same  given  point  a  node — ^having  their  asjrmptotes  parallel — and  besides 
passing  through  the  same  two  given  points — may  be  considered  as  the  projections  of 
a  series  of  parallel  sections  of  a  cubic  scroll;  and  such  a  series  of  cubics  will  thus 
afford  a  delineation  of  the  scroll. 

2,  Stone  Buildings^  W.C.,  April  15,  1863. 
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canying  along  with  it  the  point  fif,  to  roll  on  the  similar  and  equal  fixed  curve  OP 
symmetrically  situate  on  the  other  side  of  the  common  tangent  OM  or  OiT ;  then 
when  P'  coincides  with  P,  the  point  8>  is  brought  to  fif",  where  SNlfS'  is  the 
perpendicular  from   S  on  the  tangent  PN  or  PIT,  and  SN^IfS",  that  is,  SS"  =  2iSJV; 


and  the  curve  generated  by  S"  (that  is  S'),  or  say  the  epicycloid  the  locus  of  8\  is  a 
curve  similar  to  and  similarly  situate  with  the  pedal  curve  the  locus  of  N,  but  of 
twice  the  linear  magnitude  of  the  pedal  curve.  Or,  what  is  the  same  thing,  if  instead 
of  the  given  curve  we  consider  a  similar  and  similarly  situated  curve  of  twice  the 
linear  magnitude  (the  point  8  being  the  centre  of  similitude),  then  the  epicycloid  the 
locus  of  £r  is  the  pedal  curve  of  the  substituted  curve  in  relation  to  the  point  S, 
It  may  be  added  that,  in  accordance  with  a  theorem  of  Dandelin's,  if  rays  proceeding 
from  the  point  8  are  reflected  at  the  given  curve,  then  the  epicycloid  (or  pedal)  in 
question  is  the  secondary  caustic,  or  an  orthogonal  trajectory  of  the  reflected  rays. 


2,  Stone  Buildings,  W.C.,  June  3,  1863. 
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Hence  if  we  represent  the  roots  X,  Y  in  the  form  PiQVD,  so  that  P  —  ^-B, 
Q*/0  =^y/B'  —  AC,  Q»  being  the  greatest  square  factor  of  B*  —  AC,  then 

(X  -  Yy  =  4(?n,   x\  F = P'  ±  (q'  Vn  +  -^^-) , 

XT'  =  P'»  -  ^^  (2Q'n  +  QDy ; 

and  the  derived  equation  is 

ft  =  -  (?  {40^' -  (2 (70  +  QD')'}  =  0. 

If  B,  C,  &c.  are  functions  of  the  coordinates  (x,  y),  the  equation  jg*+2S^  +  C  =  0 
(ir  an  arbitrary  constant)  represents  a  series  of  curves  in  the  plane  of  xy\  but  if  we 
consider  2:  as  a  coordinate,  then  the  equation  represents  a  surface,  and  the  curves  in 
question  are  the  orthogonal  projections  on  the  plane  of  xy  of  the  sections  of  the  surfEU^ 
by  the  planes  parallel  to  the  plane  of  xy.  To  fix  the  ideas,  the  plane  of  xy  may  be 
taken  to  be  horizontal,  and  the  ordinates  z  vertical. 

Writing  the  equation  in  the  form 

we  see  that  the  surface  contains  upon  it  the  curve  2:4-5  =  0,  JS"  — C=0,  which  is  the 
line  of  contact  with  the  circumscribed  vertical  cylinder:  such  curve  may  be  termed  the 
envelope,  or,  when  this  is  necessary,  the  complete  envelope.  The  equation  of  the 
surface  has  however  been  taken  to  be  (^r  —  Pf  —  Q'D  =  0  (viz.  it  has  been  assumed 
that  £  =  — P,  JS"  — C=  Q*n);  the  envelope  thus  breaks  up  into  the  curve,  ^--P=0,  Q  =  0, 
taken  twice,  and  the  curve  ^  —  P  =  0,  0  =  0;  the  former  of  these  is  in  general  a  nodal 
curve  on  the  surface,  and  it  may  be  spoken  of  as  the  nodal  curve;  the  latter  of  them 
is  the  reduced  or  proper  envelope,  or  simply  the  envelope.  And  the  terms  nodal  curve 
and  envelope  may  also  be  applied  to  the  curves  Q  =  0  and  0=0,  which  are  the  pro- 
jections on  the  plane  of  xy  of  the  first-mentioned  two  curves  respectively.  There  is 
however  a  case  of  higher  singularity  which  it  is  proper  to  consider:  suppose  that 
Q  and  O  have  a  common  factor  K,  say  Q  =  KR,  O  =  ^ V  ;  the  complete  envelope 
Q*0  =  B^K*  V  =  0  here  breaks  up  into  the  nodal  curve  ii  =  0  twice,  the  cuspidal  curve 
iT  =  0  three  times,  and  the  reduced  or  proper  envelope  y  =  0  once. 

Reverting  for  a  moment  to  the  form  {z  +  X)  (^r  4-  F)  =  0,  the  derived  equation 
ft  =  -(X- F)«X'7'  =  0  is  satisfied  by  (Z-F)«=0;  this  equation,  or  say  the  equation 
of  the  envelope,  being  in  fact  the  singular  solution  of  the  differential  equation.  This 
assumes  however  that  the  differential  equation  is  given  in  the  form  in  which  it  is 
immediately  obtained  by  derivation  from  the  integral  equation,  without  the  rejection 
of  factors  which  are  functions  of  the  coordinates  {x,  y)  only;  it  is  proper  to  consider 
the  reduced  equation  obtained  by  rejecting  such  factors.  Thus  if  X  and  Y  are  rational 
functions,   the  reduced   form  is  X'F'  =  0,   which   is  no   longer  satisfied  by  the   equation 
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(X  —  Yf  =  0.  In  the  before-mentioned  case  where  the  roots  are  P  ±  Q  VD  (or 
(X  —  F)«=Q»n),  P,  Q,  and  D  being  rational  functions  of  (x,  y),  the  derived  equation 

ft  =  -  (?  {4nP'«  -  (2QD  +  QOy]  =  0 

divides  out  by  the  factor  Q*,  but  it  does  not  divide  out  by  D  ;  the  reduced  form  is 
therefore 

4np'»-(2Q'n  +  Qn')*=o, 

which  is  not  satisfied  by  Q  =  0,  while  it  is  still  satisfied  by  D  =  0  (since  this  gives  also 
D'  =  0);  that  is,  the  nodal  curve  Q=0  is  not  a  solution  of  the  differential  equation, 
but  we  still  have  the  singular  solution  0=0,  which  corresponds  to  the  reduced  or 
proper  envelope.  In  the  case  Q  =  KR,  D  =  iT  V  of  a  cuspidal  curve,  the  above  form 
of  the  differential  equation  becomes 

4ZVP'«-  {SKK'RV  +  K^ (2 V JB'  +  V'R)Y  =  0, 

which  divides  out  by  K\  and,  when  reduced  by  the  rejection  of  this  factor,  it  is  no 
longer  satisfied  by  the  equation  ir=0,  which  belongs  to  the  cuspidal  curve;  that  is, 
neither  the  nodal  curve  ii  =  0  nor  the  cuspidal  curve  J^T  =  0  is  a  solution  of  the 
differential  equation,  but  we  still  have  the  singular  solution  V  =  0,  which  corresponds 
to  the  reduced  or  proper  envelope.  It  would  appear  that  the  conclusion  may  be 
extended  to  singularities  of  a  higher  nature,  viz.  the  fietctor  corresponding  to  any 
singular  curve  which  presents  itself  as  part  of  the  complete  envelope  divides  out  from 
the  derived  equation;  and  such  singular  curve  does  not  constitute  a  solution  of  the 
reduced  equation,  but  we  have  a  singular  solution  corresponding  to  the  reduced  or 
proper  envelope. 

II. 

Consider  the  differential  equation 

y(p»-l)  +  2w4?p  =  0, 
where,  to  fix  the  ideas,  m  >  or  =  1 ;  the  integral  equation  may  be  taken  to  be 

z  =  {mx  +  ^m^a^  +  y*  ){ma?  +  y*  4-  xy/mW-hy^  )"»^i ; 
or  rather,  writing  for  shortness  D  =  m^a^  4-  y",  and  putting 

-^  =  (wj;i7  + Vn  )(i7wc>  +  y*  +  a?VD)'^^=P  +  QVn, 

the  integral  equation  is 

(^-P)»-Q«n=0,  or  ^-2P^  +  P«-Q«n=0, 
where 

P»  -  Q»D  =  (mV -  D)  {(mx'  +  fy-  a^D}'^^  =  -  y»«  {y«  +  (2m  -  l)ai']'^'\ 

In  the  particular  case  m  =  l  the  equation  is 

z==x+  ^a^  +  y",  or  2^*  —  2zx  —  y*  =  0. 


118  ON  DIPFBRBNTIAL  EQUATIONS  AND   UMBILICI.  [330 

Before  going  further,  I  remark  that,  m  being  a  positive  integer  greater  than  unity, 
we  have 

z^P  +  Q  VD  =  mx(7na^  +  fy^^  +  {ma^  +  y*  +  (m-  l)7rwj*}  (ww;»  +  y*)*"^ VQ  +  &c., 

the  subsequent  terms  being  divisible,  the  rational  ones  by  D,  and  the  irrational  ones 
by  D  Vn.     Hence,  observing  that 

^^w!"  +  y*  +  (m  —  1)  ma^  =  m^a:^  +  y*  =  D, 

we  see  that   Q  contains  the  factor  D,  and   the  equation   0=0  belongs  to  a  cuspidal 

ciu^e  on  the  surSeu^e.  If  however  m  =  l,  then  the  equation  is  z^x  +  V^,  so  that 
Q  =  1  does  not  contain  the  factor  D ;  and  D=3d!^  +  y'«0  is  not  a  singular  curve  on 
the  surfisu^e,  but  is  in  fiict  the  reduced  or  proper  envelope. 

The  curve  represented  by  the  integral  equation  will  pass  through  the  origin 
(x  =  0,  y  =  0)  for  the  value  ^  =  0  of  the  constant  of  integration*  In  fiswjt,  for  this  value, 
the  integral  equation  becomes 

-y^[y^  +  (2m  -  l)ic*}"*-»  =  0, 

which   belongs  to  a  set  of  2m4-(m— 1)  + (m  — 1)   lines  coinciding  with  the  lines  y  =  0, 

y^ix V2m  —  1,  and    y^^ix V2m  —  1    respectively.     The    directions    at    the    origin    are 

therefore  j>  =  0,  p  =  ±  »  ^^2m  —  1,  which  are  the  same  values  of  jd  as  are  obtained  from 
the  differential  equation;  viz.  since  this  is  satisfied  identically  at  the  point  in  question, 
proceeding  to  the  derived  equation,  we  have 

j[>(p»-l)  +  2mjt>  =  0, 

that  is 

jt>(p»+2m- 1)   =0; 

but  it  is  to  be  observed  that  these  values  of  p  are  different  from  the  values  given 
by  the  equation  D  =  mV  +  y*  =  0,  which  are  jp  =  ±  inu  The  reason  is  that  the  curve 
D  =  0  being,  as  was  shown,  a  cuspidal  curve  on  the  surface,  the  equation  D  =  0  is  not 
a  solution  of  the  differential  equation. 

If  however  m  =  l,  then  the  integral  equation  gives  at  the  origin  no  longer  three 
values  of  p,  but  only  the  value  jp  =  0.  The  differential  equation  however  gives,  as  in 
the  general  case,  three  values;  viz.  we  have  p(j9'  +  1)bO;  and  the  values  p^±i 
obtained  from  the  fsictor  p^  -f  1  =  0  are  precisely  the  values  of  p  obtained  from  the 
equation  D  =  a?  +  y"  =  0,  which  in  the  case  now  under  consideration  belongs  to  the 
reduced  or  proper  envelope  of  the  surface,  and  %8  therefore  the  singular  solution  of 
the  differential  equation. 

III. 

The  two  curves  of  curvature  which  pass  through  any  given  point  of  a  surface  are 
distinct  curves,  not  bi'anches  of  one  indecomposable  curve.  In  fact  if  P,  Q  are  the  two 
curves    of   curvature    for   a    point   A,  then    for   a  point  A'   on  P   the    two    curves    of 
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curvature  will  he  P,  Qf;  and  if  P,  Q  were  branches  of  an  indecomposable  curve,  then 
P,  Q'  would  also  be  branches  of  an  indecomposable  curve,  and  we  should  have  P  a 
branch  of  two  different  indecomposable  curves,  which  is  of  course  impossible.  In  the 
<iase  of  an  umbilicus,  the  two  curves  P  and  Q  coincide  together;  or,  as  we  may 
express  it,  the  curves  of  curvature  through  an  umbilicus  are  the  duplication  of  a  single, 
in  general  indecomposable,  curve;  and  in  general  this  curve  has  at  the  umbilicus  a 
trifid  node.  I  use  this  expression  to  denote  a  point  at  which  there  are  three  distinct 
tangents,  or,  more  accurately,  three  distinct  directions  of  the  curve:  an  ordinary  triple 
point  is  of  necessity  a  trifid  node,  but  not  conversely.  The  umbilicus  of  an  ellipsoid 
or  other  quadric  surfieuse  is  a  peculiar  exceptional  case. 

In  support  of  the  foregoing  conclusions,  consider  a  sur&ce  having  an  umbilicus  at 
the  origin,  and  take  j?=0  as  the  equation  of  the  tangent  plane  at  that  point;  the 
equation  of  the  surface  in  the  neighbourhood  of  the  umbilicus  will  be 

80  that,  writing  as  usual  p  and  q  for  the  first,  and  r,  8,  t  for  the  second,  differential 
coefficients  of  z,  we  have 

p^kx-^-^  (oaf  +  2bxy  +  cy»), 

?  =  Ay  +  i  (ba^  +  2ciry  +  dy*), 
r  =s  A;  4-      ax  +   by, 
8  =z  bx  +   cy, 

t  =A?  +      ex  +  dy. 

The  differential  equation  of  the  curves  of  curvature  projected  on  the  plane  of  xy  is 
{^\i^+^)'-l¥\+%[(l+t)r-il+P')t]-[(l+P')8-pqr]  =  0; 

and  substituting  therein  the  foregoing  values  of  p,  q,  r,  s,  t,  but  attending  only  to 
the   terms  of  the   lowest  order  in   (x,  y),  and   using  moreover  in   the   sequel  p  in  the 

place  of  -^ ,  the  equation  becomes 

(bx  +  cy)(p^-  1)  +  [(a -  c)a:  +  (6 - rf)y] jp  -  0 ; 

which  may  be  taken  as  the  differential  equation  of  the  curves  of  curvature  at  and 
in  the  neighbourhood  of  the  umbilicus.  The  equation  is  satisfied  identically  by  the 
values  x  =  0,  y  =  0,  which  correspond  to  the  umbilicus;  and  to  find  p,  we  have  to 
differentiate  the  equation,  and  then  substitute  these  values  of  x  and  y ;  we  thus  obtain 

(b  +  cp)(p'-  1)  +  [(a  -  c)  4-  (6  -  d)p]p=  0, 
or,  what  is  the  same  thing, 

jp  (a+  26p  +  cp")  -  (6  +  2cp  4-  dp^)  =  0, 
a  cubic  equation  for  the  determination  of  p. 
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I  remark  that  we  may  without  loss  of  generality  write  d  =  0:  but  to  simplify 
the  investigation,  I  suppose  in  the  first  instance  that  we  have  also  6  =  0;  this  comes 
to  assuming  that  one  of  the  three  planes  cue*  4- 3&c^  4- 3ca?^  +  dy*  =  0  bisects  the  angle 
formed  by  the  other  two  planes.     The  differential  equation  consequently  is 

cy  (p*  —  1)  +  (a  —  c)  xp  —  0  \ 
or,  putting  for  shortness 

C 

it  is 

y(p"-l)+        2map  =  0, 

which  is  the  differential  equation  previously  considered.  Hence,  writing  now  h  in  the 
place  of  z,  the  equation  of  the  curve  of  curvature  in  the  neighbourhood  of  the 
umbilicus  is 

where  D  =  m^a^  +  y* ;   or,  what  is  the  same  thing,  the  equation  is 

A»-2PA  +  P«-Q»n=0; 

and  the  equation  (in  the  neighbourhood  of  the  umbilicus)  of  the  curve  through  the 
umbilicus  is 

P»  -  Q«  D  =  -  y*^  { y « +  ( 2m  - 1 )  ic*} »"-»  =  0 ; 

so  that  the  umbilicus  is  a  trifid  node.  In  the  case  however  of  an  ellipsoid  or  other 
quadric  surface,  we  have  m  =  1,  so  that  the  equation  of  the  curve  of  curvature  in  the 
neighbourhood  of  the  umbilicus  is 

A  =  a?  4-  Vo?  +  y', 
or,  what  is  the  same  thing, 

A«-2A^-y'  =  0: 

and  for  the  curve  through  the  umbilicus,  in  the  neighbourhood  of  the  umbilicus,  the 
equation  is  y*  =  0,  so  that  there  is  only  a  single  direction  of  the  curve  of  curvature. 
The  differential  equation  gives,  however,  at  the  umbilicus  p(/)"4-l)  =  0;  the  value 
jp  =  0  is  that  which  corresponds  to  the  curve  of  curvature;  the  other  two  values 
jp  =  ±  i  correspond  to  the  curve  (pair  of  lines)  a:>  4-  y*  =  0,  which  is  the  envelope  of 
the  curves  of  curvature,  or,  more  accurately,  the  envelope  of  the  projections  of  the 
curves  of  curvature  on  the  tangent  plane  at  the  umbilicus. 


Blackheath,  October  17,  1863. 


IV. 


The  differential  equation   for  the  curves  of  curvature   in   the   neighbourhood  of  an 
umbilicus  was  obtained  in  a  form  such  as 

{bx  +  cy)(p'-l)  +  2(fx  +  gy)p=^0; 
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and  it   was  only  because  this  equation   did  not    appear  to  be  readily  integrable,  that  I 
considered,  instead  of  it,  the  particular  form 

y  (p*  —  1)4-  2mxp  =  0. 

But    the    general    equation    can    be    integrated ;    and    the    result    presents    itself   in    a 
simple  form.    For,  returning  to  the  differential  equation 


and  assuming 


or 


we  have 


and  we  may  write 


Assuming  also 


(6ir+cy)(jp»-l)  +  2(/c4-5ry)p=:0, 

6a?  4-  cy  _  —  2i; 
fx^-gy"   t;*-l  ' 

(&r  +  cy)(t^-  1)  +  2(/r  +  5ry)t;=  0, 
J^l'f '  ^^  (i>-t;)(t;p4-l)=0, 


p  —  v  =  0. 


y 

y  =  ux,  or  u  =  -  , 


X 

the  relation  between  u  and  v  is 


h-Vcu     —  2t; 


or,  as  this  may  be  written. 


giving 


6  +  ctt 


^  ^  -  (/+  gu)  -  V(fe  +  ct^y  +  (/+  guf 

64- CM 


where  for  convenience  the  radical  has  been  taken  with  a  negative  sign.     We   have  more- 
over 

6(t;'-l)4-2/t; 

c(t;»-l)4-25rt;* 

The  equation  ^  —  t;  =  0,  substituting  for  y  its  value  iio;,  then  becomes 

ir^4-w--v  =  0; 


or,  as  this  may  be  written, 


dx  ^     du       ^ 

—  4- =0; 

X      u^v 


C.    V. 


16 


'B-t 


\ 


>• 


I 

I 


■■■■|1 
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or,  what  is  the  same  thing, 

dx     dv  —  du       dv    _^ 
X        v  —  u       v  — u 


But  . 


.-.^.-hM^-;;-^!^ 


c(t;*~l)  +  25rt;     c(t;»-l)  +  2srt;' 

where 

7«  V  [c  (i;>- l)  +  25rt;] +6«(v- 1)  +  2> 

=  (6  +  ct;)(t;*-l)  +  2(/+5rt;)v, 

And  the  differential  equation  takes  thus  the  form 

dx     dv  —  du     [c  (t^  —  1)  +  2^^]  dv     ^ 
X        v  —  u  V 

and  hence,  writing 

F«(6  +  (n;)(t;»-l)  +  2(/+5rt;)t;  =  c(v-a)(v-i8)(v-7), 


and 


so  that 


c(a»-l)  +  2ya  +  2{/+(6+sr)a  +  c«'}' 


with    the    like   values   for  B  and   C — values  which   are   such   that  A+B  +  C=^h 
integral  equation  is 

const.  =  a?  (t;  —  w)  (w  —  a)--^  (t;  —  ^S)"*  (v  -  7)"^, 
or,  substituting  for  t;  —  i^  its  value,  =  -^^ — ^  j_  "7  \^^  ^  '^^ , 


But 


(t^-l)  +  25rt; 
const.  =  a:  {c  (t;»  - 1)  +  igv}"'  (v  -  af-^  (v  -  /Sy-'  (v  -  yf'^. 

^"  6  +  cu 


if  for  shortness  U  ==  (b  +  cuy  +  (f+ guy,  and  thence 

2  (/+.^y  ^(b  +  cuy  +  2  (/-f  gu)  VF 

and 

^        ^      ^  (b+cuy 

6  +  a(/ 
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Substituting  these  values,  and  observing  that  the  exponent  of  6  +  cu  is 

the  integral  equation  is 

const.  =  X  (/+  gu  +  V^)""*  x 

or,  observing  that  the  exponent  1  of  rr  is 

=  «H.(l-^)  +  (l-B)+(l-(7), 
and  putting  for  shortness  D  =  (/»  +  flfy)"  +  (&p  +  cy)*,  the  integral  equation  finally  is 

const.  =  (/c  +  5fy  +  VD)""*  x 
(/c  +  5ry  +  a  (&c  +  cy)  +  VD^  ifa + S'y  +  i8  (&r  +  cy)+  VD)*-*  ( /x+gy+y(bx+  cy)+ VCI)*-^, 
where  the  quantities  a,  fi,  y,  A,  B,  C  are  given  by 

(6  +  ct;)(t^-l)  +  2(/+5w)  =  c(t;-a)(tf-)8);(t;-7), 

c(t^-l)-h2ffy       ^    il  2?  C 

c(t;  — a)(v  — j8)(t;  — 7)     v  — a     v  — j8     v  — 7' 

Consider  the  curve 

0  =  (/a?+5ry+a(te+cy)+Vn)»-^  (A+fify +  i9(6a?+cy)  + Vrr)^-*(/c+5ry+7(te+cy)+Vn)»-<?, 

which  corresponds  to  the  value  =  0  of  the  constant.    If,  for  instance, 

A  +  5^  +  «  (6a?  +  cy)  +  VD"  =  0, 
this  equation  gives 

(6a:  +  cy){(6a:  +  cy)(a«-l)  +  2(/a?  +  5ry)a}  =  0; 
or  say 

(6a?+cy)(a«-l)  +  2(/c  +  flfy)a  =  0. 

But  we  have 

(6   +ca)(a«-l)  +  2(/  +ga)a^O, 

and  the  equation  therefore  is 

(6a?  +  cy)  (/+ 5ra)  -  (/a?  +  5fy)  (6  +  CO)  =  0 ; 
that  is 

(c/-65r)(y-aa?)  =  0; 

or  simply  y^ax^zQ;  that  is,  the  directions  of  the  curve  at  the  origin,  or  point  a?  =  0, 
y=0,  are  given  by  the  equations  y— flurs=0,  y  — j8a?  =  0,  y  —  yx^O.  This  is  right,  since 
fix)m  the  differential  equation  we  obtain  at  the  origin 

(6  +  cp)(p»-l)  +  2(/+5!P)l>,  =c(2>-a)(p-/8)(p-7),  =0. 

16—2 
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V. 

The  particular  case  of  the  equation 

y(p"— 1)+  2inxp  =  0 

is  obtained  firom  the   general   equation   by  writing  therein  6  =  0,  0  =  1,  ^  =  0,  /=  m ;  we 
have  therefore 

v(t;»  +  2m-l)  =  (t;-a)(v-j8)(t;-7), 
or  say 

a=sO,    /8  =  t  V2m  -  I,    7«-tV2m-l; 
and  thence 

t^-1  11         2m  V  A  ^  B  C 

-  +  - -  = h r-7====  + 


v(t;»  +  2m-l)         2m-lt;      2m-lt;*  +  2m-l      v      w  +  tV2m-l     v-tV2iii-l' 
giving 


2m-l'  2m-l' 

The  integral  equation  thus  is 

const  =  (mx  -  VD)-*  (??w?  +  Vn)«~-i  j(wM?+  %  V2w - 1  y  +  VD)  (tiw; -  %  V2m-1  y  +  VD)}**  ^ 
where  D  =  m*a^  +  y* ;  or,  observing  that 

(mx  +  %'^2m-  1  y  +  ^^□)  (ma:  -  %  V'2m-ly  +  VD) 
=  (mx  +  \/D  y  +  y" 
=  2m  (ma^  +  y»  4- a?  VD), 
the  integral  equation  is 

1  _     m-l 

const.  =  (mx  +  Vn)««-i  (7/m;»  +  y^+x  VD)*^-\ 
or,,  what  is  the  same  thing, 

const.  =  (mx  +  VQ)  (maj»  +  y"  +  a;  VD)**"*, 
the  result  given  in  the  former  part  of  the  present  paper. 

VI. 

I  annex  the  following  d  posteriori  verification  of  the  solution 

const  =  (mx  +  VD)  (ma^  +  y^  +  x  VD)***"^ 

of  the  particular  equation 

y(p»-l)+2m^  =  0. 
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Putting  for  shortness 

^  =  Twa;  +  Vn, 

B  ^maf^  +  i/^  +  x'/Q, 

where  it  will  be  remembered  that 

then  we  have 

2mB  =  ^»  +  (2m  -  1)  y». 

The  integral  equation  may  be  written 


and  we  have 


if 


But  we  have 


and 


A'  v/O  =  m  >/n  +  m^x  +  yp=^  mA  -f  yp, 
jy  Vn  =  (27na;  +  2yp)  VD  +  Q  +  a;  (m«a?  +  yp) 
=  im^'ai^  +  y^  +  xyp  +  (2m«  +  2s!p)  VS 

1  2m 


and  the  value  of  0  thus  is 

^  ^  "^   -4»  +  (2m-l)y» 

=  ^[^.  +  (L-l)y]  ^^"*'*  +  2(P)  [^'  +  (2»i - 1) y']  +  (2»»'  -  2m) [^'  +  .Ipy  (a;  +  2Va)]}, 

where  the  expression  in  {  }  is 

=  (2m«-m)^(^«  +  y») 
+  yp  {^•  +  (2m -  l)f  +  (2m«- 2m)  A(x  +  2>/D)}. 

Here  the  coefficient  of  yp  is  =  (2m*  —  m)  (A^  +  y') ;  in  fact  we  have  identically 

^«  +  y'-2il  v^=0, 
and  thence 

(2m»-3m  +  l)(^»  +  3/*)-2(2m-l)(m-l)^Va=0, 
that  is 

(2m«-m-l)^»  +  (2m»-3m  +  l)y«-(2m-2)^  {-A +  (2m-l)\/n}  =  0; 
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or  _ 

(2m«-m-l)il«  +  (2m«-3m  +  l)y»-(2m«-2iii)^(a:  +  2Vi3)  =  0, 

and  therefore 

^t  +  (2m  - 1)  y«  +  (2m»  -  2m)  il  (a?  +  2Vn)  =  (2m«  -  m)  (il«  +  y»). 

Hence  the  term  in  {  }  is 

=  (2m«  -  m)  (il«  +  y»)  (il +yp) ; 

or,  what  is    the   same    thing,  it    is  =  (4m'  —  2m)  A  */D  (A  +  yp).     Hence,  restoring   for 
il*  +  (2m-l)y'  its  value  2mB,  we  find 

or 

V      2m- 1,^  .      , 

But  writing  Ui,  U,  to  denote  the  values  corresponding  to  +  ^^D,  —  VD   respectively,  we 
have 

IT  =  F  +  e  Va  +  ^  = -ig  (2Q'D  +  QD' +  2P'Vn). 
IT. IT,  —  ^^  {(2Q'D  +  QD?  -  4^*0}, 


and  thence 


But  we  have 


and  thence 


and  moreover 
where 


u;  tr, = i"  -  (^a  =  a,a,  (£Ar->, 


B,£.  =(nw»  +  y')'-D  =  y»{2^  +  (2'n-l)^}; 
and  we  thence  find 

=    (2m  -  ly  A,A,  (Afl.)"—  yMy  (i**  - 1) + 2»wyl 

=  -  (2m  -  1)»  y»»-»  ly  +  (2m  - 1)  a!*]~-»  {y  (;)•  -  1)  +  2map}. 
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Hence,  the  derived  equation  being 

(?  {(2Q'n  +  QDy  -  4P'»n}  =  o, 

the  last  preceding  equation  becomes 

Q»  Qym-i  jys  +  (2m  -  1)  j:«}«^  {y  (p*  - 1)  +  2tiw3)}  =  0. 

Here,  besides  the  &ctor  Q^  corresponding  to  the  nodal  curve,  and  the  £Bu;tor  D 
corresponding  to  the  cuspidal  curve,  we  have  the  factors  y**"^  and  {y*  +  (2m  — l)a:*}'**^; 
and,  rejecting  all  these,  the  differential  equation  in  its  reduced  form  is 

y(p»-l)  +  2ww?p  =  0; 

and  the  required  verification  is  effected.     The  occurrence  of 

Q2  Oym-i  {y»  +  (2m  -  1)  a^}"^ 

as  a  &ctor  in  the  complete  derived  equation  would  give  rise  to  some  further  investi- 
gations, but  I  will  not  now  enter  on  them. 

I  remark  however  that  if  m  =  l,  viz.  if  the  integral  equation  be  const.  =a«  +  V^  +  y*, 
or  say  z^w  +  '^a^-^-y*,  or,  what  is  the  same  thing, 

^  -  2zx  -  y»  =  0, 
then  observing  that  y'  +  (2m— l)a:*  is  here  s=a:*+y*  which  is  =  D,  so  that 

D  {y»  +  (2m -  l)iB»}«»->  =  D  .  n-»  =  1, 
the  differential  equation  in  its  complete  form  is 

y(p«y+2pa?-y)  =  0; 

80  that  we  have  here  the  &ctor  y  which  divides  out.  The  last-mentioned  result  is 
most  readily  obtained  directly  from  the  equation 

n  =  (2»  (20^0  +  (207- 4P'«D  =  0, 

which  is  the  derived  equation  corresponding  to  the  integral  equation  z^P  +  Q VD. 
We  in  &yct  have  P  =  d?,  Q  =  l,  D=s«"  +  y*,  and  the  derived  equation  thus  is 

(a?  +  yp)«-(aj»  +  y»)  =  0, 
that  is,  y(|>*y  +  2paj-y)  =  0. 

I  mention  also,  in  connexion  with  the  foregoing  investigation,  the  integral   equation 

£:  =  a?+VaK»-y»,  or  z^-izx-a^  ^  y^  =  Q, 

for  which  the  derived  equation  in  its  complete  form  is 

(2a?-yp)«-(2a;»-y»)  =  0, 

or,  what  is  the  same  thing,  y*^  —  4a3yp  +  2a^  +  y*  =  0,  and  for  which  therefore  there  is 
no  &ctor  to  divide  out. 
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VII. 

The  conies  confocal  with  a  given  conic  form  a  system  similar  in  its  properties  to> 
that  of  the  curves  of  curvature  of  a  quadric  surface;  and  the  theory  of  the  last- 
mentioned  system  may  be  studied  by  means  of  the  system  of  confocal  conies.  Consider 
then  the  equation 

a^'hz^b'  +  z       ' 

which,  if  ^  be  an    arbitrary  parameter,  belongs  to  the   conies  confocal   with  the  ellipse 

— +  ^  =  1.    Treating  ^  as  a   coordinate,  the  equation  represents  a  sur&ce  of  the  third 

order,  which  is  such  that  its  section  by  any  plane  parallel  to  the  plane  of  xy  is  e^ 
conic;  and  the  confocal  conies  are  the  projections  on  the  plane  of  xy,  by  lines  parallel 
to  the  axis  of  z,  of  the  sections  of  the  surfistee. 

The  sections  by  the  planes  of  zx,  zy  are  the  parabolas  a^^z  +  a?  and  y*  =  ^  +  6* 
respectively.  When  z>~h^,  the  ordinates  in  each  parabola  are  real,  and  these  ordinates 
give  the  semiaxes  of  the  elliptic  section.  When  z  >  —  a^  <  ^  l^,  then  only  the  parabola 
section  in  the  plane  of  zx  has  a  real  ordinate,  and  the  sections  are  hyperbolic;  and 
when  z<^a^,  the  section  is  altogether  imaginary.  The  section  in  the  planes  £:=:  — 6* 
is  the  pair  of  coincident  lines  ^"  =  0,  ^  =  —  6*,  and  the  section  in  the  plane  z  =  — a'  is 
the  pair  of  coincident  lines  2:  =  — a',  a;*  =  0;  or,  in  other  words,  the  plane  z  +  l^  =  0 
touches  the  surface  along  the  line  y  =  0,  and  the  plane  z  +  a'^^O  touches  the  surfisure 
along  the  line  ^  =  0:  this  at  once  appears  from  the  integral  form 

(z  +  a^){z  +  b')-a^{z  +  b')-f(z  +  a'')^0. 

The  points  (^  =  -6«,  y  =  0,  a:=±Va'-6»)  and  (z  =  —  a\  a?  =  0,  y  =  ±  V^  — a»)  are  conical 
points;  the  last  two  are  however  imaginary  points  on  the  surfisu^e.  To  find  the  nature 
of   the   surface  about    one    of   the  first-mentioned    two  points,   say   the   point   (^  =  — &•„ 

y  =  0,  fl?  =  Va'  —  6^),  taking  this  point  for  the  origin  and  writing  therefore  Va*—  6*  +  a?,  y 
and  —  6*  +  ^  in  the  place  of  x,  y,  z  respectively,  the  equation  becomes 

that  is 

z*'-2zx »Jo^1j^ - (a« -  6«) y2 -  ^(ir»  +  y*)  =  0 ; 

so  that  there  is  a  tangent  cone  the  equation  whereof  is 


or,  as  it  may  be  written, 


{z  ^x^a^-b^y-ia^^  6')(«"  +  y«)  =  0. 
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of  an  ellipsoid,  and  taking  a,  0,  7  as  the  coordinates  of  the  umbilicus,  and  0  as  the 
inclination  to  the  axis  of  x  of  the  tangent  to  the  principal  section  through  the 
umbilicus,  then  transforming  to  the  umbilicus  as  origin  and  the  new  axes  through 
that  point,  viz.  the  axes  of  x,  z  being  the  tangent  and  normal  in  the  plane  of  ac, 
and  the  axis  of  y  being  at  right  angles  to  this  (or  in  the  direction  of  (),  the  equation 
becomes 

{a+xcoBB  —  zsaxifff     y*     (7  —  a;  sin  ^  —  *  cos  ^)*  _  ■• 

or.  expanding. 

^,(c^.^^^^g^^(s^.^c^^_^,^,^,(I_I)^,_ 


But  we  have 


=  a  A/ ,    7  =    y » 


and  thence 


tan  0  =  — ; , 


.    >,     c  Va»  -  6«      c  ^     a'^b^  —  c^      a 

sin  ^  =  — ,  =  r-  «>     cos  ^  =  4    , =  r-  7 ; 

b V^3^     ba   '  h^/a?^(^     be" 


and  substituting  these  values,  the  equation  becomes 

oa     6»     6»  a^b^c^  ¥ca 

or,  what  is  the  same  thing, 

^=y,-K^  +  y')  +  ji^^a'--6'v6>-c»^^  + ^^ ^; 


whence  approximately 

and  thence  to  the  third  order  in  x,  y, 

ca   ^  ,  ^       ^^  .  ca 


z  =  ^.i(^  +  y»). 


z  =  ^-h(<^  +  ^)  +  ^'^^^^^-^^<^*-'^''(^  +  f)' 


which  is  of  the  form  in  question. 


5.  Downing  Terrace,  Cambridge,  November  2.  1863. 
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the  equations  of  the  four  conies  are 

It  is  in  £etct  easy  to  verify  directly  that  each  of  these  conies  passes  through  the  three 
given  points ;  but  the  equations  may  also  be  exhibited  in  the  form  proper  for  putting 
this  in  evidence.     Putting  for  shortness 

^'l-l  ^-M.  ^-M' 

the  equations  of  the  sides  of  the  triangle  formed  by  the  given  points  are  X  =  0,  T=O,Z  =  0, 
and  the  foregoing  equations  of  the  four  conies  may  be  expressed  in  the  form 

(-b^-ch''  +  ifgh)TZ+  b^.ZX+  <*».XF=0, 

af*.7Z  +  (-di*-af*  +  2/gh)ZX+  cA».ZF=0, 

af*.YZ+  bsl*.ZX+(-af*-bf  +  2/gh)XT=0, 

(-bf-ck'  +  2fgh)7Z  +  (-  ch*  -  a/^  +  2fgh)ZX  +  (-  a/*-b(l*  +  2fgh)XT=0. 

which  is  the  required  form. 

Cambridge,  November  28,  1863. 
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332. 


ANALYTICAL    THEOEEM    EELATING    TO    THE    SECTIONS    OF    A 

QUADEIC    SUEFACE. 

[From  the  Philosophical  Magazine,  vol  xxvn.  (1864),  pp.  43,  44.] 

The  four  sections  a?  =  0,  y  =  0,  2:  =  0,  w  =  0  of  the  quadric  surface 

CUB*  +  fty"  +  6ajy  VoS  —  c-e*  —  dtu^  =  0 
are  each  of  them  touched  by  each  of  the  four  sections 

where  it  is  to  be  noticed  that  the  radicals   V2a,  V2S  are   such   that  their  product  is 

=  2Va6  if  Va6  be  the  radical  contained  in  the  equation   of  the   sur£Eu^.    There  is  of 

course  no  loss  of   generality  in  attributing  a  definite    sign    to    the    radical    A/2a;    but 

upon  this  being  done,  the    sign  of  the  radical   V26  is  determined,  whereas  the   signs 

of  Vc^  and  V5  are    severally  arbitrary.     We   may  if  we   please  write    the   equation    of 
any  one  of  the  last-mentioned  sections  in  the  form 

a?  V2a +  y  V26  + -gr  Vc  + w  ^5"=  0, 

it  being  understood  that  the  radicals  V2a,  V26  have  each  a  determinate  sign,  but  that 
the  signs  of  Vc  and  Vci  are  each  of  them  arbitrary. 

To  prove  the  theorem  in  question,  it  is  enough  to  show  (1)  that  the   sections  ^  =  0, 

«V2a  +  y  V26  +  x:Vc  +  wV3=0;    (2)    that   the    sections    z^O,  iCA/2a  +  y  V26  +  w  V5=0, 
touch  each  other. 
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1.  The    sections    a?  =  0,   d?V2a  +  y  >/26  +  -?  Vc  + w  Vd  =  0    of    the     quadric     surface 

cwb"  +  iy"  +  6xy  'Jab  —  c-c*  —  dw^  =  0    will    touch    each   other    if,  combining    together    the 
equations 

a?  =  0,    y'J^'\'Z'Jc'{'W'Jd^O,    b}^-CJ^-du^-0, 

these   give    a   twofold   value  (pair   of   equal    values)    for   the  ratios   y  :  z  :  w.    We   in 
feet  have 

=  -  6y»  -  2c««  -  2yi:  V26c, 
=  -(yV6  +  2:V2c)«; 

and  the  right-hand  side  being  a  perfect  ^uare,  the  condition  of  contact  is  satisfied. 

2.  In  like  manner  we  have  the  sjrstem 

z  =  0,    a?V2a  +  y  V^  +  wV3  =  0,    cM^+6y«  +  &iiyVa6-dti;*  =  0, 

which  gives 

aa^  +  bj^  +  6ay  */ab -- dfi/' 

=     aa^-^hf'\'Qay'fcb-{x>Jia-¥y'J^y, 

=  —  cue*  —  iy"  +  2ry  Va6, 

^'-{x'Ja—y  Vty ; 

and  here   also,  the    right-hand  side  being  a  perfect  square,  the   condition  of  contact  is 
satisfied. 

Cambridge,  November  28,  1863. 
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which  curve  is  in  feet  an  excubo-quartic, — viz.  a  quartic  curve  the  partial  intersection 
of  a  quadric  surfece  and  a  cubic  surfex^,  having  in  common  two  non-intersecting  right 
linea  To  show  that  this  is  so,  I  remark  that  the  coeflScients  a,  b,  c,  d,  e,  quk  linear 
functions  of  the  four  coordinates,  satisfy  a  linear  equation  which   may  be  taken  to  be 

this  being  so,  the  first  form  shows  that  the  curve  in  question  lies  on  the  quadric 
surfisu^e 

ac-b"  +  i(ad-  6c)  +  ^  {a£  +  2bd  "  S<f)  +  ^  (be  -  cd)  +  ce  -  d^  =^0, 

or,  as  this  equation  may  also  be  written, 

c(a-i6-ic-i(i  +  c)-6«  +  iad+i(a6+26(i)  +  ite-(P  =  0. 
Substituting  for  c  its  value,  this  equation  is 

-  (a  + e  +  6 +d)  (f  a  +  f  e)  -  6*  +  i  od +'H^  +  26{i)  +  i  te- (P=  0, 
or,  what  is  the  same  thing, 

9(a  +  c  +  6  +d) (a  +  e)  +  6  (6»  +  #)-  3  (ad  +  be)-{ae+2bd)  =  0. 

Hence,  finally,  the  equation  of  the  quadric  surfece  is 

9a^+l7ae  +  9c»  +  66«  -  2W  +  6(?  +  9a6  +  9de  +  6a<i  +  6te  =  0 ; 

and  the  curve  lies  also  on  the  cubic  surface 

ocP  —  6«e  =  0. 

It  only  remains  to  show  that  these  surfaces  have  in  common  two  right  lines,  and 
to  find  the  equations  of  these  lines. 

The  cubic  surface  is  a  skew  surface  or  *'  scroll "  such  that  the  equations  of  any 
generating  line  are  cJ  —  66  =  0,  e  —  ^a  =  0,  where  0  is  an  arbitrary  parameter.  But 
considering  the  two  lines 

the  general  equation  of  the  quadric  surface  through  these  two  lines  may  be  written 

A  .  (d''0,b)(d''0^b) 
+  5  .  (e  -  Bi^a)  (e  "  e^^a) 
+  C  .   (d''0^b)(e'-0^a)  +  (d''0jb)(e''0^*a) 


333]      DEVELOPABLE  FROM  THE  EQUATION  (a,  &,  C,  d,   e$«,  l)*  =  0.       137 

or,  expanding  and  reducing, 

+  B{  ^  -(^i"  +  ^,0  ea  +  0i%W} 

+  C  {2(fo  -  W+  ^,0  ad-{0i-\-0f)  be-^0A(0i  +  0t)ah} 

which,  if  ^1,  ^,  are  the  roots  of  the  equation  ^  —  ^^+1  =  0,  and  therefore  ^x  +  ^a  =  i^ 
0i0t^h  and  ^i*  +  ^a*=-Jf,  is 

+  i)(  i  od-    be-    a6)  =  0. 

Putting  ^=6,  B  =  9,  (7  =  1,  2)  =  -J^,  this  is 

9  (  a«+V-««  +  ^) 
+  6  (  6«  -  i  6d  +  d») 

+  i  (ia6+  2  de  +  ^ad-^be) 
+  ^(  ab  -  i  od  +    6e)  =  0, 

which  is  the  before-mentioned  quadric  surfia^ce ;  hence  the  quadric  sur£Etce  and  the  cubic 
surfjEu^e  intersect  in  the  two  lines 

(where  0i,  0^  are  the  roots  of  the  quadric  equation  ^— J^i  +  1=0);  and  they  con- 
sequently intersect  also  in  an  excubo-quartic  curve,  which  is  the  theorem  required  to 
be  proved. 

Blackheath,  March  26,  1864. 


C.    V. 
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334. 


NOTE    ON    THE    THEORY    OF    CUBIC    SURFACES. 


[From  the  Philosophical  Magazine,  vol.  xxvii.  (1864),  pp.  493—496.] 

The  equation 

where  X+T+R  +  S+T=0,  represents  a  cubic  surfiBu^e  of  a  special .  form,  viz.  each  of 
the  planes  i2  =  0,  /Sf  =  0,  7  =  0  is  a  triple  tangent  plane  meeting  the  surfiu^  in  three 
lines  which  pass  through  a  point  Q);  and,  moreover,  the  three  planes  AX*  +  BT*  =  0  are 
triple  tangent  planes  intersecting  in  a  line.  It  is  worth  noticing  that  the  equation  of 
the  surface  may  also  be  written 

cw:*  +  ty*  +  c  (w»  +  v»  +  tv^)  =  0, 

where  x  +  y  +  u+v  +  w^O.  In  fact,  the  coordinates  satisfying  the  foregoing  linear 
equations  respectively,  we  have  to  show  that  the  equation 

ilZ»  +  J5F»  +  6Ci2iSr=  cw;»  +  6y»  +  c  (u»  + 1;»  + 1(;») 

may  be  identically  satisfied.    We  have 

aa^  +  by^  +  c  (u^  +  v^  +  ttf) 
=  (w;'  +  6y'  +  c[(w  +t;+w)*  — 3  (v  +  w){w  +  u){u-\-v)] 
=  cur*  +  iy*  —  c  (x  +  yY         —  3c  {v  +  w)  (w  +  u)  (u  +  v), 

^  The  tangent  plane  of  a  sorfaoe  interseots  the  surface  in  a  carve  haying  at  the  point  of  contact  a 
donble  point,  and  in  like  manner  a  triple  tangent  plane  interseots  the  surface  in  a  curve  with  three  double 
points,  viz.  each  point  of  contact  is  a  double  point;  there  is  not  in  general  any  triple  tangent  plane  such 
that  the  three  points  of  contact  come  together,  or  (what  is  the  same  thing)  there  is  not  in  general  any 
tangent  plane  intersecting  the  surface  in  a  curve  having  at  the  point  of  contact  a  triple  point.  A  sorfaoe 
may,  however,  have  the  kind  of  singularity  just  referred  to,  viz.  a  tangent  plane  intersecting  the  surface  in 
a  curve  having  at  the  point  of  contact  a  triple  point;  such  tangent  plane  may  be  termed  a  *tritom*  tangent 
plane,  and  its  point  of  contact  a  *  tritom  *  point :  for  a  cubic  surface  the  intersection  by  a  tritom  tangent 
plane  is  of  course  a  system  of  three  lines  meeting  in  the  tritom  point.  The  tritom  singularity  is  aibi- 
reciprocal;  it  is,  I  think,  a  singularity  which  should  be  considered  iu  the  theory  of  reciprocal  surfaces. 
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which  is  to  be 

and  we  may  find  X,  F,  R,  S,  T,  linear  functions  of  x,  y,  Uy  v,  w,  so  as  to  satisfy  these 
equations,  and  so  that  in  virtue  of 

x  +  j/  +  u  +  v  +  w  =  0, 

we  shall  have  also  X+  T+  R  +  S -^ T^ 0.    For,  assuming 

ilZ>  +  jBF»  =  flw;*  +  6y»  -  c  (a?  +  y)», 
Z  +  F    «  a?  +  y, 
JB  =:  ^  (v  4-  w),    (7  =  -  4c, 

T  =i(w+t;), 

we  have  identically 

ilZ»  +  JBF»  +  6CJiSfr=a^  +  6y»-.c(a?  +  y)»-3c(v  +  w)(t«;  +  tt)(u  +  t;), 
Z  +  F+i2  +  i8f  +  T     =a?  +  y  +  M+v+t«;; 

and  thus  it  only  remains  to  show   that  we  can    find  Z,    F   linear  functions  of  x^  y, 
such   that 

ilZ»  +  jBF»  =  aaj»  +  6y»  -  c  (a?  +  y)», 

Z  +    T  =^  X  ■\-  y. 

This  is  always  possible;    in  fact  if 

J7=cui;*H-6y'— c(a?  +  y)*, 

then    taking    ^    for    the    cubicovariant,   and    D    for   the    discriminant    of    27,   we    have 
J(*  +  VDI7'),   J(4>  — VDJT)  each  a  perfect  cube,  say 

\{^'\'^U)^{\x^-fiyy, 

i(<D-Vnr7)=(i/a?+^y)», 
and  we  then  have 

U^^\\x-^fiyr--{vx-^pyr]^AX'-^BY\ 

which  is  satisfied  by 

Z=  l{\x-\-fiy\ 

Y^m{vx  +pyX 


if 


Al'==-^,      Bm*  =  ^    ^ 


18—2 
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The  equation  X  +  T  =  x  +  y  then  gives 

tK  +  mp  =1, 
IfA  4-  mp  =  1, 

which  give  the  values  of  I  and  m,  and  thence  the  values  of  A  and  B;  and  collecting 
aU  the  equations,  we  have 

\p-fiv^      '^^''         vn\  p-v  J 


F  =  - 


\p-fiv^         '^"^  VO\  p-v  J 


R  = 

i  («  +  w), 

8  = 

i(w  +  M), 

T  = 

4(«  +  »). 

(7=:-4c, 


where 

{^,  D  being  respectively  the  cubicovariant  and  the  discriminant  of  J7=  cut^  +  6y*  —  c  («  +  y)*)i 
for  the  formulae  of  the  transformation 

ilZ»  +  fiP  +  60iiSr=  flw;»  +  6y»  +  c  (u»  + 1;»  + 1«;»). 

The  equation  cux^  +  6y*  +  c  (u*  +  v*  +  ti;*)  =  0,  where 

x  +  y  +  u  +  v  +  w  =  0, 

presents  over    the   other  form  the  advantage   that   it  is   included    as  a    particular 

under  the  equation   aa^  +  6y*  +  cw*  +  dv"  +  etu^  =  0    (where   x  +  y  +  u  +  v  +  w^O)   emphje^^zi 

by  Dr  Salmon  as  the  canonical  form  of  equation  for  the  general  cubic  sur£etce. 

5,  Dawning  Terrace,  Cambridge,  April  29,  1864. 
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TABLES  D£   FORMES  QUADRATIQUES. 


Deuxifeme  cas,  D  =  PS',  P  =  3  (mod.  4) 


5=1  (mod  2) 


S=2  (mod.  4) 
8=0  (mod.  4) 


P       P 


P 

^>     —  > 
P 


Troisifeme  cas,  2)  =  2PS*,  P  =  1  (mod.  4) 


i8f=l  (mod.  2) 


5  =  0  (mod.  2) 


m 


Quatrifeme  cas,  2)  =  2PiS*,  P  =  3  (mod.  4) 


5=1  (mod.  2) 


5=0  (mod.  2) 


«€, 


S, 


T7l 

7  >    •  • 


m 


./ » 


m 


J  > 


m 

^/  »  ••• 
P 

m 

7  >     ••• 


m 


V    7'  ••• 

m      fit 
r       r 


m      m 


771         171 

r'    7' 


|w     m      771 

Of  y  "~7    y        .  .  •  • 

r       r 


771 

Z7  >    •• 


771 
7  I     •  •  • 


771 


771 

7' 


771 


./  »    •  •  • 


771 
7' 


771 


Dans    ce    tableau    la    notation    —    dans    laquelle    j'omets    les    parentheses    usi 
signifie  le  caract^re  d'un   nombre  quelconque  771  par  rapport  au  nombre  premier  in 

771 

p,   c.-&-d.    que    771    est   r^du    ou    non    r^sidu    de   p  selon    que    —  =  +  1   ou    =»  —  1 

If 
mdme  i  est  le  caract^re   de  77^  par  rapport  au  nombre  4,  savbir  771  =  1   ou  3  (mo< 

selon  que    S  =  -fl    ou    =  —  1,  enfin    c,   te    sont    les    caract^res    de    771    par    rapport 

nombre  8,  savoir  771  =  1    ou   7   (mod.   8)  pour  6  =  +l,  =3   ou   5  (mod.   8)  pour  €  = 

771  =  1   ou   3   (mod.   8)  pour    Sc  =  + 1,   =6    ou    7   (mod.   8)  pour  Se  =  —  1.     Si  pouj 

determinant  donn^  on  veut   former  au   moyen  de  ce   tableau  les   caract^res  des  ge 

on   prend  la  ligne   horizontale   qui   convieut  k   ce   determinant;    k    tons    les    carac 

— ,   — ,  ...   — ,   -7,  ...  S,  6,  Se  qui  se  trouvent  dans  la  ligne  horizontale,  on  attribuc 

signes  +  ou  —  Jl  volenti,  avec  cette  restriction  cependant  que  le  signe  compost 
signes  qui  se  trouvent  dans  la  premiere  partie  de  la  ligne  dont  il  s'agit  soit  positif 
par  exemple  le  determinant  donn6  est  D  =  —  35,  on  a  D  =  —  35  =  P5*,  P  =  —  35  =  1  (moc 
5  =  1  =  1   (mod.   2),   les   nombres  p,  p', ...    sont   5,   7,   et   les  signes   que    Ton    doit 

771        77L 

siddrer  sont  -f,   -=-.     De  lit  on  obtient  les  caract^res 

5      7 

771       771 
J*     Y 


+ 
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Table  I  des  formes  quadratiques  bioairea  ayant  pour  d^tenninaDts  lee  nombres 
n^gatife  depuis  D  =  -l  juflqu'4  Z)  =  - 100. 


D 

CUBaeH 

o^ja 

, 

fc 

Cp 

n 

ClWMW 

- 

^     S     t 

St 

Cp 

D 

CIUAM 

• 

p\ 

. 

Sf 

Cp 

-     1 

1,       0,      1 

1    kl 

+ 

1 
1 

-20 

1,  0,  20 

2,  0,     5 

3,  1,     7 
3,-1,     7 

+ 

I- 

I        -31 

1.      0,  31 

5,      2.     7 
5,-2,     7 

+ 

+ 

1 

-    2 

I.     0 

li 

1 

d 

-    3 

1.     c 

3 

1 

1 

2,       1 

9. 

+  1 

1 

- 

1 

4,-1,     f 
4.      1,     8 

+ 

a 

-    4 

1.       0 

T 

3,      0,     7 

2,     i7iT 

5,       2,     5 

+ 
+ 

+ 

+ 
- 

+ 
+ 

1 

rf 

1,  0 

2,  1 

6 
3 

^1-^2 

1.      0.  32 
4,      2,     9 
3,      1,  11 
3,  -I.  11 

+ 
+ 

+ 
+ 

1 

-   « 

1,  0 

2,  0 

6 
3 

+  1 

cc, 

- 

-22 

1.  0.  22 

2.  0,  11 

+ 

+ 

_1_ 

^ 

—   7 

1,      C 

7 

+ 

1 

-1 

-3.1 

1,  0,  33 

2,  1.  17 

3,  Cll 
6,      3,     7 

^ 

+ 

+ 

1 

3.      1 

4 

^■ 

a- 

3,       1,     8 
3,  -  I,     8 

+ 
+ 

- 

d 
d' 

trd 

—      + 

-    8 

1,      0 
3,      1 

K 
3 

+ 

+ 

1 

fi 

2,       I.   12 
4,-1,     6 
4,       1.     6 

^ 

1,  U 

2,  1 

5 

+ 

: 

1 

-3< 

1,  0,  34 

2,  0,  17 
5,      1,     7 
T.  -  1,     7 

+ 
+ 

1 

-10 

1,  0 

2.  0 

iO 
5 

+ 

* 

1 

-24 

1,      0,  24 

3,  0.     8 
6,       1,     5 

4,  2,     7 

+ 

+ 

+ 

_1_ 

s 

- 

e 

-U 

1.      0 
3,       1 
3.  -1 

11 
4 
4 

+ 

I 
d 

e, 

1,      0,  35 

4,  1,     9 
4,-1.     9 
3,  -  1,  12 

5,  0,     7 
3,      1,  12 

+ 
+ 

-25 

1,  0.  25 

2,  1,  13 

+ 

+ 

1 

a,       1 

fi 

+ 

a 

'. 

1,      0 
3,      0" 

12 
4" 

+ 

+ 

1 

-26 

1,  0,  26 
3,-1,     9 
3.      1.     9 
5.      2,     6 

2,  0,  13 
5,  ^  2,     6 

+ 
+ 

+ 
+ 
+ 

1 

1 

^ 

2,      1,  18 

6,      1,     6 

+ 

+ 

-13 

1,  0 

2,  f 

13 

7" 

+ 

-*■ 

1 

If 

p 

-36 

1,      0,36 
4,      0,     3 
6,      2,     8 
5,-2,    8 

+ 

+ 

+ 
+ 

-14 

1,  0 

2,  0 

3,    r 

3,  -1 

14 
5 

+ 

+ 

4- 

1 

/ 

«• 

-27 

1,      0,  27 
4,       1,     7 
4,-1.     7 

+ 

d 
d" 

f" 

-37 

1.  0.  37 

2,  1719 

+ 

■'' 

1.      0 

3.      6 

li> 
5 

* 

* 

1 

JL^ 

3,       1.   14 

+ 

<r 

J— 

2,       1 
4,       1 

4 

+ 

*■ 

-^ 

-28 

1,      0,  28 
4,      0.     7 

+ 

+ 

-^ 

-39 

6,      2,     7 
6,-2,     7 
3.      1,  13 

2,  0,  19 

3,  -  1,  13 
1,      0,  39 
3,      0,  13 
5,      1,     » 
5,-1,     8 

+ 

^- 

- 

- 

-16 

1,      0 
4,      2 

16 
5" 

+ 

+ 
+ 

+ 

- 

1 
*1~ 

5,       1,     6 
5,-1.     6 
3,       1,   10 

2,  1,  15 

3,  -  1,  10 

+ 
+ 

^ 

I- 

-17 

1.      0 

17 

+ 

i 

2,  1 

3,  r 

3,  -1 

9 
6 

1 

-30 

1,  0,  30 

2,  0,  15 

3,  0,  10 
5,      0,     6 

+ 
+ 

+ 

+ 

I 

18 

1,  0 

2,  0" 

18 
"~9" 

+ 

+ 
+ 

1 

""l~ 
d 
d' 

2,      1,  20 
6,      3,    8 
4,  -1,  10 
4,      1,  10 

+ 

+ 
+ 

9 

1.      0 
4,       1 

4.  -1 

19 
5 
5 

+ 

ec, 

ff« 

rf 

2,       1 

lU 

+ 

" 
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D 

Claaaee 

a 

P 

a 

f 

ac 

Cp 

Z> 

Classes 

I: 

fi 

a 

f 

a« 

Cp 

D 

Glasses 

a 

P 

a 

e 

ae     Cp 

-40 

1,      0,  40 
4,      2,  11 

+ 
+ 

+ 
+ 
+ 
+ 

+ 
+ 

1 

c 

-50 

1,  0, 
6,      2, 
6,-2, 

3.    i; 

2,  0, 
3.-1, 

,  50 
,     9 
,     9 

+ 
+ 
+ 

+ 
+ 
+ 

+ 
+ 

+ 
+ 
-1- 

1 

9* 

-59 

1,      0,  59 

3,  1,  20 
7,      2,     9 

4,  1,  15 

5,  - 1,  12 
5,      1,  12 
4,  -  1,  15 
7,-2,     9 
3,  -  1,  20 

+ 

+ 
+ 
+ 

T 

-I- 

+ 

-1- 

+ 

+ 
+ 

+ 
+ 
+ 
+ 

+ 
+ 

+ 
+ 

+ 
+ 

1 

• 

5,      0,     8 
7,      3,     7 

Ci 
CCi 

i* 

,  17 

,  25 

17 

9 

f 

jt 

-41 

1,  0,  41 
5,      2,     9 

2,  1,  21 
5,-2,     9 

+ 
+ 
+ 
+ 

1 

-51 

1,      0, 

4,      1, 

4,  -1 

5,  2, 
3,      0, 
5,-2, 

,  51 

13 

>  13 

+ 

+ 

1 

9" 
9" 

9 
9' 

4. , 

3,      1,  14 
6,-1,     7 

6,      1,     7 
3,  - 1,  14 

^^  1 

• 

t 

1 

2,      1,  30 
6,      1,  10 
6,  -  1,  10 

+ 
+ 

— 

,  17 
>  11 

-60 

1,      0,  60 

• 

1 

-42 

1,      0,  42 

+ 
+ 

+ 
+ 

+ 
+ 

1 

c 

2,      1, 
6,      3i 

,  26 
,  10 

+ 

+ 
+ 

^9 

1 

+    + 

1 

3,      0,  20 

2,      0,  21 

e 

1 

4- 

4,      0,  15 

3,      0,  14 

CCi 

-52 

1 

1,      0, 
4,      0, 

7,      2, 

7,  -2, 

.  52 
,  13 

1 

Ci 

+ 

+ 

+ 

^^^^^ 

5,      0,  12 

6,      0,     7 

_^ 

^^^^^ 

CCi 

-43 

1,      0,  43 
4,      1,  11 
4,  - 1,  11 

+ 
+ 
+ 

1 

1 

d 

,     8 
,     8 

e 

1 
9" 

-61 

1,      0,  61 
5,  -2,  13 
5,      2,  13 

-1- 

1 

i 

-53 

1.  0, 
6,  -1, 
6,      1 

3,      1, 

2,  1, 
3,-1, 

,  53 
,     9 
,     9 

+ 
+ 
+ 

4- 
+ 
+ 

+ 

+ 

7,      3,  10 
2,      1,  31 
7,  -3,  10 

2,      1,  22 

+ 

1 
+ 

cr 

1 

9 

-44 

1,      0,  44 
5,-1,     9 
5,      1,     9 

3,  1,  15 

4,  0,  11 
3,  - 1,  15 

+ 
+ 
+ 

+ 
+ 

1 

.  18 
,  27 
,  18 

9 
9" 
9" 
1 

9' 
9* 

1 
1 

-62 

1,      0,  62 
7,      1,     9 
7,-1,     9 

+ 
-I- 
+ 

1 

9" 

— 

9 

9" 

!  — 

-54 

1 
j 

1,  0, 
7,      3, 
7,  -3, 

5,      1, 

2,  0, 
5.  -1, 

.  54 
,     9 
,     9 

1  1 

+ 
+ 

+ 
+ 

+ 

+ 

+ 
+ 

+ 

+ 

— 

+ 

+ 
+ 

-I- 
-f- 

6,      2,  11 
2,      0,  31 
6,  -2,  11 

9 

-45 

1,      0,  45 
5,      0,     9 

-I- 
+ 

+ 
+ 

+ 
+ 

+ 

1 

c 

,  27 
»  11 

9 
9" 

-63 

1,      0,  63 
7,      0,     9 

+ 

1 

2,      1,  23 
7,      2,     7 

Ci 

+    + 

-    + 

«• 

CCi 

-55 

1 

1,      0, 
5,      0, 

7,     i", 

7,  -1, 

,  55 
,  11 

>     8 

+ 

1 

8,      3,     9 
8,-3,     9 

« 

-46 

1,  0,  46 

2,  0,  23 

+ 
+ 

1 

e 

- 

-I- 

+ 

+ 
+ 

+ 
+ 

-1- 
+ 

«» 

e 

2,      1,  32 

8,      1,     8 

4,  -  1,  16" 
4,      1,  16 

+ 
+ 

V 

5,      2,  10 
5,  -  2,  10 

<w' 

2,      1, 
8,      3, 

4,      1, 
4,  -1, 

,  28 
.     8 

»  14 

>  14 

+ 

+ 
+ 

+ 
+ 

+ 
+ 

ir« 

-47 

1,      0,  47 
3,      1,  16 
7,      3,     8 
7,-3,     8 
3,  -  1,  16 

+ 
+ 
+ 
+ 
+ 

1 
/ 

<W» 

-64 

1,      0,  64 
5,      1,  13 

4,  2,  17 

5,  -1,  13 

1 

-56 

i 

1,  0, 

8,      4, 

5,      2, 
5,  -2, 

4,    2"; 

7,      0, 

3,      1, 

2,  -1, 

,  56 

,     9 

1      1 

2,      1,  24 
6,      1,     8 
4,      1,  12 
4,  -1,  12 
6,-1,     8 

+ 
+ 
+ 
+ 
+ 

cr 

-65 

1,  0,  65 
9,      4,     9 

3,      1,  22 
3,  -  1,  22 

5,  0,  13 

2,  1,  33 

6,  -1,  11 
6,      1,  11 

+ 

+ 
+ 

1 

i 

»   12 
,  12 
,  15 

8 

e     , 

c 

ce 

! 

1 

1 

g^ 

-48 

1,      0,  48 

+ 
+ 
+ 

+ 

+ 

1 

19 
►  19 

c 

3,      0,  16 

c 

1 
-;  + 

^A 

7,      1,     7 

-57 

1,  0, 
3,      0, 

2,  1' 
6,      3 

57 

1 
c 

CCi 

ce 

c^ 

4,      2,  13 

1 

CCi 

>  19 

r    29 

+  l~ 

-49 

1.  0,  49 

2,  1,  25 

5,      1,  10 
5,  -  1,  10 

+ 
+ 

+ 
-I- 

— 

1 

e 

r  11 

-58 

1 

1 

1,  0 

2,  0^ 

,  58 
,  29 

-f- 

+ 

1 

c 

1 
1 

C.  V. 


19 
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-66 


^W 


rg5 


re5 


-70 


-71 


-72 


-73 


Clainifii 


fi 


Cp 


1, 
3, 

7, 

7, 

2, 
6, 
5, 

1, 
4, 
_4, 

^ 

8, 
4, 

B, 

3, 

7, 
7, 
3, 

1, 
6, 

5, 
5, 
2, 
3, 

7, 

2, 

5, 
^, 
1, 
3, 
B, 
5, 
5, 
B, 
_3, 

2, 

^>, 
4, 

B, 
B, 

4, 

4, 
B, 

1, 
2, 

7, 
7, 


2, 
-2, 

0, 
0, 

-2, 
2, 

0, 

1, 
-1, 


0, 
2, 

0, 
2, 

1, 

3, 

8, 
1, 


i; 
-1, 

0, 

-1, 

0. 


q, 

0, 

-2, 
2, 
1, 

-1, 

1, 

1, 

-1, 

-3, 

3, 

1, 

-1, 


0, 
1, 

2, 
2, 


66 
22 

10 
10 

33 
11 

14 
14 

67 
17 

IL 
34 

68 
9 

17 
9 

23 
11 
11 
23 

69 
J13 

14 
14 

35 
22 

10 
20 

70" 

35 

14 

71 
24 

9 
15 
15 

9 
24 

36 
12 

18 
10 
10 
18 
12 

19 


73 
37^ 

11 
11 


+ 
+ 

+ 
+ 


+ 
+ 


+ 
+ 


+ 
+ 


+ 
+ 


+ 
+ 

+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 

+ 


+ 
+ 

-I- 
+ 


+ 


+ 
+ 

+ 
+ 


+ 
+ 


+ 
+ 

+ 


+ 
+ 


+ 
+ 
+ 
+ 
+ 
+ 
+ 

T 
+ 
+ 
+ 
+ 
+ 
+ 

+ 

+ 


+ 
+ 


+ 
+ 


1 


e 


e 


ee 


1 
d 

dr- 


^ 


e 


c 


ee 


1 


CCi 


1 
h 


cr 
ah 
frh* 
<rh* 

frh* 


1 


CCi 


1 


e 


-74 


-75 


-76 


-77 


-78 


:r7? 


CUnM 


-80 


1 
3 
9 
9 
3 

5 
6 
2 
6 
5 

1 
4 

4 

7 
3 
7 


2 
6 


1 
5 
5 

7 
4 


1 
9 

6 
6 

2 

7 

3 
3 


1 

2 

3 

6 

1 
5 
8 
8 
6 


2 

8 
4 
4 
8 


1 

9 

3 
3 

5 
4 

7 

7 


0 
1 
4 
4 
1 


1 

-2 

0 

2 

-  1 


0 
1 
1 


3 

0 

-3 


1 


0 
2 


1 

0 

-1 


0 
2 


1, 


1 

0 


0 


0 


0 

1 

-3 
.    3 

-1 


1 
1 
1, 
1, 
1 


0 

1 


0 
2 


2, 
2, 


74 
25 
10 
10 
25 


15 
13 
37 
13 
15 


75 
19 
19 


12 
25 
12 


38 


14 


76 
16 
16 


11 
19 
11 


77 
9 


13 
13 


39 
11 


26 
26 


78 


39 


26 


13 


79 
16 
11 
11 
16 


40 
10 
20 
20 
10 


80 
9 


27 
27 


16 
21 


12 
12 


+ 
+ 

+ 
+ 


-I- 
+ 

+ 
+ 


+ 


+ 
+ 

+ 
+ 
+ 

+ 
+ 


+ 
+ 


+ 

+ 
+ 

+ 

+ 
+ 
+ 
+ 


+ 
+ 


+ 
+ 


/J  a 


+ 
+ 
+ 


+ 


+ 
+ 


+ 
+ 
+ 


+ 
+ 

+ 
+ 


+ 
+ 


+ 
+ 


+ 
+ 


+ 
+ 


+ 
+ 


+ 
+ 
+ 
+ 
+ 


Cp 


1 
ife* 


k 


1 


9 


vg 


1 


9 
9" 


1 


e 


c 


ee 

e^ 


1 


cc, 


1 

/ 
P 
P 
P 


cr 

<^P 
^P 
<rP 


1 


e 


c 
e^ 


ee 
e^ 


-81 


-82 


-83 


-84 


Clainifii 


1. 

9, 

2, 
8. 


0,  81 
3,  10 
3,  10 


2,  17 

1,  41 

2,  17 


1, 
2, 

7, 
7. 


0,  82 
0,  41 


3,  13 
3.  13 


1, 
3, 
9. 
*, 

7, 
7, 

4, 

9, 
3, 

2, 
6, 
6, 


0,  83 

1,  28 
4,  11 
1,  21 
1,  12 

1.  12 

1,  21 

4,  11 

1,  28 


1,42 
1,  14 
1,  14 


-86 


-86 


-87 


1. 

5, 
5, 
3, 
7, 

8, 
8, 


0,  84 
0,  21 


1.  17 
1.  17 


0,  28 
0,  12 


2,  11 
2,  11 


1, 

6, 

2, 

10, 


0,  85 


0,  17 


1,  43 


5,  11 


1. 
6, 
9, 
9, 
6, 

5, 
3, 
2. 
3, 
5, 


0,  86 

2,  15 

2,  10 

2,  10 

2,  15 


2,  18 
1,  29 

0,  43 

1,  29 

2,  18 


1. 

7, 
7, 

8. 
3, 
8. 


0,  87 
2,  13 
2,^13 

1,  IT 

0,  29 

1,  II 


2, 
8, 

8, 

4, 
6, 
4, 


1,44 
3,  12 
3,  12 


1,  22 
3,  16 
1,  22 


+ 
+ 


+ 
+ 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


+ 
+ 

-I- 


/3 


+ 
+ 
+ 


+ 
+ 
+ 


+ 
+ 

+ 

+ 
+ 


+ 
+ 
+ 


+ 
+ 


c^ 


1 
i 


9 


1 
t 


1 

/ 

/ 
/ 
/ 
/ 


^ 
^ 


1 

\t 
F 
\t 

\ 

f 

t 


335] 
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D         Olaaaee 

a 

fi 

d 

e 

dc 

Cp 

D 

Olasaes 

a 

P 

6 

r 

d€ 

Cp 

9* 

D          OlasMS 

a 

/9 

a    e 

..  1 

1 
ac 

Cp 

88 

1,      0,  88 
4,      2,  23 

4- 

+ 

+ 
+ 

+ 

+ 
4- 

T 

+ 
+ 

-t- 

+ 
+ 

+ 
+ 

1 

c 

-92 

1,      0,  92 
9,      4,  12 
9,  -  4,  12 

+ 
+ 
+ 

4- 
+ 

+ 
+ 

+ 
+ 
+ 
+ 

+ 
4- 
+ 
+ 

+ 
+ 
+ 

+ 
+ 

+ 
+ 
+ 
+ 

-96 

1,     0,  96 

4,  2,  25 

5,  2,  20 
5,  -  2,  20 

+ 
+ 

+ 
+ 

T 

4- 

+ 
+ 
+ 
+ 
+ 
+ 
4- 

+ 

+ 
+ 

+ 

4- 

4- 
+ 

+ 

+ 
+ 

+ 
4- 

+ 
4- 

1 

8,      0,  11 
8,      4,  13 

Ci 

e 

3,  1,  31 

4,  0,  23 
3,  - 1,  31 

9 

«» 

89 

1,  0,  89 
9,      1,  10 
5,      1,  18 

2,  1,  45 
5,  - 1,  18 
9,  - 1,  10 

+ 

+ 
4 
+ 
+ 

1 

3,     0,  32 
11,     5,  11 

c 

-93 

1,     0,  93 

+ 
+ 

1 

7,     3,  15 
7,  -  3,  15 

ce 

3,     0,  31 

c 

c^ 

2,     1,  47 

Ci 

-97 

1,  0,  97 

2,  1,  49 

1 

6,      3,  17 

CCi 

«» 

3,      1,  30 
7,  -3,  14 
6,  - 1,  15 

6,  1,  15 

7,  3,  14 
3,  - 1,  30 

m 

-94 

1,  0,  94 
7,     2,  14 

2,  0,  47 
7,-2,  14 

+ 
+ 
+ 
+ 

1 

7,     1,  14 
7,-1,  14 

e 

-98 

1,  0,  98 
9,      1,  11 

2,  0,  49 
9,-1,  11 

+ 
+ 

+ 

+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 

1 

5,      1,  19 
10,     4,  11 
10,-4,  11 

5,-1,  19 

• 

• 

90 

1,      0,  90 
9,      0,  10 

+ 
+ 

+ 
+ 

+ 
+ 

1 

3,      1,  33 
6,      2,  17 
6,-2,  17 
3,  - 1,  33 

• 

7,      1,  13 
7,  - 1,  13 

e 

•■ 

-95 

1,     0,  95 
9,-2,  11 
5,     0,  19 
9,     2,  11 

4- 
+ 
+ 
+ 

+ 
+ 
+ 
+ 

1 

9 

2,      0,  46 
6,      0,  18 

9,  -3,  11 
9,      3,  11 

c 

-99 

I 

1,     0,  99 
4,  - 1,  25 
4,     1,  25 

+ 
+ 
+ 

1 

ce 

1 

9' 
9' 

3,      1,  32 
8,     3,  13 
8,-3,  13 
3,  - 1,  32 

• 

* 

»» 

9" 

5,     1,  20 
9,     0,  11 
5,  - 1,  20 

g 

91 

1,      0,  91 
4,      1,  23 
4,  - 1,  23 

+ 
+ 

+ 

f 
f 

2,     1,  48 

8,     1,  12 

10,     5,  12 

8,  -- 1,  12 

6,     1,  16 
4,  - 1,  24 
4,     1,  24 
6,  - 1,  16 

2,     1,  50 

+ 

cr 

5,  -2,  19 
7,      0,  13 
5,      2.  19 

9 
9" 

10,      1,  10 

^9 

-100 

1,     0,  100 
4,     0,  25 

+ 
+ 

1 

2,      1,  46 

frg 

of 

8,     2,  13 
8,  -  2,  13 

e 

10,      3,  10 

f? 

1 

1 
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TABLES   DB   F0RHB8    QtTADRATIQITBS. 


[885 


\  qnadratiques  binaires  ayaiit  pour  d^terminantB  lea  nombm  poaitifi 
non-caiT^  depuis  D-^i  jusqu'i  i)»99. 


D 

OlUMi 

■ 

* 

• 

j< 

Op 

Ffriodes 

2 

1,  0,  -  2 

+ 

1 

1,  1,  -  1,  I,   1 

3 

1,  0,  -  3 

+ 

* 

1 

I,  1,  -  2,  1,  I 

^I'^'      I 

-  1,  I,  2,  .,  -  1 

+ 

1,  *  -  1.  ■,   1 

2.  1,  -  2 

+ 

IT 

2,  1,  -  2,  1,  2 

* 

—^ 

1.  ■.  -  2,  ^  1 

-  I,  0,      6 

- 1,  ■,  2,  ■,  -  1 

' 

1,  0,  -  7 
- 1,  0,      7 

+  1 
-1 

+ 

_1_ 

1,  1,  -3,  1,  2,  1,  -3,  ,,  1 
- 1,  *  3.  1,  -  2,  1,  3,  ^  -  1 

-  1,  0,       8 

1 

+ 

+ 

+ 

_1_ 

H-4,*l 
-  1,  »  4,  I,  -  1 

10 

2,  0,  -  5 

-1 

■*■ 

1 

1,  ■,  -  1,  ■,  1 

2,  1,  -  3,  1,  3,  1,  -  2,  ..  3,  ^  -  3,  1,  2 

11 

-  1,  0,      11 

+ 

- 

+ 

1 

1,  I  -  2,  J,  1 
-  1,  ■,  2,  1,  -  1 

+ 

"*■ 

1 

1,  ^  -  3,  ^  1 

-  1,  0,      13 

- 1,  ■,  3,  ^  -  I 

+ 

1 

l,.,-4,^3,^-3,^4,^-l,^^,■,-i,^s,l,-^,^l 

2,  1,  -  6 

+ 

r 

2,  i  -  2, 1  2 

-  1,  0,      U 

+ 

+ 

+ 

"*" 

1,  ^  -6,  *  2,  ^-5,n  1 

e 

- 1,  4  6,  1  -  2,  ^  5,  4  -  1 

15 

1,  0,  -  15 
- 1,  b,      15 

2,  1,  -  7 
-  2,  i,      7 

+ 
+ 

+ 
+ 

H-6,  M 

c, 

- 1,  .,  6,  ^  -  1 

2.  t  -  3,  ^  2 

-2,  ^  3,  3,  -3 

17 

I,  0,  -  17 

+ 

1 

1,  <,  -  1,  <,  I 

2,  1,  -  8 

1,  0,  -  18 

-  1,  0,       18 

+ 

(r 

2,  t  -  4,  1,  4,  n  -  2,  1,  4,  1,  -  4,  ^  2 

18 

* 

+ 

1 

1,  <,  -  2,  ^  1 
-  1,  '.  2,  ^  -  1 

I» 

1,  0,  -  19 
-  1.  6,      19 

+ 

+ 

1 

1,  ^  -  3,  ^  5,  .,  -  3,  ^  6,  1,  -  3,  ^  I 
-  1,  ^  3,  ■,  -  5,  s,  2,  ^  -  5,  1,  3,  t  -  1 

20 

1,  0,  -  20 
-  1,  6,      20 

"*" 

+ 

1 

1,  •,  -4,  ^  1 
-  1,  1,  4,  ^  -  1 

21 

-  1.  0,      21 

+ 

+ 

1 

1,  ^  -  5,  i,  4,  ^  -  3,  ^  4,  1,  -  6,  ^  1 
-  1,  ^  5,  ,,  -  4,  1,  3,  ^  -  4.  1,  5,  4  -  1 

2,  1,  -  10 
-  2,  1,      10 

+ 

+ 

2,*  -6,^2 
-  2,  >,  6,  J,  -  2 

1.  0,  -  22 
-  1,  0,      22 

*i 

+ 

_1_ 

1,  t  -  6,  1,  3,  4,  -  2,  .,  3,  4  -  6,  k  1 
-  1,  ^  6,  I  -  3,  V  2.  i,  -  3,  1,  6,  4  - 1 

23 

1,  0,  -  23 
-  I.  6,      23 

+ 

+ 

- 

_1_ 

1,  *  -7,  .,  2,  1,  -7,  t  1 
-  1,  *  7,  4  -  2,  4  7,  4  -  1 

U 

1,  0,  -  24 
- 1,  0,      24 

+ 
+ 

+ 

+ 

+ 

1 
atii 

1,  <,  -  8,  4  1 
-  1,  «,  8,  •,  -  1 

3,0,-8 

3,  ^  -  5,  ^  4,  4  -  6,  ■,  3 

-3,0,      8 

-  3,  3,  5,  1,  -  4,  I,  5,  s,  -  3 

385] 


TABLES  DB   TOBMS8  QUADBATIQUIS. 


D 

Ctusea 

. 

.|. 

<    Sf 

Cp 

P^riodea 

26 

1 
2 

0,-26 
0,-13 

+ 

+ 

1 

1.  •,  -  1,  •,   1 

2,  t  -5,  1,  6,  ^  -2,  4  6,  1,  -6,  ^  2 

27 

1 
-1 

0,-27 
0,     27 

+ 

+ 

I 

H-2,  .,  1 

-  1,    S,    2,    5,    -  1 

2U 

1 

-I 

1 

0,-28 
0,     28 

+ 

+ 

1 

1,  J,  -3,  ^  4,  i,  -3,  .,  1 
-1,  .,  3,  *  -4,  *  3,  ^  -1 

29 

0,  -29 

+ 

1 

1, 6,-4,  B,  5,  I, -5,3,4,  »,  -1,8,  4,  3,  -6,  I,  6,  >,  -4,  B,  1 

2 

1,-U 

+ 

cr 

-1,  .,  4,  j.-5,^6,  ^-4,^l,•,-4,l,6,^, -5, 1,  4,.,  -1 

30 

1 
-1 

2 
-2 

0,-30 
0,     30- 

+ 

+ 

J 

1,  «,  -5,  •,  1 
-1,  !,  5,  J,  -1 

0,-16 

2,  t,  -7,  .,  3,  .,  -7,  t,  2 

0,     15 

-2,  *,  7,  3,  -3,  3,  7,  *,  -2 

31 

1 
-I 

0,-31 
0,     31 

+ 

+ 

1 

1,  .,  -6,  1,  6,  ^  -3,  3,  2,  t,  -3,  .,  6,  1,  -6,  s,  1 
-1,  3,  6,  1,  -5,  i,  3,  3,  -8,  3,  3,  ^  -6,  I,  6,  3,  -1 

32 

1 
-1 

0,-32 

+ 

+ 
+ 

1 

1,3,  -7,  .,  4,  !,  -7,  ^  1 

0,     32 

-1,  3,  7,  I,  -4,  i  7,  3,  -1 

33 

1 
-1 

-2 

0,-  33 
0,     33 

* 

+ 

1 

1,  3,   -  8.   1,    3,  8,   -  8,  3,    I 
-1,  3,    8,   3,   -3,  3,    8,  3,    -1 

1,  -16 

+ 

+ 

^ 

2,  3,  -  4,  3,  6,  3,  -  4,  3,  2 

1,     16 

-2,  3,  4,  3,  -6,  3,  4,  3,  -2 

34 

1 
-1 

3 
-3 

0,-34 

0,     34 

-1,-11 

-1,     11 

+ 

* 

1,  3,  -  9.  ^  2,  4,  -  9,  I  I 
- 1,  3,  9,  t  -  2,  3,  9,  .,  -  1 

3,  3,-3,  t  6,  i  -5,  3,  5,3,  -6,  I  3 
-3,  3,  3,  ^  -6,  *  6,3,  -5,  3,6,  ^  -3 

35 

1 
-1 

-2 

"i 

3 

3 

0,-35 

0,  36 
1,-17 

1,  17 

+ 
+ 

+ 
+ 

+ 

I 
cc, 

1,  3,  -  10,  3,   1 
-1,  3,  10,  ^  -1 

2,  3,  -5,  3,  2 
-2,  3,  6,  3,  -2 

37 

0, -S7 

1,  -  12 

-1,-12 

+ 

d 

d' 

1,    ■,    -  1,    3,    1 

3,  i  -  7,  3,  4,  3,  -  3,  3,  7,  3,  -  4,  3,  3 
-3,  3,  7,  J,  -4,  3,  3,  3,  -7,  n  4,  3,  -3 

2 

1 

-1 

1,-18 

+ 

a 

2,  3,  -6,  1,  6,  3,  -2,  3,  6,  1,  -6,  3,  2 

38 

0,-38 
0,     38 

+ 

* 

_i_ 

1,    3,   -  2,   3,    I 

-  1,  3,  2,  .,  -  1 

39 

I 
-1 

2 
-2 

0,-39 
0,     39 

+ 

+ 

+ 

1 

1,3,   -3,   3,    1 
-1,   3,    3,   ^   -1 

1,-19 

2,  3,  -  7,  I,  6,  s,  -  6,  8,  6,  3,  -  7,  3,  2 

1,     19 

-2,  ^  7,  .,  -6,  3,  6,  3,  -6,  3,  7,  3,  -2 

40 

1 
-1 

3 
-3 

0,-40 
0,     40 

+ 

+ 

+ 
+ 

1 

1,  <,  -4,  3,  1 
-  1.  ■,  4,  ^  -  1 

1,-13 

3,  i  -8,  ^  3,  3,  -6,  3,  3 

1,     13 

-3,  3,  8,  ^  -3,  3,  5,  3,  -3 

41 

1 

0,-41 

+ 

1 

1,  ^  -5.  3,  5,  ^  -1,3,  5,  t  -6,  3,  1 

2 

1,-20 

+ 

T 

-1,  3,   5,  s  -5,  3,   1,  3,  -5,3,   6,  8,  -1 

42 

1 
-1 

2 
-2 

0,-42- 
0,      42 
0,-21 
0,     21 

+ 
+ 

+ 

+ 

ce, 

1    3,   -6,    3,    1 

-  1,  3,  6,  «,  -  1 

2,  3,  -3,  .,  2 

-2,  ^  3,  a,  -2 

43 

1 
-1 

0,-43 
0,     43 

+ 

+ 

1 
c 

1,3,-7,^6,3,-3,3,9,3,-2,3,9,3,-3,3,6.1,-7,8,1 

-  1,  4  7, 1,  -  6,  3,  3,  3,  -  9, 3,  2,  3,  -  9,  3,  3,  3,  -  6, 1,  7,  8,  - 1 

TABLES  DB  F0BMB8   QUADBATIQUBa 
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D 

ClagseH 

» 

fi 

s 

• 

s. 

Cp 

Piriodea 

a 

0,-44 

+ 

i- 

1 

1,  •,  -8,  >,  5,  t,  -7,  i,  i,  ^  -7,  I  5,  ^  -8,  ft  1 

0,     44 

-I,  ft  8,  i  -6,  3,  7,  t  -4,  4  7,  ^  -5,  ft  8,  ft  -1 

46 

_i 

0,-45 
0,     45 

+ 

: 

^ 

1,  ft  -9,  ft  4,  ft  -5,  ft  4,  ft  -9,  ft  1 
-1,  ft  9,  ft  -4,  ft  5,  ft  -4,  ft  9,  ft  -1 

_l 

1,-22 

+ 

+ 

tre~ 

2,  ft  -  10,  ft  2 
-2,  ft  10,  ft -2 

46 

_1 

0,-46 

0,    4e 

+ 

+ 

1 

l,ft-10,ft3,ft^7,ftC,ft-5,ft2,ft-6,ft6,ft-7,ft3,ft-10,ftl 
-l.ftl0,4,-3,ft7,ft-6,ft8,ft-2,ftS,ft-6,ft7,ft-3,ftl0,ft-l 

47 

-^ 

0,-47 
0.      47 
0,  -48" 
0,      48 
0,  -16 
0,     16 

+ 

+1 

_l 

1 

1,  ft  -11,  ft  2,  ft  -11,  ft  1 
-1,  ft  n,  ft  -2,  ft  11,  ft  -1 

48 

+ 
■I- 

+  + 

-  + 

+  — 

1 

1,  ft  -  12,  ft  1 
- 1,  ft  12,  ft  -  1 

3,  ft  -  4,  ft  3 
-  3,  ft  4,  ft  -  3 

&0 

0,  -50 

0,  -25 

+ 

+ 
+ 

|- 

1,  I,  -  1,  I,  1 

2,  ft  -  7,  1,  7,  ft  -  3,  ft  7,  1.  -  7,  ft  2 

M 

-1 

0, -51 

+ 

+  +1 

1 

1,   7,   -2,  7,   1 

0,      51 

-  I,  7,  2,  >,  -  1 

0.-17 
0.      17 

-1+ 

3,  ft  -6,  ft  7,  ft  -6,  ft  7,  ft  -S,  ft  3 
-3,  ft  5,  ft  -7,  ft  6,  ft  -7,  ft  6,  6,  -3 

52 

^j 

0.  -52 
0,      62 
0,-53 

+ 

+ 

-f 

1,1,  -3,  ft  9,  ft  -4,  ft  9,  ft  -3,  7,  1 
-1,  7,  3,  ft -9,  ft  4,  ft  -9,  ft  3,  7,  -1 

83 

+ 

1 

1,7, -4,  ft  7,  ft -7,  ft  4, 7, -1,7,  4,  ft -7,  ft  7,  ft -4, 7,1 

1,  -  26 

+ 

a 

3,  7,  -  2.  7,  3 

54 

_; 

0.-54 
0,      54 

+ 

+ 
+ 

+ 

-T- 

1,  7,  -  5,  ft  9,  ft  -  a,  ft  9,  ft  -  6,  7,  1 
-1,  7,  6,  ft  -9,  ft  3,  ft  -9,  ft  6,  7,  -I 

65 

-J 

0,-65 

0,  56 

1,  -  27 
1,      27 

+ 
+ 

*- 

1 

1,  7,  -6,  ft  5,  ft  -6,  7,  1 
-1,  7,  6,  ft  -5,  ft  6,  7,  -1 

3,  7,  -3,  ft  10,  ft  -3,  7,  2 
-2,  7,  3,  ft  -10,  ft  3,  7,  -3 

56 

-j 

0,-56 
0,      56 
2,-13 
2.      13 

+ 

+ 
+ 

+ 

1 

1,  7,  -7,  7.  1 
-  1,  7,   7,  7,  - 1 

4,  ft  -5,  ft  8,  ft  -6,  ft  4 
-4,  ft  6,  ft  -8,  ft  6,  ft  -4 

57 

0,-57 

+ 

+ 

t 

1.  7,-8,  ft  7,  ft  -3,  ft  7,  I,  -8,7,  1 

0,      57 

-1,  7,  8,  ^  -7,  ft  3,  ft  -7,  1,  8,  7,  -1 

2 

1,-28 

1,      28 

+ 

+ 

2,  7,  -  4,  ft  8,  ft  -  6,  ft  8,  ft  -  4,  7,  3 

ire 

-3,  ft  4,  ft  -8,  ft  6,  ft  -8,  ft  4.  7,  -2 

58 

1 
2 

0,-58 
0.  -29 

+ 

+ 

1 

1,  7,  -  9,  ft  6,  4,  -  7.  ft  7, ft  -  6,  ft  9, »,-  1,  ft  9,  ft  -6,  ft  7. ft 
-  7,  ft  0,  ft  -  9,  >,  1 

c 

2,ft-ll,ft3,7,-3,ftll,ft-2,  ftll,  ft-3,  ft3,  ft-U,fti 

59 

1 
-1 

0,  -59 
0,      69 

+ 

+ 

1 

1,   7,   -10,  ft    5,   7,    -2,   7,    6,    ft   -10,   7,    1 

c 

-1,7,    10,  ft   -  5,   7,    2,  7,   -  6,  ft    10,  7,   -  1 

60 

I 
-1 

3 
-3 

0,-60 
0,      60 
0,-20 

+ 

+ 

- 

I 

1,  7,   -11,   ft   4,  ft  -11,  7,   1 
-1,  ft  11,  ft  -4,  ft  11,  7,  -1 
3,  ft  -8,  ft  7,  ft  -5,  ft  7,  ft  -8,  ft  3 

0,      20 

-  3.  ft  8,  ft  -  7,  ft  5.  ft  -  7,  ft  8,  ft  -  3 

61 

1 

0.-61 

-^ 

1,  ft  - 13,  ft  3, 7,  -  4,  ft  9,  ft  -5,  ft  5,  ft  -9,  ft  4, 7,  -3,  ft  13,1, 
-I,7,12,ft-3,7,4,ft-9,ft5,ft-5,k9,ft-4,7,3,ft-12,7,l 

2 

1.-30 

+ 

<r 

2,  7,  -6,  ft  6,  ft  -2,  ft  6,  ft  -6,  ft  2 

335] 
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D 

GlasBes 

a 

/5 

a 

e 

5e 

Cp 

P^riodes 

62 

1, 
-1, 

0,-62 

+ 

+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 

+ 
+ 

+ 

1 

1,  7,  - 13,  d,  2,  d,  - 13,  7,  1 

0,     62 

e 

- 1,  7,  13,  •,    -  2,  d,  13,  7,  -  1 

63 

1, 
-1, 

2, 
-2, 

0,-63 

+ 
+ 

1 

1,7,-14,7,    1 

0,     63 

c 

-1,7,    14,   7,-1 

1,-31 

2,  7,  -7,  7,  2 

1,     31 

-2,  7,  7,  7,  -2 

65 

1, 
5, 

0,-65 

+ 

+ 

1 

1,    8,   -  1,   8,    8,   8,   -  1,   8,    1 

0,-13 

c 

5,  6,  -  8,  8,  7,  4,  -  7,  8,  8,  5,  -5,  6,  8,  8,  -7,  4,  7,  8,  -  8,  6,  5 

2, 
10, 

1,-32 

+ 
+ 

+ 
+ 

cr 

2.  7,  -8,  1,  8,  7,  -2,  7,  8,  1,  -8,  7,  2 

5,-4 

ore 

10,   5,   -4,   7,   4,  6,   -  10,   6,    4,   7,   -4,   6,    10 

66 

1, 
-1, 

3, 
-3, 

0,-66 

1 

1,   8,   -2,   8,    1 

0,     66 

c 

-  1,  8,    2,  8,   -  1 

0,-22 

Cl 

3,  8,  -10,  4,  5,  e,  -6,  6^  5,  4,  -10,  6,  3 

0,     22 

CCi 

-3,   8,    10,   4,   -5,   8,    6,   8,    -5,   4,    10,   8,    -3 

67 

1, 
-1. 

0,-67 

_^_ 

1 

c 

1 

c 

1 

c 
cr 

1,   8,   -3,   7,   6,   8,  -7,  8,   9,   7,   -2,  7,    9 

0,     67 

-1,  8,  3,  7,  -6,  5,  7,  a,  -9,  7,  2,  7,  -9 

68 

1, 
-1, 

0,-68 

+ 
+ 

+ 
+ 

1,   8,    -4,  8,    1 

0,     68 

-  1,   8,    4,   8,   -  1 

69 

1, 
-1, 

0,-69 

+ 

1,   8,   -  5,  7,    4,   6,   -  11,   8,    3,   8,    -  11,   6,   4,   7,   -  6,  8,    1 

0,     69 

-1,   8,    5,   7,   -4,   6,    11,   8,    -3,   8,    11,   6,    -  4,   7,    5,   8,    -1 

2, 
-2, 

1,-34 

+ 

2,  7,   -10,  8,  6,  8,   -10,  7,    2 

1,      34 

crc 

-2,   7,    10,  8,   -6,   8,    10,   7,   -2 

70 

1, 
-1, 

2, 
~2, 

0,-70 

4- 

T 

+ 
+ 

4- 
+ 

1 

1,   8,   -6,  4,    9,   5,   -5,   5,    9,   4,   -6,   8,    1 

0,     70 

+ 
+ 

+ 
+ 
+ 

+ 

e 

-1,   8,    6,   4,    -9,   5,    5,  6,    -9,   4,    6,   8,   -1 

0,-35 

2,  8,  -3,  7,  7,  7,  -3,  8,  2 

0,     35 

CCi 

-2,  8,  3,  7,  -7,  7,  3,  8,  -2 

71 

1, 
-1. 

0,-71 

1 

1,   8,    -7,   8,    5,   4,   -11,   7,    2,   7,  -11,   4,   5,   8,    -7,   8,    1 

0,     71 

e 

-1,   8,    7,   8,   -5,    4,    11,  7,   -2,   7,    11,   4,   -5,   d,    7,   8,   -1 

72 

1, 
-1, 

-4, 

0, -7;i 

+ 
+ 

1 
c 

1,  8,   -8,   8,    1 

0,     72 

-  1,   8,    8,   8,    -  1 

2,-17 

Ci 

4,   8,    -  9,   8,    7,   4,    -  8,   4,    7,   8,   -  9,   8,    4 

2,      17 

CCi 

-  4,   8,    9,   3,   -  7,   4,    8,   4,   -  7,   8,    9,   8,   -  4 

73 

1, 

0,-73 

+ 

1 

1,    8,    -  9,    1,    8,    7,    -  3,   8,    3,   7,     -  8,    1,    9,    8,    -  1,    8,    9,    I, 

-8,  7,  3,  8,  -3,  7,  8,  1,  -9,  8,  1 

2, 

1,-36 

+ 

cr 

2,  7,  -12,  5,  4,  7,  -6,  5,  8,  a,  -8,  6,  6,  7,  -4,  6,  12,  7, 
-2,  7,  12,  6,  -4,  7,  6,  8,  -8,  8,  8,  «,  -6,  7,  4,  6,  - 12,  7,  2 

74 

1, 
2, 

0,-74 

+ 

1 

1,8,-10,1,7,6,-7,2,   10,8,-1,8,  10,8,-7,5,7,2,-10,8,  1 

0,-37 

c 

2,   8,    -5,   7,    5,    8,   -2,    8,    5,  7,   -5,   8,    2 

75 

1, 
-1, 

2, 
-2, 

0,-75 

+ 

+ 
+ 

i     +1 1    +1                        1      1     +    + 

+ 
+ 

1 

1,   8,   -11,   8,    6,    8,   -11,   8,    1 

0,     76 

c 

CCi 

-1,   8,    11,   8,   -6,    8,    11,   8,    -1 

1,-37 

2,  7,  -13,  8,  3,  8,  -13,  7,  2 

1,     37 

-2,  7,  13,  8,  -3,  8,  13,  7,  -2 

76 

1, 
-1, 

0,-76 

1 

1,  8,  -12,  4,  5,  8,  -  8,  2,  9,  7,  -3,  8,  4,  8,  -  3,  7,  9,  2,  -8,  d,  5,  4, 

-12,8,  1 

0,     76 

c 

-1,  8,  12,  4,  -5,  d,  8,  2,  -  9,  7,  3,  8,  -4,  8,  3,  7,  -9,  2,  8,  8, 
-5,   4.    12,   8,    -1 

77 

1, 
-1, 

0,-77 

+ 
+ 

1 

1,   8,    -13,   6,    4,   7,    -7,   7,    4,    6,    -13,   8,    1 

0,     77 

e 

-1,   8,    13,   6,   -4,   7,    7,   7,   -4,   6,    13,   8,   -1 

2, 
-2, 

1,-38 

cr 

2,7,  -14,7,  2 

1,     38 

a-c 

-2,7,  14,7,  -2 

TABLES   DE    VOBUES    QUADBATIQUES. 
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D 

CUsn» 

a    /} 

3 

(    S( 

Cp 

P6riod£s 

78 

1,  0,  -  78 
-1,     0,     78 

2,  0,  -  39 

- 

+ 
+ 

+ 
+ 

1 

1,  B,  -  14,  e,  3,  a,  - 14,  b,  1 
-  1,  .,  14,  ^  -3,  i  14,  i  -1 

"ccT 

2,  ^  -7.  ^  6,  ^  -7,  n  2 

-2,     0,     39 

-2,  n  7,  .,  -6,  ^  7,  *  -2 

79 

1,    0,  -  79 
^3.-1.     26 
-3,     1.     26 

3,     1,-26 
-1,     0,     79 

3,-1,-26 

4- 

+ 
+ 

1,  a,  -15,  T,  2,  7,  -15,  s,  I 
-3,11  5,  I,  -6,  .,  9,  ^  -7,  .,  10,  :,  -3 
-3,1,  10,  %  -7,  4  9,  k  -6,7,  6,  1  -3 

1? 

3,  7,  -10,  s,  7,  4  -9,  ^  6,7,  -5,  >,  S 
-1,  8,  15,  7,  -2,  7,  15,  a,  -1 
3,  .,  -5,  7,  6,  ^  -9,  4  7,  I  -10,  7,  3 

80 

1,     0,-80 

+ 
+ 

+ 
+ 

+ 

1,  .,  -16,  n  1 

-1,     0,     80 

4,     2,-19 

-4,     2,     19 

-1,  .,  16,  ^  -1 

4,  t,  -11,  4  6,  ^  -11,  n  4 
-4,  .,  11,  .,  -5,  ^  11,4  -4 

82 

1,  0,-82 

2,  0,-41 
3,-1,-27 

-3,-1,     27 

+ 
+ 

+ 
+ 

1 

1? 

1,  •,  - 1,  4  1 

2,  4  -9,  1,  9,  .,  -2,  1,  9,  1,  -9,  n  2 

3,  n  -6,  4  11,  7,  -3,  4  6,  4  -11,7,  3 
3,  7,  -11,  4  6,  4  -3,7,  11,  4-6,  4  3 

83 

1,     0,-83 
-1,     0,     83 

* 

+ 

1 

1,  ■,  -  2,  «,  1 
-1,  4  2,  4  -1 

84 

I,    0,-84 

-1,     0,     84 

4,    0,-21 

+ 
+ 

+ 

- 

1 

1,  4  -  3,  4  1 
-1,4  3,  4  -1 
4.  4  -  5,  7,  7,  7,  -  5,  4  4 

-4,     0,     21 

-4,4  5,7,-7,7,5,4-4 

85 

I,    0,-85 

4- 

"*" 

1 

1,  4  -  4,  7,  9,  4  -  9,  7,  4,  4  - 1,  4  4,  7,  -  9,  4  9, 7,  -  4, 4  1 

6,    0,-ir 

6,  4  -  12, 7,  3,  4  -7,  4  7,  4-3,  7,  12.4  -5,  4  12, 7,  -3, ., 
7,4-7,4  3,7,-12,4  6 

2,     1,-42 
10,     5,  -  6 

'*- 

+ 

-^ 

2,  4  -2.  4  2 

10.  4  -6,  7,  6,  4  -10,  4  6,  7,  -6,  4  10 

86 

1,     0,-86 
-1,     0,     86 

+ 

+ 

I 

~1~ 

1,4-5.4  10,4-7,4  11.4-2.4  11.4 -7.4  10,  4-5,  »  1 
-1,46,4-10,47,4-11,42,4-11.47.4-10.45.4-1 

87 

1,     0,-87 

+ 

+ 

+ 

+ 
+ 

1.  4  -6,  4  1 

-1,     0,     87 

-1,4  6,  4  -1 

2,     1,-43 

2,  4  -3,  4  2 

-2,     1,     43 

-2,  4  3,  4  -2 

88 

1,    0,  -  88 
-1,     0,     88 

4,     2,-21 
-4,     2,     21" 

+ 
+ 

+ 

+ 

CO, 

1.  4  -7,  4  4  4  -8,  4  9,  4  -7,  4  1 
-1.  4  7.  4  -9.  4  8.  4  -9.  4  7.  4  -1 

4.  4  -13.  7.  3.  4  -8.  4  3.  7.  -13,  4  4 
-4,  4  13,  7,  -3,  4  8,  4  -3,  7,  13,  4  -4 

89 

1,    0,-89 

+ 

1 

1,4-8.  7.  5.4-5,  7,  8,  4-1,48,7, -5,46,7, -8,4  l 

2,     1,  -  44 

+ 
+ 

+ 

- 

+ 

"1 

2,4-4.7,10,4-8.48,4-10.7.4.4  -2.4  4.7,  -10,^ 
8,  4  -8.  4  10.  7.  -4.  4  2 

90 

1,     0,-90 

1,  4  -9,  4  1 

-1,    0,     90 
2,     0,-46 

-1,  4  9,  4  -1 
2,  4  -13.  4  a,  4  -13,  4  2 

-2,     0,     45 

-2,  4  13,  4  -6.  4  13.  4  -2 

91 

1,     0,-91 
-1,     0,     91 

+ 

+ 

+ 

1 

1,  4  - 10,  1,  9,  4  -  3,  7,  14,  7,  -3,  4  9.  1,  -10.  4  1 
-1.  4  10,  I.  -9,  4  3,  7,  -14,  7,  3,  4  -9.  1.  10.  4  -1 

2,     1,  -46 

-2,     1,     45 

-|  + 

-2,  4  5,  4  -11,  4  6,  7,  -7,  7.  6,  4  -11,  4  5,  4  -2 

TABLES  DS   FQBHES    QUADRATIQUBS. 


D 

classes 

'."l' 

'  i'' 

Cp 

Pfiriodea 

92 

1,     0,-92 
-  1,     0,      92 

+ 

+ 

1 

1,   .,    -  11,   .,    8,   4    -7,   ..    4,   .,    -7,   0,   8,   .,    -11,   ,,    1 

-1,  .,  11,  !,  -8,  ^  7,  4      4,  .,  7,  t,  -8,  !,  11,  ^  -1 

93 

1,     0,-93 

* 

+ 

1 

1, .,  -12, !,  7, 4,  - 11, 7,  4,  ^  -3,  ^  4,  >,  -11,  ^  7,  .,  -12,^1 

- 1,     0,     93 

-1,.,  12,1,-7,^11,  J, -4, 13, 1-4,7, 11,4-7,11 18,^-1 

2,     1.-46 

^ 

■*■ 

■^ 

2,  .,  -6,^2 

-2,     1.     46 

-2,  1,  6,  »,  -2 

94 

1,     0,-94 

+ 

+ 
+ 

+ 
+ 

+ 

1 

1,  1  -13,  4  6,  ^  -5,  7,  9,  1  - 10,  s,  3,  .,  -  16,  ,,  2,  ,, 
-15,  7,  3,  ..  -10,  1,  9,  7,  -6,  1  6,  4  -13,  n  1 

-1,     0,     94 

-1,  1  13,  4  -6,  t  6,  7,  -9,  1,  10,  ,,  -3,  7,  16,  1,  -2,  ., 
15,  7.  -3,  8,  10,  a,  -  9,  7,  5,  B,  -6,  4,  13,  »,  - 1 

95 

1,  0,-96 
-I,     0.     95 

2,  1,-47 

1,  .,  - 14,  ^  5,  1  -  U,  1  1 
-1,  0,  14,   s.  -5.  s,  14,  0,  -1 

2,  .,  -  7,  ^  10,  .,  -  7,  >,  2 

-2,     1,     47 

-2,  .,  7,  t,  -10.  ,,  7,  .,  -2 

96 

1,    0,-96 

- 

4- 

1 

1,  H  - 16,  .,  4,  .,  - 16.  .,  1 

-1,    0,     96 

- 1,  %  16,  1  -  4,  e,  15,  9,  - 1 

3,     0,  -  3i 

3,  a,  -5,  9,  12,  a,  -6,  a,  3 

-3,     0,     32 

-3,  »,  5,  e,  -  12,  1  5,  I  -3 

97 

I,    0,-97 

+ 

1 

l,e,-16,7,  3, 8,-11,3,  H,B, -9,*,9,^-8,8,ll,B,-3,7,  16, », 

-1,8,  16,  7, -3.  8.  11.  3, -8,8,  9,4,-9,8,  8,8, -11,8, 3,7,- 16.»,1 

2,     1,-48 

+ 

' 

2,  a,  -8,  7,  6,  8,  -12,  7,  4,  »  -4,  7,  12,  8,  -6,  7,  8,  ., 
-2,9,  8,7.-  6,8,  12,7,-4,9,4,7,-12,8,  6,7,-8,9,2 

98 

1,    0,-98 
-1,    0,     98 

+ 

+ 

1 

1,    9,    -17,    8,    2,    i,    -17,    9,    1 

-1,9,  17,  ..  -2,  1  17,9,  -1 

99 

1,  0,-99 
-2,     1,     49 

5,     2,-19- 

5,-2,-19 

-1,     0,     99 

2,  1.-49 

+ 

+ 
+ 

+ 
+ 
+ 

+ 
+ 

1 

1,  9,   -  18,   B,    1 

-2,  9,  9,  .,  -2 
5,  ,,  -10,  8,  9,  8,  -7,  8,  5 
5,  8,  -7,  8,  9,  8,  -10,  7,  6 

-1,  ft   18,   9,  -1 

2,  9,  -9,  8,  2 

-5,     2,     19 
-6,-2,     19 

-6,  7,  10,  1,  -9,  8,  7,  ft  -6 
-6,  ft  7,  ft  -9,  ft  10,  7,  -6 
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Table  HI  des  formes  quadratiques  binaires  pour  les  treize  determinants  n^atife 

irr^guliers  du   premier  millier. 


D 

Claaaefl 

a 

fi 

i 

e          Gp 

i> 

CUaaea 

a 

fi 

5 

e 

Cp 

-576 

1, 

0,  576 

+ 

+ 

+ 

1 

-884 

1, 

0, 

884 

+ 

+ 

+ 

1 

9, 

0,     64 

+ 

+ 

+ 

«» 

= 

13, 

0, 

68 

+ 

+ 

+ 

t« 

-  1  (24)« 

7 

4, 
25, 

2,  145 

7,     26 

+ 
+ 

+ 
+ 

+ 

+ 

5'.,. 

-221  (2)» 

4, 
17, 
25, 

0, 

0, 

-4. 

221 
52 
36 

+ 
+ 

+ 
+ 

+ 
+ 

9. 

3,     66 

+ 

+ 

e 

+ 

+ 

+ 

v 

9. 

-3,     65 

__ 

+ 

+ 

0< 

26, 

4, 

36 

+ 

+ 

+ 

t^ 

*'9 

17, 
17. 
13, 
16, 
13, 
16, 

6,     36 
-6,    36 

+ 
+ 
+ 
+ 

+ 
+ 

+ 
+ 
+ 
+ 

+ 
+ 

9, 
9, 

5, 
24, 
20, 

24, 
24 

4, 

-4, 

100 
100 

+ 
+ 

+ 
+ 

+ 
+ 

+ 
+ 
+ 
+ 
4. 

1, 
-2, 
-4, 

10, 
2 

177 
37 
45 
41 
37 

• 

3,  45 

4,  37 
-3,     45 
-4,     37 

'A- 

% 

5, 

2,  116 

— 

+ 

— 

«, 

-1, 

%f  9 

177 

_ 

^^ 

+ 

20, 

-2,     29 

— 

+ 

— 

«•«, 

> 

24, 

f 

-10, 

41 

^^ 

.^ 

+ 

«»t' 

20, 

2,     29 

— 

+ 

— 

«.* 

20, 

4, 

45 

^_^ 

^ 

+ 

«"t' 

5, 

-2,  116 

— 

+ 

— 

«»«,» 

"1 

8, 
16, 

9 

4, 

JL. 

111 
60 

M 

-580 

1, 

0,  580 

4 

+ 

+ 

1 

+ 

0 
6f« 

^ 

4. 

0,  145 

+ 

+ 

+ 

«» 

8, 

> 

-2, 

111 

^^ 

+ 

^^ 

«» 

-145(2)« 

5, 
20, 

8, 

0,  116 
0,     29 

+ 
+ 

+ 
+ 

+ 
+ 

+ 

> 
16, 

19, 
15, 

> 
-4. 

-3, 

1, 

60 
47 
59 

— 

+ 
+ 
+ 

1 

_  ! 
-1 

2,     73 

« 

«»• 

8, 

-2,     73 

— 

— 

+ 

«• 

16, 

-1, 

59 

_ 

+ 

— 

«»t» 

17, 

1  f9 

7,     37 
-7,    37 

— 

— 

+ 

19, 

3, 

47 

— 

+ 

1 

—     • 

1 

^^ 

17, 
19, 

+ 

_ 

+ 

27, 
3, 

-13, 
1. 

39 
295 

+ 
+ 

— 

• 

3,     31 

«» 

11, 

5,     55 

+ 

— 

— 

23, 

-6, 

40 

+ 

— 

_. 

^i 

19, 

-3,     31 

+ 

— 

— 

«.» 

12, 

4, 

75 

+ 

1 
1  

«'t» 

11, 
23, 

-5,     55 

+ 

+ 

: 

««1 

12, 
23, 

-4, 
6, 

75 
40 

+ 
+ 



— 

«? 

8,     28 

eP 

7, 

-1,     83 

+ 

— 

«*«, 

3, 

-1, 

295 

+ 

— 

— 

i?i^ 

7, 
23, 

1,     83 

-8,     28 

.^. 

+ 
+ 

+ 

T 

27. 

13, 

39 

+ 

+ 
+ 

+ 
+ 

«'t' 

-900 

1, 
9, 

0, 
0, 

900 
100 

+ 
+ 

1 

-820 

1, 

0,  820 

+ 

1 

«« 

-  205  (2)« 

6, 
20, 

4. 
13, 

0,  164 
0,     41 
0.  205 

+ 
+ 
+ 

+ 

-1- 

+ 

+ 
+ 
+ 

+ 

- 1  (30)' 

4, 
25, 

9, 
9, 

0, 
0, 

225 
36 

+ 
+ 

+ 
+ 

+ 
+ 

+ 
+ 

3, 
-3, 

101 
101 

+ 
+ 

« 

5,     65 

< 

«» 

13, 

-5,     65 

— 

— 

+ 

«• 

29, 

-12, 

36 

— 

+ 

+ 

e«i* 

17, 
17, 

11, 

-8,     52 
8,     52 

+ 

-    + 

1 

29, 

17, 
8, 

12. 

36 

— 

+ 

+ 

«"«j 

1, 
-2, 

53 
113 

-   +1     1 

«1 

4,     76 

^ 

«I 

-1   + 

«»f 

19, 

4,     44 

+ 



«•«! 

17, 

-1. 

53 

— 

-      + 

ex' 

11, 
19, 

23,- 

-4,     76 
-4,     44 

+ 
+ 

1 

8, 

13, 
26, 

2, 

113 

+ 
+ 

-  + 

-  + 

-  + 

(^ 

-6, 
-5, 

72 
37 

ee 

-10,     40 

««, 

«» 

8, 

2,  103 

— 

+    i- 

«*«, 

25, 

5, 

37 

+ 

1 

ft 

8, 
23, 

-2,  103 
10,     40 

— 

+  ;- 

13, 

6, 

72 

+ 

+ 

e 

+  ;  — 

1 

1 

335] 


TABLES   DE   FORMES    QUADRATIQUE8. 


155 


D 

Glasses 

a 

/» 

5 

ff 

Cp 

D 

Glasses 

a 

P 

d 

€ 

Op 

-243 

1,       0,  243 

+  , 

1 

-459 

1,       0,  459 

+ 

+ 

1 

__ 

7,       3,     36 

+  , 

d 

.^ 

9,       3,     52 

+ 

+ 

d 

-  3  (9)« 

7,   -3,     36 
4,       1,  161 

+ 
+ 

-  51  (3)» 

9,   -3,     52 
4,       1,  115 

+ 
+ 

+ 
+ 

13,   -2,     19 

+ 

ddi       ' 

19,   -4,     25 

+ 

+ 

dd. 

9,       3,     28 

+ 

cPd,     \ 

13,       3,     36 

+ 

+ 

d'd, 

4,  -1,  161 

+  1 

d," 

4,   -1,  115 

•f 

+ 

d,' 

9,   -3,     28 

+ 

dd* 

13,   -3,     36 

+ 

+ 

dd^ 

13,       2,     19 

+ 

d'd,' 

19,       4,     25 

+ 

+ 

d^d^ 

2,       1,  122 

+ 

«r 

17,       0,     27 

c 

14,       3,     18 

1 

+ ; 

ad 

20,   -9,     27 

— 

— 

cd 

14,   -3,     18 

+ 

— 

axP 

20,       9,     27 
11,       4,     44 

— 

— 

cd" 

-307 

1,       0,  307 

+ 

1 

cdi 

_ 

7,       1,     44 

+ 

d 

5,       1,     92 

— 

— 

cdd^ 

-  307  (1) 

7,   -1,     44 

4t,       1,     77 
11,  -1,     28 

4- 

+ 
+ 

cP 

d, 
dd, 

20,   -1,     23 
11,   -5,     44 
20,       1,     23 

— 

— 

ccPdi 
cddi' 

17,      4,     19 
4,  -1,     77 

+' 

d'di 
d,* 

5,   -1,     92 

+ 

— 

cd^d^ 

+ 

2,       1,  230 

+  1 

cr 

17,   -4,     19 

1 

+ 

dd^* 

18,       3,     26 

+ 

+ 

ad 

11,       1,    28 

+ 

d'd,* 

18,   -3,     26 

+ 

+ 

a€t* 

2,       1,  154 

+ 

a 

22,       5,     22 

ac 

14,       1,     22 

+ 

<rd 

10,       1,     46 

— 

— 

crcd 

14,   -1,     22 

+ 

wP 

i 

10,  -1,     46 

— 

— 

acd} 

-339 

1,       0,  339 

+ 

+ 

1 

i       -675 

1,      0,  675 

+ 

+ 

1 

S!£ 

7,       2,     49 

+ 

+ 

d 

1 

9,      3,     76 

+ 

+ 

d 

-339(1)' 

7,  -2,     49 

+ 

+ 

<P 

-3(15)» 

9,   -3,    76 

+ 

+ 

d' 

4,       1,     85 

+ 

+ 

di 

4,       1,  169 

+ 

+ 

d. 

15,       6,     25 

+ 

+ 

dd. 

25,  - 10,     31 

+ 

+ 

dd, 

13,   -5,     28 

+ 

+ 

iPdi 

19,       3,    36 

+ 

+ 

d^d. 

4,   -1,     85 

+ 

+ 

d,* 

4,   -1,  169 

+ 

+ 

d,' 

13,       5,     28 

+ 

-h 

dd," 

19,  -3,     36 

+ 

+ 

dd,^ 

15,   -6,     25 

+ 

+ 

— 

d'd," 

25,     10,     31 

+ 
+ 

+ 

d'd,^ 

3,       0,  113 

e 

25,      0,     27 

c 

20,    -9,     21 

— 

— 

cd 

27,   -9,     28 

+ 

— 

cd 

20,       9,     21 

— 

— . 

cd^ 

27,       9,     28 

+ 

— 

ccP 

12,  -3,     29 

— 

— 

cdi 

13,       1,     52 

+ 

— 

cdj 

5,       1,     68 

— 

— 

cddt 

25,       5,     28 

+ 

cdd, 

17,       1,     20 

— 

— 

ecPd^ 

7,   -2,     97 

+ 

— 

ccPdi 

12,       3,     29 

— 

— 

cd,* 

13,   -1,     52 

+ 

^^  1 

cd,* 

17,   -1,     20 

— 

— 

cdd^ 

i 

7,       2,     97 

+ 

— 

cddy^ 

5,   -1,     68 

— 

- 

— 

ed?d^ 

1 

25,    -5,     28 

+ 
+ 

T 

cd'd,* 

2,       1,  170 

+ 

+ 

V 

2,       1,  338 

a 

14,    -5.     20 

+  + 

ad 

18,       3,     38 

+ 

+ 

ad 

14,       5,     26 

+  ;  + 

ad* 
ac 

i 

18,   -3,     38 

+ 
+ 

+ 

ad^ 

6,       3,     58 

26,       1,     26 

ac 

10,       1,     34 

^^  t  ^"^ 

acd 

14,   -5,     50 

+ 

— 

acd 

10,   -1,     34 

accP 

14,      5,     50 

+ 

1 

acd^ 

. 

20—2 
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D 

ClMflM 

a 

fi 

8 

€ 

Cp 

D 

GUuMes 

a 

/3 

a 

e         Cp 

-755 

1,      0,  755 

+    + 

1 

-891 

1,       0,  891 

+  .  +  '   i 

1 

^ 

19,  -9,     44 

+    + 

d 

^ 

9,       3,  100 

+  '+    i 

d 

-755(1)« 

19,       9,     44 

+ 

+ 

cP 

- 11  (9)* 

9,   -3,  100 

+  '-t- 

rf» 

4,       1,  189 

+ 

+ 

d. 

>     f 

4.       1,  223 

+  '  +  i 

di 

21,  -8,     39 

+ 

+ 

dd. 

31,     15,     36 

+  + 

dd. 

11,       2,     69 

+ 

+ 

d'd. 

25,       3,     36 

+  ;  + 

d^d. 

4,  -1,  189 

+ 

+ 

rf,« 

4,   -1,  223 

+ 

+ 

d^ 

11,   -2,     69 

+ 

+ 

Af,« 

25,   -3,     36 

+ 

+ 

dd:- 

21,       8,     39 
5,       0,  151 

+ 
+ 

+ 

d'd* 

31,-15,     36 

+ 

+ 

+ 

1 

d^d^ 

+  ! 

11,       0,     81 

c 

9,   -1,     84 

+ 

+ 

^d 

20.   -7,     47 

+ 

_ 

cd 

9,       1,     84 

+ 

+ 

^d^ 

20,       7,     47 

+ 

^^ 

cd^ 

20,       5,     39 

+ 

+ 

^d^ 

23,     11,     44 

+ 

^ 

cdi 

29,     12,     31 

+ 

+ 

t^dd. 

20,       3,     45 

+ 

^^ 

cdd. 

21,   -1,     36 

+ 

+ 

t^d^d. 

5,       2,  179 

+ 

^^ 

cd*d. 

20,   -5,     39 

+ 

+ 

^d,* 

23,-11,     44 

+ 

^^ 

cd,^ 

12,       1,     36 

+ 

+ 

i^dd^ 

1 

5,   -2,  179 

+ 

^ 

cdd^ 

29,-12,     31 

+ 

+ 

^d^d? 

i 

20,   -3,     45 

+ 
+ 

+ 

cd^d^ 

27,       1,     28 

e 

2,       1,  446 

cr 

15,   -5,     52 

— 

— 

ed 

18,       3,     50 

+ 

+ 

frd 

3,   -1,  252 

— 

— 

ed" 

18,   -3,     50 

+ 

+ 

ad^ 

7,   -1,  108 

— 

— 

ed. 

22,     11,     46 

+ 

+ 

<rc 

23,  -2,     33 

— 

— 

edd. 

. 

10,       3,     90 

+ 

+ 

acd 

12,  5,     65 
28,     13,     33 

13,  5,     60 

— 

— 

ed^di 

10,   -3,     90 

+ 

+ 

accP 

— 

1 

1,       0,  974 
18,   -4,     55 

4.            >            4. 

1 
d 

12,  -1,     63 
27,   -1,     28 
3,       1,  252 
15,       5,     52 
28,-13,     33 
12,       1,     63 

- 

ed^d* 

^d 
^d^ 
t^d, 
^dd,     1 

'- 2.487  (1)« 

1 

18,       4,     55 
31,       7,     33 
30,-14,     39 
15,    -4,     66 
31,   -7,     33 
15,       4,     66 

+ 
+ 
+ 
+ 

4- 
4. 

■ 

+ 

,  + 

1 

+ 
+ 

1  4- 

dd, 
«Prf, 

da,* 

13.   -5,     60 

7,       1,  108 

12,   -5,     65 

— 

— 

^d'd, 
^dd,^ 

1 
] 

1 

30,     14,     39 
2,       0,  487 
9,   -4,  110 

1 

+ 
+ 

4. 

+ 

+ 
4. 

d'd^* 

e 
^d 

23,       2,     33 

— 

+ 

^d^d^ 

9,       4.  110 
25,   -1,     39 

+ 
+ 

+ 
+ 

^dr 

2.       1,  378 

+ 

a 

e'd. 

22,       9,     38 

+ 

+ 

ad 

15,       1,     65 

+ 

+ 

e'dd. 

22,   -9,     38 

+ 

+ 

trd^ 

30.   -4,     33 

+ 

+ 

(^d^d, 

10,       5,     78 

+ 

+ 

iT^ 

25,       1,     39 

+ 

-»- 

^d^ 

18,   -1,     42 

+ 

+ 

a^d 

30,       4,     33 

+ 

+ 

^dd^ 

18,       1,     42 

+ 

+ 

<re»rf» 

15,    -1,     65 

+ 

+ 

i^d^d^ 

14,   -1,     54 

0r6 

27,      5,     37 

e 

26,      5,     30 

— 

— 

aed 

3,       1,  325 

^^ 

^^ 

ed 

6,   -1,  126 

— 

— 

crecP 

6,       2,  163 

^^ 

^ 

ed' 

14,       1,     54 

— 

— 

o-<5» 

5,       1,  195 

^g^ 

^^ 

ed, 

6,       1,  126 

— 

— 

(TC*  d 

11,       4,     90 

mmm 

^„ 

edd. 

26,   -5,     30 

— 

— 

<Tt^d^ 

13,       1,     75 

- 

— 

ed^d, 

V  A 

1 

10,       4,     99 

26,  12,     43 
22,       4,     45 

27,  -5,     37 
6,   -2,  163 

— 

— 

eddj' 

ed'd,* 

«• 

^d 

'                                1 

3,   -1,  325 

.. 

— 

^cP 

10,   -4,     99 

— 

— 

^d, 

1 

22,   -4,     45 

— 

— 

e'dd, 

26,-12,     43 

— 

— 

t^<Pdi 

5,   -1,  195 

— 

— 

^d,* 

' 

13,   -1,     75 

— 

— 

«?dd,* 

11,  -4,     90 

1 

— 

e'd^dt* 

1 

i 

1 

1 
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NOTE  SUR  L'ELIMINATION. 

[From  the  Journal  fO/r  die  reine  und  angewandte  Mathmiatik  (Crelle),  torn.  LX.  (1861), 

pp.  373—374.] 

SoiENT    U=(a,  ...$«,  y)"*,   V=(b,   ...Jar,  y)"  des  fonctions  homogines  quelconques 
des  degr^  m  et  n  respectivemeat.    Ddnotons  par  (x,  y)*  la  suite  enti^re  ou  seulement 

une  partie  de  la  suite  de  termes  a^,  ai^^y,...y*,  et  en  prenant  d^m^n,  formons  le 

determinant 

\(x,  y)»-"  U,  {x,  y)»-"  F}. 

Cette  notation  signifie  qu'en  supposant  les  suites  {x,  y)*~"  U,  (x,  y)*~^  V  compost 
respectivement  de  p  et  de  q  termes  et  qu'en  posant  p  +  q  =  a  on  forme  le  determinant 

(^.,  ysT-^  Us,   (^„  y.)^  Vs 

dans  lequel  les  diffi^rentes  lignes  (chacune  compos^e  de  8  termes)  sont  ce  que  deviennent 
(of,  yy-^U,  {x,  yY'^V,  lorsqu'on  y  substitue  (xi,  yO,  (a?j,  y^\...{xg,  y,)  successivement 
au  lieu  de  (a?,  y). 

Le  determinant  que  je  viens  d^finir  est  divisible  par  le  determinant 
notation  qui  est  ^quivalente  k: 


(.I!,,  y,y-^ 
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et  dans  laquelle  (x,  y/~*  denote  la  suite  enti^re  des  termes  af^\  af~^yf  ,..j^\  Nous 
obtenons  ainsi  une  ^uation 

^<^^L^^Ep^l:in  =  ^a.  ...y(b,  ...)»(^.  y.)^»  ...(*..  y.)^>. 

C'k-d,  que  le  quotient  est  du  degr^  p  par  rapport  aux  coefficients  (a,  ...),  du 
degr^  q  par  rapport  aux  coefficients  (6,...),  et  du  degre  0^8  +  1  par  rapport  k 
chaque  syst^me  de  variables  (xi,  yO,  ...  (a?«,  y«).  Or  en  supposant  Ui  =  0,  Fi  =  0,  on 
obtient 

^nation  qui  subsiste  quelles  que  soient  les  valeurs  des  variables  (x^,  y9)>««-(^ti  y«); 
cela  donne  une  suite  de  (0^8+2y~^  ^nations  chacune  de  la  forme 

0  =  {a,...)P(b,...)9(x,,  y,)*^\ 

En  consid^rant  un  syst^me  quelconque  de  0  —  8  +  2  de  ces  Equations,  pour  en  ^iminer 
tous  les  termes  de  (xi,  yi)^"^^,  on  obtiendra  ou  I'dquation  identique  0  =  0,  ou  une 
equation  de  la  forme 

F=(a,  ...)!'<•-*+«  (6,  ...)«'^-^  =0 

oil  F  sera  un  determinant  de  Tordre  0  —  8+2,  chaque  terme  ^tant  de  la  forme 
(a,  ...)*(6,...)«. 

Cela  pos^  il  est  evident  que  F  contiendra  comme  fsu^teur  la  fonction 

n=  (a,. ..)*(&,...)"• 

qui  est  le  r&ultant  des  deux  ^nations  U=0,  V=0.  En  particulier,  on  aura  les  deuic: 
cas  que  voici: 

1°.    Soit  0  —  m  +  n  —  l,  et   supposons  que  (x,  y)**~*  U,  {x,  yY^^  V,  ddnotent  les  suites 
enti^res 

nous  aurons  jp  =  n,  q  —  m,  8^m  +  n,  0  —  8  +  2^1,  et  de  Ik 

^  =  (a,  ...)«(6,  ...n 

done  F—O.  On  voit  sans  peine  que  Ton  obtient  de  cette  mani^re  le  r&ultant  D^ 
sous  la  forme  d'un  determinant  de  Tordre  m  +  n,  le  m^me  que  Ton  obtient  erx 
eiiminant  les  termes  de  (x,  y)«»+»>-i  entre  les  Equations  (x,  yj^^  U^O,  {x,  y)**"*  F=0. 


2°.    En  supposant  m^n,  on  pent  prendre  0^m,  oe  qui  donne  pour  (a:,  y)^"^  U  le 
seul  terme    U,    R^duisons    aussi  (a?,  yy-^V  au   seul  terme  ic*y'»-**-«F  (a  d^signant  un 
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nombre  entier  arbitraii*e  entre  0  et  m  —  w),  c.-Ji-A  au  terme  af*^*  V  ou  y"*"**  V  dans 
le  cas  des  deax  valeurs  extremes  de  cu    On  a  ainsi  p  =  l,  9  =  1,  8  =  2,  et  delk 

Done  F=(a,...y*^^[3,  c-Jt-d.  que  Ton  obtient  le  r&ultant  D  aflFect^  d'un  fiewiteur 
(a,..,y*^^  qui  ne  contient  que  les  coefficients  de  CT,  et  qui  est  de  Tordre  m  —  n  par 
rapport  k  ces  coefficients.  L'expression  de  ce  facteur  peut  Stre  trouvde  assez  facile- 
ment.     Dans    le    cas    du    terme    af*""^  V,    a-Ji-d.    pour   a  =  in^ny    le    facteur   sera   i***"" 

{k  ddsignant  le  dernier  coefficient  de  la  suite  (a,  ...)),  et  dans  le  cas  du  terme 
ym-n  |r  c-Jt-d.  pour  a  =  0,  le  facteur  sera  a**^.  Mais  en  supposant  m  =  n  on  a  tout 
simplement  F=[3,  c-k-d.  que  I'on  obtient  le  resultant  sans  £a>cteur  Stranger.  C'est 
sous  cette  demifere  forme  que  j'ai  pr&ent^  la  m^thode  abreg^e  de  Bezout  dans  le 
tome  uii.  p.  366  (1857)  de  ce  Journal,  [230]. 

Londres,  17""^  D^cenibre,  1861. 
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NOTE  SUE  LA  REALITE  DES  RACINES  D'UNE  EQUATION 

QUADRATIQUE. 


[From  the  Journal  fUr  die  reine  und  angewandte  Mathemaiik  (Crelle),  torn.  LXL  (1863), 

pp.  367—368.] 


A  PROPOS   du   m^moire   que    vieut  de   publier   M.   Hesse  (voir  ce  Joumcd  t.  LX., 
p.  305)  je  remarque  que  si  I'une  ou  I'autre  des  deux  formes 

(a,  b.  c.  /  g.  A$  y.    (a',  b'.  <f,  f,  g',  A'$  Y 

est  une  forme   ddfinie   (forme   qui   conserve    toujours   le  mSme  signe  pour  des  valeuis 
r^elles  quelconques  des  variables),  I'^uation  suivante  en  X: 


=  0 


a  —  \a',  h  —  XA',  g  —  \^,  x 

h-W,  6-XA',  f-\f.  y 

g-Xg'.  f-Xf.  c-Xc',  z 

IB,  y,            z 

aura  ses  deux  racines  relies.    En  ^rivant 

A=bc-/\    A'  =  Vc'-f\    A,  =  b<f  +  b'c-2ff', 
B  =  ca  —  g*,  ... 

de  manifere  que  (A,  B,  (7,  F,   0,   H^   y  denote   la   forme  adjointe  (ou  r^iproque)  de 
(a,  b,  c,  /,  g,  A$  )*,  cette  ^uation  prend  la  forme 

(A,  . ..$«:,  y,  zy-\(Ai,  ...$a?,  y,  zf  +  X'iA',  ...$a:,  y,  ^)«=:0, 
et  les  racines  dtant  r^elles,  on  doit  avoir 

D  =-4(il,  ...^x,  y,  zy(A\  ...$ic,  y,  zy+[(A,,  ...$a?,  y,  zyy  =  +  . 
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Or  pour  d^montrer  directement  oette  proposition,  il  n'est  pas  ce  me  semble  posedble 
d'exprimer  O  comme  une  somme  de  carr&;  on  a  besoin  de  consid^rer  une  forme 
plus  generate,  savoir  une  somme  de  carr^s  multipli^  chacun  par  un  coefficient  literal 
positi£    Par  exemple,  en  ne  fiEusant  attention  qu'au  coefficient  de  a^^  on  doit  avoir 

no  =  -  4  (6c -/«)(6V -/'»)  +  (6c' +  6'c  -  2//)«=  + . 

Pour  en  fSure  la  demonstration,  on  pent  exprimer  Do  sous  la  forme 

Q.  =  (6c'  -  Vcy  +  4  (ft/'  -  Vf)  (cf  -  c'f). 
ce  qui  donne 

6cno  =  {he  V)  Q>c'  -  Vcf  +  [6  {of  -  c'f)  +  0  {hf  -  Vf)^ 

En  effet,  en  y  substituant  la  seconde  expression  de  Do,  on  a  Tidentitd 

46c  (6/' -  6/)  (c/' -  cy )  = -y^  (ic' -  yc)«  +  [6  (c/^  -  cy )  +  c  (6/' -  67  )P 

et  Texpression  pour  6cDo  est  ainsi  d^montr^.  Mais  en  supposant  que  (a,  6,  c,  /  g,  h)  („)' 
soit  une  forme  ddfinie,  on  a  6c  — y '  =  + ,  done  aussi  6c  =  + ,  et  6cDo  =  (6c  — y*)  X"  +  F*  =s  +  , 
done  enfin  Gos+.  II  serait  assez  int^ressant  de  trouver  une  demonstration  pareille 
pour  Texpression  g^n^rale  de  D. 

Londres,  23'^'  Octobre  1862. 


C.    V. 
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NOUVELLES    RECHERCHES    SUR    L'ELIMINATION    ET    LA 

THEORIE    DES    COURBES. 


[From  the  Journal  fiXr  die  reine  utid  angewandte  MathenuUik  (Crelle),  torn.  LXiil.  (1864), 

pp.  34—39.] 

Dams  le  probl^me  de  lelimination,  on  cherche  la  relation  qui  doit  exister  entre 
lea  coefficients  d'une  fonction  ou  syst^me  de  fonctions  pour  que  quelque  circonstance 
particulifere  (ou  singularity)  puisse  avoir  lieu ;  par  exemple,  pour  que  deux  ^uations 
puissent  avoir  une  racine  commune,  ou  (comme  application  g^metrique)  pour  qu'une 
courbe  puisse  avoir  un  point  double.  En  prenant  les  coefficients  comme  donn^,  tant 
la  relation  cherch^e  que  la  singularity  qu'elle  implique  n'ont  qu'une  existence  hypothi- 
tiqus.  Mais  on  pent  transformer  la  question  en  supposant  que  les  coefficients  d'une  ou 
de  plusieurs  des  fonctions  soient  de  la  forme  a  =  \a' -hfia",  b  =  >J/  +  fib",..,  oh  a\  6^..., 
a'\  V\...  sont  des  coefficients  donn^,  mais  X,  ft  des  quantity  arbitraires.  On  peut 
alors  disposer  en  sorte  que  la  singularity  dont  il  s'agit  existe  actuellement,  en  deter- 
minant, au  moyen  de  la  relation  donnde  par  r^limination,  la  valeur  du  rapport  \  :  fu 
Ces  substitutions  a  —  \a!'\-  fwf\  6  =  X6'  +  fib", . . .  changent  la  fonction  U  k  laquelle  se 
rapportent  les  coefficients  a,  6,...  en  U^XV  +fiir\  oxx  U\  U"  sont  des  fonctions 
semblables  k  U,  mais  avec  les  coefficients  a',  6',...  ou  a",  6",...  au  lieu  de  a,  b,...: 
en  se  servant  d'une  expression  usit^e,  on  peut  dire  que  la  fonction  U  est  en  involution 
avec  U\  U";  et  de  mfime  en  g^m^trie  que  la  courbe  f7'=0  est  en  involution  avec 
les  courbes  IT  =  0,  U"  =  0;  au  reste,  pour  les  courbes,  cela  veut  dire  que  les  trois 
courbes  se  coupent  dans  les  mSmes  points. 

On  con9oit  comment  cette  mani^re  d'envisager  le  problfeme  peut  conduire  k  une 
interpretation  geomdtrique  de  rdsultats  qui  n'avaient  auparavant  qu'une  signification 
analytique.  Consid^rons  par  exemple  la  proposition  suivante,  "le  discriminant  d'une 
fonction  quadratique  k  trois  variables  est  du  degr^  3  par  rapport  aux  coefficients/'  ou 
ce   qui   est    la  mSme    chose,  'Ma    fonction    qui    egal^e    k    zdro    exprime   que   la   conique 
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17  =  0  ait  un  point  double  (se  r^uise  k  une  paire  de  droites)  est  du  degrd  3  par 
rapport  aux  coefficients/'  c'est  ]k  une  proposition  purement  analjrtique,  mais  si  comme 
ci-dessus  on  met  \a'  +  fia'\  W  +  fib", ...  sm  lieu  de  a,  6, . . .  on  a  le  th^orfeme  g6om4' 
trique  que  voici:  "Dans  le  systfeme  de  coniques  XlT+fiW^O  en  involution  avec  les 
coniques  donnas  CT  =  0,  17"  =  0,  il  y  a  3  coniques  k  point  double  (c'est-Ji-dire,  trois 
})aires  de  droites)."  En  consid^rant  le  cas  plus  gdndral  d'une  fonction  k  trois  variables 
et  d'ordre  quelconque,  la  question  analjrtique  "quel  est  le  degr^  du  discriniinant  de  la 
fonction  U"  pent  6tre  remplacde  par  la  question  gdom^trique  "dans  le  systfeme  des 
courbes  \ir  +  fiU''  =  0  en  involution  avec  les  deux  courbes  donn^es  IT  =  0,  U"  =  0,  quel 
est  le  nombre  des  courbes  k  point  double "  ou,  ce  qui  est  la  mSme  chose,  "  quel  est 
le  nombre  des  points  dont  chacun  est  le  point  double  d'une  courbe  du  syst^me."  En 
consid^rant  la  question  sous  cette  demiere  forme,  non  seulement  on  retrouve  la  valeur 
connue  3(n— 1)*  du  degrd  du  discriminant  de  la  fonction  U  =  (A,...'^x,  y,  zY,  mais 
on   trouve   aussi   le   th^rfeme   plus  gdndral : 

La  fonction  U=(A,  ...^x,  y,  z)^  ^tant  telle  que  la  courbe  ^7=0  ait  un  nombre  a 
de  points  doubles  et  un  nombre  fi  de  points  de  rebroussement.  son  discriminant  sp^ial 
est  du  degr^  3  (n  - 1)«  -  7a  -  11)8. 

Sous  la  designation  de  "  discriminant  special "  j'entends  la  fonction  laquelle  ^gal^e 
a  z^ro  donne  la  condition  pour  que  la  courbe  ^7=0  ait  im  point  double  de  plus.  II 
convient  de  remarquer  par  rapport  k  cette  expression  que  le  discriminant  de  la  fonction 
g^n^rale  du  n**°*  ordre,  en  y  substituant,  au  lieu  des  valours  g^n^rales,  les  coefficients 
de  la  fonction  U  dont  il  s'agit,  ne  donne  nullement  le  discriminant  special  de  U  mais 
se  r^uit  identiquement  k  z4to;  ce  discriminant  special  est  done  tout  autre  chose  que 
le  discriminant  de  la  fonction  g^n^rale.  En  parlant  tout  simplement  de  V ordre  du 
discriminant  special,  j*ai  voulu  designer  I'ordre  auquel  cette  expression  s'dlfeve  par  rapport 
k  des  coefficients  absolument  arbitraires  ou  elements  a,  b, «..  lesquels  sont  cens&  entrer 
lin^airement  dans  la  fonction  U.  H  est  done  n^cessaire  de  d^montrer  d'abord  la  pro- 
position auxiliaire  que  I'^uation  d'une  courbe  qui  a  d6}k  un  nombre  donnd  de  points 
doubles  et  de  rebroussement  pent  s'exprimer  sous  la  forme  signalde,  c'est-li-dire 
lin^airement  par  rapport  k  des  coefficients  absolument  arbitraires  ou  dl^ments  a,  6,..., 
proposition  qui  pent  6tre  ddmontrde  sans  difficult^. 

Considdrons  en  eflfet  I'^uation  gdn^rale  U  =  {A,...'^x,  y,  z)^  =  0  oil  les  coefficients 
il, ...  sont  tous  arbitraires;  dans  le  cas  d'un  point  double  supposons  que  les  coordonndes 
de  ce  point,  dans  le  cas  d'un  point  de  rebroussement  supposons  que  les  coordonnees 
de  ce  point  et  la  direction  de  la  tangente  soient  donndes :  cela  dtablit  pour  chaque 
point  double  trois  conditions,  et  pour  chaque  point  de  rebroussement  quatre  conditions, 
qui  contiennent  d'une  manifere  quelconque  les  paramfetres  appartenants  au  point  double 
on  de  rebroussement,  mais  qui  sont  lin^aires  par  rapport  aux  coefficients  A,...:  ces 
coefficients  peuvent  done  s'exprimer  lin^airement  au  moyen  d'un  nombre  convenable  de 
coefficients  absolument  arbitraires  ou  elements  a,  &,...;  et  c'est  de  ces  elements  a,  6,... 
qu'il  s'agit  et  nullement  des  param^tres  mentionn^  ci-dessus  qui  entrent  dans  les 
expressions  par  lesquelles  A,..,  sont  donnas  en  termes  de  a,  ... . 

21—2 
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Cette  proposition  auxiliaire  peut  encore  se  d^montrer  de  la  mani^re  que  void 
Concevons  que  P  =  0  repr^nte  une  courbe  particuli^re  quelconque  du  mSme  ordre  que 
U^O  et  telle  que  pour  chaque  point  double  de  la  courbe  U=0  elle  ait  un  point 
double  au  mSme  point,  et  que  pour  chaque  point  de  rebroussement  de  la  courbe  U=0, 
elle  ait  un  point  de  rebroussement  au  mSme  point  et  avec  la  mSme  tangente.  Soient 
de  mSme  Q  =  0,  JB=0, ...  des  ^nations  de  courbes  qui  satisfont  aux  mdmee  conditions. 
Cela  pos^,  on  peut  ^videmment  &rire  U==aP  +  bQ  +  cR+ ... ,  c'est-i^-dire  que  I'dquation 
contiendra  lin^airement  lea  coefficients  absolument  arbitraires  ou  ^^ments  a,  b, .... 

Je  reviens  au  th6or&me  dont  je  suis  parti;  soit  d'abord  U=(a,...'^x,  y,  ^)*  =  0 
une  courbe  sans  points  doubles  ou  de  rebroussement,  de  sorte  qu'il  s'agisse  du  discri- 
minant ordinaire.  En  ^rivant  pour  plus  de  simplicity  F,  W  au  lieu  de  IT,  JJ"^  on  a 
k  consid^rer  la  courbe  \V-\-  fiW  —  0  en  involution  avec  les  deux  courbes  F  =  0,  Tr  =  0. 
Le  degr^  du  discriminant  de  U  est  ^gal  au  nombre  des  points  dont  chacun  est  le 
point  double  d'une  courbe  particulifere  du  systfeme  XF+/LtTr  =  0.  Or  pour  trouver  ces 
points  on  n'a  qu'i  former  les  Aquations 

xaxF+/ia,Tr=o, 
xa,F+/ia,  Tr=o, 

qui  expriment  que   la  courbe   \V-\-fiW  —  0  a  un  point   double,  et  d'^iminer   entre  ces 
Equations  les  ind^termin^  X,  fu     Cela  donne  le  syst^me 

a*F,  a,F,  a,F 

a^^TT,    dyW,    d^W 
qui  comprend  les  deux  Equations 


=  0 


(1) 


i=0.  (2) 


dyW.    d,W 


auxquelles  on  satisfut  par  dtV  =  0,  dgW  =  0,  et  une  troisi^me  Equation  k  laquelle  on 
ne  satisfait  pas  par  ce  dernier  syst^me.  Or  les  courbes  (1)  et  (2)  se  coupent  en 
4(71  —  1)*  points,  mais  parmi  ceux-ci  on  a  les  (n^iy  points  d'intersection  des  courbes 
a^F=0,  dzW=0,  et  CD  Ajartant  ces  points  on  obtient  4(n-l)'-(n- 1)'  =  3  (n  — 1)* 
pour  le  nombre  des  points,  ou  ce  qui  est  la  mSme  chose  pour  le  degr^  du  discri- 
minant de  U. 

Je  suppose  k  pr&ient  que  la  courbe  ^^=0  ait  un  point  double;  les  courbes 
F=0,  W  =  0  out  chacune  un  point  double  k  ce  mSme  point,  et  en  prenant  ce  point 
pour  engine  des  coordonn^s  x,  y  les  deux  courbes  seront 

F=2r~-«(a,  6,  c$a?,  y)«  +  etc.  =  0, 
W-'-z'^  (a ,  h\  c'$a?,  yf  +  etc.  =  0, 

en  d^notant  par  les  etc.  les  termes  des  ordres  plus  dlev^s  par  rapport  k  x,  y,  ou  moins 
^lev^  par  rapport  k  z. 
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Cela  donne  pour  la  courbe  (1) 


=  0  =  2^"^  {(ax  +  by) .  (a',  6',  c''$x,  yY  -  (a'x  +  Vy) .  (a ,  6,  c$a?,  yj]  +  etc. 
=  -8*'*""  y  [{ax  +  by)  (b'x  +  c'y)  —  (a'a?  +  6'y)  (6a?  +  cy)}  +  etc. ; 


la  courbe  (1)  a  done  k  rorigine  un  point  triple,  les  tangentes  ^tant  donn^es  par  les 
^nations 

y  =  0,    (cw?  +  by)  (b'x  +  c'y)  -  (a'x  +  b'y)  (bx  +  cy)  =  0, 

et  de  mSme  la  courbe  (2)  a  k  I'origine  un  point  triple,  les  tangentes  ^tant  donndes 
par  les  Equations 

a?=  0,    (ax+by) (b'x  +  c'y)  -(a'd;+  b'y)  (bx  +  cy)  =  0; 

il  y  a  done  au  point  triple  deux  branches  de  la  courbe  (1)  dont  chacune  touche  une 
de  deux  branches  de  la  courbe  (2);  ce  qui  donne  k  Torigine  4  +  4  +  3  =  11  points 
d'intersection.  De  plus  il  est  Evident  que  les  deux  courbes  3«F=0,  3,1^  =  0  ont  chacune 
un  point  double  k  I'origine,  c'est-Jt-dire  elles  s'y  coupent  en  2+2  =  4  points. 

Par  cons^uent  les  courbes  (1)  et  (2)  se  coupent  en    4(n  — 1)*  points,  savoir 

11  points  k  Torigine,     4(n  — 1)*— 11  points  autrepart, 
les  courbes  dgV—O,  3^Tr  =  0  se  coupent  en  (n—  1)^  points,  savoir 

4  points  k  Forigine,       (n  — 1)^  —  4  points  autrepart, 
et  le  systeme  des  3  (n  —  1)*  points  contient 

7  points  k  I'origine,     3  (n  —  1)^  —  7  points  autrepart. 

En  ^cartant  les  points  k  Torigine  on  a  done  3  (n  —  1)'  —  7  points ;  pour  une  courbe  k 
point  double  le  degr^  du  discriminant  sp^ial  est  done  =3(?i  — 1)^  —  7.  Si  la  courbe 
Z7=0  a  un  point  de  rebroussement,  les  courbes  F  =  0,  W  =  0  auront  au  mSme  point 
un  point  de  rebroussement  avec  la  mSme  tangente,  et  en  prenant  ce  point  pour  origine 
des  coordonn^es  et  la  droite  x  =  0  pour  T^uation  de  la  tangente,  les  deux  courbes 
seront 

V==z'^.aaf'  +  z'^^.(a,  )8,  7,  S$ic,  y)»+etc.  =  0, 

Tr=2f^.aV +  «'*-». (a',  ^,  7',  S'^x,  y)»  +  etc.  =  0. 

Cela  donne  pour  la  courbe  (1) 

0=    a^F,    d,V 

=     {z^^ .  2ax  +  £:»*-».  3  (a,  fi,  y^x,  yf  +  etc.} 

X  {(n-2)^^^a'iB«  +  (n-3)-?«-^(a',  ^,  7',  S''^x,  y)»+etc.} 
-  l-8;«-« .  2a'a;  +  z""-^ .  3  (a',  jS',  7  $a?,  y^  +  etc.} 

x{(n-2)2^'a^  +  (7i-3)z'"^(a,  fi,  7,  S^x,  y)»  +  etc.} 
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-3(n-2)[fluc»(a',  ff,  i\x,  yy-a'a^{a,  fi,  7$a:,  y)*]}  +  etc. 
—  £:»»-«  {— n (oa'  —  a  a) a:*  +  etc.  a*y...}  +  etc 
=  2^"*^  .xi—n  {ofn!  —  a'ai),  ...$a?,  y)*  +  etc. ; 

la  oourbe  a  done  k  rorigine  un  point  quadruple  et  la  droite  a:  =  0  y  est  tangente  de 
Tune  de  ses  branches.    On  a  de  mSme  pour  la  courbe  (2) 

0=    dyV,    d,V     =     {-8**-».308,  7,  8$a:,  y)»  +  etc.}x{(n-2)««-»a'«»  +  etc.} 
dyW,    d,W       -{z^^.Si/y,  y,  8'$a?,  y)»+etc.}x{(n-2)-e«-»aaj»+etc.} 

=      ^^-^a^la'ifi,  7,   B-^x,  yY-a{ff,  7',   yja:,   y)»}  +  etc. 
=      2rr^a?{o{p^aff,...\x,  yY] 

cette  courbe  a  done  k  Torigine  un  point  quadruple  et  la  droite  a;  =  0  y  est  tangente 
commune  de  deux  de  ses  branches.  Cela  donne  k  Torigine  6+4  +  4  +  4,  =17  points 
d'intersection  des  courbes  (1)  et  (2).     D'autre  part  on  a 

a,F=(n-2)-8:»-».aiB»  +  (n-3)2:'»-^(a,  fi,  7,  B^x,  y)«  +  etc.  =  0, 
d,W  =  (n-2) ^»-» . aV  +  (n - 3)  z"^ (a\  fi\  7,  S'$a?,  yY  +  etc.  =  0, 

et  en  combinant  ces  deux  Equations 

^*»^» .  cub' +  etc.  =  0,  . 

2:**-*  (aa'  —  a'a, . .  .$a:,  yY  +  etc.  =  0. 

De  ces  deux  ^nations  la  premiere  appartient  k  une  courbe  qui  a  un  point  de  rebrousse- 
ment  k  I'origine  des  coordonn^es  et  la  seconde  k  une  courbe  qui  y  a  un  point  triple. 
Pour  les  deux  courbes  dgV^O,  dtW=0  cela  donne  3  +  3  =  6  points  d'intersection  k 
Torigine. 

Les  courbes  (1)  et  (2)  se  coupent  done  en  4  (n  —  1)'  points,  savoir 

17  points  k  Torigine,    4(n-l)*  — 17  points  autrepart, 

les  courbes  3,F=0,  3^Tr  =  0  se  coupent  en  (n  — 1)*  points,  savoir 

6  points  k  Torigine,    (n  - 1)'  —    6  points  autrepart 
et  le  systfeme  des  3  (n  —  I)'  points  contient 

11  points  k  Torigine,     3(n-l)*-ll  points  autrepart. 

En  ^cartant  les  points   k  Torigine,  on  obtient   3  (w  —  1)"  — 11   points ;   pour  une    courbe 
avec  un  point  de  rebroussement,  le  degr^  du  discriminant  special  est  done  =3(n— 1)»— 11. 

Comme  r^ultat  final  de  cette  recherche  j  obtiens  que  la  r^uction  du  degr^  est  de 
7   unites  pour  un  point  double   et  de   11   unites  pour  un  point  de  rebroussement ;   et 
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ON  SKEW  SURFACES,   OTHERWISE  SCROLLS. 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  voL  cliil  (for 
the  year  1863)  pp.  453—483.     Received  February  3,— Read  March  5,  1863.] 

It  may  be  convenient  to  mention  at  the  outset  that,  in  the  paper  ''On  the 
Theory  of  Skew  Sur£Eu;e8''(^X  I  pointed  out  that  upon  any  skew  surface  of  the  order  n 
there  is  a  singular  (or  nodal)  curve  meeting  each  generating  line  in  (n  — 2)  points, 
and  that  the  class  of  the  circumscribed  cone  (or,  what  is  the  same  thing,  the  class 
of  the  surface)  is  equal  to  the  order  n  of  the  sur&ce.  In  the  paper  "On  a  Class 
of  Ruled  Surfaces  "(*),  Dr  Salmon  considered  the  surface  generated  by  a  line  which 
meets  three  curves  of  the  orders  m,  n,  p  respectively:  such  sur&ce  is  there  shown  to 
be  of  the  order  =  2mnp ;  and  it  is  noticed  that  there  are  upon  it  a  certain  number 
of  double  right  lines  (nodal  generators);  to  determine  the  number  of  these,  it  v^as 
necessary  to  consider  the  skew  surface  generated  by  a  line  meeting  a  given  right  line 
and  a  given  curve  of  the  order  771  twice;  and  the  order  of  such  surface  is  foimd  to 
be  =Jm(m— 1)  +  A,  where  h  is  the  number  of  apparent  double  points  of  the  curve. 
The  theory  is  somewhat  further  developed  in  Dr  Salmon's  memoir  "On  the  Degree 
of  a  Sur&ce  reciprocal  to  a  given  one"(»),  where  certain  minor  limits  are  given  for  the 
orders  of  the  nodal  curves  on  the  skew  surface  generated  by  a  line  meeting  a  given 
right  line  and  two  curves  of  the  orders  m  and  n  respectively,  and  on  that  generated 
by  a  line  meeting  a  given  right  line  and  a  curve  of  the  order  m  twice.  And  in 
the  same  memoir  the  author  considers  the  skew  surface  generated  by  a  line  the 
equations  whereof  are  (a, .  .  $^,  1)"*  =  0,  (a\  .  .  $f,  1)**  =  0,  where  a, .  ,  a', . .  are  any  linear 
functions  of  the  coordinates,  and  ^  is  an  arbitrary  parameter.  And  the  same  theories 
are   reproduced   in  the    "  Treatise    on  the   Analytic   Geometry   of  Three  Dimensions  "(*)• 

1  Cambridge  and  Dublin  Math.  Journ.  vol.  vii.  pp.  171—178  (1852),  [108]. 

3  Ibid,  vol  vm.  pp.  45,  46  (1858). 

3  Trans.  Royal  Irish  Acad.  vol.  zziii.  pp.  461—488  (read  1855). 

«  Dablin,  1862.    [Ed.  4,  1882.] 
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I  will  also,  though  it  is  less  closely  connected  with  the  subject  of  the  present  memoir, 
refer  to  a  paper  by  M.  Chasles,  "Description  des  courbes  a  double  courbure  de  tous 
les  ordres  sur  les  surfaces  r^gl^es  du  troisifeme  et  du  quatrifeme  ordre"(0- 

The  present  memoir  (in  the  composition  of  which  I  have  been  assisted  by  a 
correspondence  with  Dr  Salmon)  contains  a  further  development  of  the  theory  of  the 
skew  surfaces  generated  by  a  line  which  meets  a  given  curve  or  curves:  viz.  I  con- 
sider, 1st,  the  surfiw5e  generated  by  a  line  which  meets  each  of  three  given  curves  of 
the  orders  m,  n,  p  respectively ;  2nd,  the  surface  generated  by  a  line  which  meets  a 
given  curve  of  the  order  m  twice,  and  a  given  curve  of  the  order  n  once;  3rd,  the 
surface  which  meets  a  given  curve  of  the  order  7n  three  times;  or,  as  it  is  verj' 
convenient  to  express  it,  I  consider  the  skew  surfeces,  or  say  the  "Scrolls,"  8(m,  w,  p), 
8(m^,  n),  S(m').  The  chief  results  are  embodied  in  the  Table  given  after  this  intro- 
duction, at  the  commencement  of  the  memoir.  It  is  to  be  noticed  that  I  attend 
throughout  to  the  general  theory,  not  considering  otherwise  than  incidentally  the  efifect 
of  any  singularity  in  the  system  of  the  given  curves,  or  in  the  given  curves  separately: 
the  memoir  contains  however  some  remarks  as  to  what  ai*e  the  singularities  material 
to  a  complete  theory;  and,  in  particular  as  regards  the  surface  /Si(m'),  I  am  thus  led 
to  mention  an  entirely  new  kind  of  singularity  of  a  curve  in  space — ^viz.  such  a  curve 
has  in  general  a  determinate  number  of  "lines  through  four  points"  (lines  which 
meet  the  curve  in  four  points);  it  may  happen  that,  of  the  lines  through  three  points 
which  can  be  drawn  through  any  point  whatever  of  the  curve,  a  certain  number  will 
unite  together  and  form  a  line  through  four  (or  more)  points,  the  number  of  the  lines 
through  four  points  (or  through  a  greater  number  of  points)  so  becoming  infinite. 

Notation  and  Table  of  Results,  Articles  1  to  10.  *  . 

1.  In  the  present  memoir  a  letter  such  as  m  denotes  the  order  of  a  curve  in 
space.  It  is  for  the  most  part  assumed  that  the  curve  has  no  actual  double  points 
or  stationary  points,  and  the  corresponding  letter  M  denotes  the  class  of  the  curve 
taken  negatively  and  divided  by  2 ;  that  is,  if  h  be  the  number  of  apparent  double 
points,  then  Jf  =  — ^[mp-hA:  here  and  elsewhere  [mp,  &c.  denote  &ctorials,  viz. 
[m]'=m(m  — 1),  [m]*  =  m(m  — l)(m  — 2),  &c.  It  is  to  be  noticed  that  for  the  system 
of  two  curves  m,  m',  if  h,  h'  represent  the  number  of  apparent  double  points  of  the 
two  curves  respectively,  then  for  the  system  the  number  of  apparent  double  points  is 
=  mm'  +  h  +  h\  and  the  corresponding  value  of  if  is  therefore  —  J  [m  -h  m'y  +  mm'  +  h  +  h', 
which  is  =-i[m]»  +  A-i[m']«  +  A',  which  is  =M+M\ 

2.  The  use  of  the  combinations  (m,  n,  p,  q),  (m*,  n,  p),  &c.  hardly  requires  ex- 
planation; it  may  however  be  noticed  that  G(m,  n,  p,  q)  denoting  the  lines  which 
meet  the  curves  m,  n,  p,  q  (that  is,  curves  of  these  orders)  each  of  them  once, 
0(m^,  n,  p)  will  denote  the  lines  which  meet  the  curve  m  twice  and  the  curves  n 
and  p  each  of  them  once ;  and  so  in  all  similar  cases. 

3.  The  letters  (?,  S,  ND,  NG,  NR,  NT  (read  Generators,  Scroll,  Nodal  Director, 
Nodal   Generator,  Nodal    Residue,  and    Nodal    Total)  are    in    the    nature   of   functional 

^  Can^te$  Rendtu,  t.  Lm.  (1861,  2«  Sem.),  pp.  8S4— 889. 

c,  V.  22 
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symbols,  iised  (according  to  the  coutext)  to  denote  geometrical  forms,  or  else  the  orders 
of  these  forms.  Thus  G(m,  n,  p,  q)  denotes  either  the  lines  meeting  the  curves 
m,  n,  p,  q  each  of  them  once,  or  else  it  denotes  the  order  of  such  system  of  lines, 
that  is,  the  number  of  lines.  And  so  S(in,  n,  p)  denotes  the  Skew  Surface  or  Scroll 
generated  by  a  line  which  meets  the  curves  m,  n,  p  each  once,  or  else  it  denotes  the 
order  of  such  surface. 

4.  O  (m,  n,  p,  q) :   the  signification  is  explained  above. 

5.  S(m,  n,  p):  the  signification  has  just  been  explained;  but  as  the  sur£EU^ 
S{m,  fly  p),  S(m\  7i),  /Si(iw')  are  in  fia^t  the  subject  of  the  present  memoir,  I  give  the 
explanation  in  fiill  for  each  of  them,  viz.  8(m,  n,  p)  is  the  surface  generated  by  a 
line  which  meets  the  curves  m,  n,  p  each  once ;  8  (m\  n)  is  the  surface  generated  by 
a  line  which  meets  the  curve  m  twice  and  the  curve  n  once;  S(m*)  the  sur&ce 
generated  by  the  line  which  meets  the  curve  m  thrice.  As  already  mentioned,  these 
surfaces  and  their  orders  are  represented  by  the  same  sjrmbols  respectively. 

6.  iYD  (m,  n,  p).  The  directrix  curves  m,  n,  p  of  the  scroll  8  (m,  n,  p)  are  nodal 
(multiple)  curves  on  the  surface,  viz.  m  is  an  ti^tuple  curve,  and  so  for  n  and  p. 
Reckoning  each  curve  according  to  its  multiplicity,  viz.  the  curve  m  being  reckoned 
J  [np]^  times,  or  as  of  the  order  m .  ^  [np]\  and  so  for  the  curves  v  and  jp,  the 
aggregate,  or  sum  of  the  orders,  gives  the  Nodal  Director  ND  (m,  n,  p). 

7.  NG{m,  n,  p).  The  scroll  8{7n,  7i,  p)  has  the  nodal  generating  lines  0(m\  n,  p), 
G  (m,  n\  p),  G  (m,  w,  p»).  Ekich  of  these  is  a  mere  double  line,  to  be  reckoned  once 
only,  and  we  have  thus  the  Nodal  Generator 

NG  (m,  n,  p)=G  {m\  n,  p)  +  G  (m,  n\  p)+G  (r?i,  n,  p'). 

But  to  take  another  example,  the  scroll  S(m\  n)  has  the  nodal  generating  lines 
G(m\  n),  each  of  which  is  a  triple  line  to  be  reckoned  ^[3]*,  that  is,  three  times, 
and  also  the  nodal  generating  lines  G{m\  n'),  each  of  them  a  mere  double  line 
to  be  reckoned  once  only ;  whence  here  NG  (m*,  n)  =  3(r  (m*,  n)+  G  (m\  n*).  And  so 
for  the  scroll  8(m*\  this  has  the  nodal  generating  lines  G{m%  each  of  them  a 
quadruple  line  to  be  reckoned  \  [4]',  that  is,  six  times ;   or  we  have  NG  (m*)  =  QG  (m*). 

8.  NR  (7/1,  w,  p).  The  scroll  8  (w,  n,  p)  has  besides  the  directrix  curves  w,  a,  p 
or  Nodal  Director,  and  the  nodal  generating  lines  or  Nodal  Generator,  a  remaining 
nodal  curve  or  Nodal  Residue,  the  locus  of  the  intersections  of  two  non -coincident 
generating  lines  meeting  in  a  point  not  situate  on  any  one  of  the  directrix  curves. 
This  Nodal  Residue,  as  well  for  the  scroll  8{m,  n,  p)  as  for  the  scrolls  S{in^,  n)  and 
S(m')  respectively,  is  a  mere  double  curve  to  be  reckoned  once  only;  and  such  curve 
or  its  order  is  denoted  by  NR,  viz.  for  the  scroll  8{m,  n,  p),  the  Nodal  Residue  is 
NR(m,  n,  p), 

9.  NT  (viy  n,  p).  The  Nodal  Director,  Nodal  Generator,  and  Nodal  Residue  of  the 
scroll  *Si(m,  /J,  p)  form  together  the  Nodal  Total  NT(m,  n,  p),  that  is,  we  have 

NT(m,  n,  p)  =  ND(ni,  n,  p)  +  NG(m,  n,  p)  +  NR(m,  n,  p); 

and  sirailai'ly  for  the  scrolls  S(m^  n)  and  <S(m*). 
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NR  (m»,  n)      =  n  (|  [mY  +  M{^  [»«]'  -  2m  +  3)) 

+  [«]'  (i  [»iP  +  f  W  +  M'  +  M  ([mp  -  i)  +  Jlf» .  i). 
i\r2'(m»,  n)       =      iS»-.S;  +  nitf"(m-$)  +  iV(i[m]»  +  JO. 

=  n  (J  [m]«  +  2  [»i]»  +  Jf  ([«»]•  +  m- 5)  +  M*.^) 

+  W(i  W  +  2  [m]»  +  W  +  if .  [»»]•  +  if«.  i)  +  iV  (i  [»»]»  + Jf); 

included  in  which  we  have 

[mf  +  M, 
i  [my  +  [»«]» +  M{1  [my -^)+M\h 

[my  +  M.S{m-2), 
I  [my  +  Af  (J  [w]»  -  2m  +  3), 
JS»-S  +  if(m-$), 
iW  +  2  [«i]»  +  i»/ ([to]»  +  m  -  ^)  +  3/» .  i  ; 


/?(!, 

m*) 

ND(1, 

m») 

NG(1, 

m«) 

NB(1, 

m») 

NT(1, 

TO') 

finally 

5(m') 

NBi 

[m') 

NG{ 

>») 

NR{ 

>»•) 

i  [mY  +  6m  +  Jlf  (3  [w]«-  12m  +  33)  +  J^f^  3, 

Vg[m]'  +  f[mP-i[^*?  +  -'^^^ 

+  Jlf  Q  [mp-  i  [mp  -  f  [?m]«  +  8rri  -  20)  +  iP  (i  [mP  -  2m), 
iVrr(m«)  =  J  iS* -  iS  +  3m  +  .¥(i [mf  - f wiH- 11)  +  if«, 

=  A  [^]'  +  i  bO*  +  [^?  +  3m 

+  ^W^G  M*  +  *  [mp+  J[m>]  -5m  + 13)  +  iP(i  [mf-  |m  +  3). 

The   formulae  are  investigated   in   the  following  order,  ND,  G,  NO,  8,  NR,  and  NT. 


The  ND  fomiuUB,  Articles  11  to  13. 

11.  ND{m,  n,  p). — Taking  any  point  on  the  curve  m,  this  is  the  vertex  of  two 
cones  passing  through  the  curves  n,  p  respectively ;  the  cones  are  of  the  orders  n,  p 
respectively,  and  they  intersect  therefore  in  np  lines,  which  are  the  generating  lines 
through  the  point  on  the  curve  m;  hence  this  curve  is  an  wp-tuple  line  on  the 
scroll  S  (m,  n,  p),  and  we  have  thus  the  term  m .  ^  [npl^  of  ND.     Hence 

ND (m,  /I,  j?)  =  m . i [np]*  +  n.^  [mp]*  +p .  i  [mn]', 

=  hmnp  (mn  +  mp  +  wjt)  —  3). 
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the  lines  G  {m,  w,  p,  q).  The  like  remarks  apply  to  the  lines  G  (m',  n,  p),  G  (m\  n'), 
G(m\  n),  and  G(m*);  but  I  will  develope  them  somewhat  more  particularly  as  regards 
the  lines  G(m*). 

16.  Given  a  curve  m,  then  (as  in  fiskct  mentioned  in  the  investigation  for  ND(m^)) 
through  any  point  whatever  of  the  curve  there  can  be  drawn 

(A  -  m  +  2  =  )  [m]»  +  711  -  2  +  Jf 

lines  meeting  the  curve  in  two  other  points,  or  say  [m]*  +  m  —  2  +  if  lines  through  three 
points.  But  in  general  no  one  of  these  lines  meets  the  curve  in  a  fourth  point ;  that 
is,   we  cannot   through   every   point   of  the   curve   7/i  draw   a   Ime   through   four  points; 

there  are,  however,  on  the  curve  m  a  certain  number  (=4(?(m*))  of  points  through 
w^hich  can  be  drawn  a  line  through  four  points,  or  line  (?(m*). 

17.  But  the  curve  m  may  be  such  that  through  every  point  of  the  curve  there 
passes  a  line  through  four  points.  In  fact,  assume  any  skew  surface  or  scroll  whatever, 
and  upon  this  sur£eu;e  a  curve  meeting  each  generating  line  in  four  points  (e.g.  the 
intersection  of  the  scroll  by  a  quartic  sur£eu;e).  Taking  the  curve  in  question  for  the 
curve  m,  then  it  is  clear  that  through  every  point  of  this  curve  there  passes  a  line 
(the  generating  line  of  the  assumed  scroll)  which  is  a  line  through  four  points,  or 
line   G  (m*). 

18.  It  is  to  be  noticed,  moreover,  that  if  we  take  on  the  curve  m  any  point 
whatever,  then  of  the  [m]'  +  m  —  2  -h  ilf  lines  through  three  points  which  can  be  drawn 
through  this  point,  three  will  unite  together  in  the  generating  line  of  the  assumed 
scroll  (for  if  0  be  the  point  on  the  curve  7n,  and  1,  2,  3  the  other  points  in  which 
the  generating  line  of  the  assumed  scroll  meets  the  curve  m,  then  such  generating 
line  unites  the  three  lines  012,  013,  023,  each  of  them  a  line  through  three  points); 
and  there  will  be  besides  ^  [m]'  -f  m  —  5  +  if  mere  lines  through  three  points.  The 
line  through  four  points  generates  the  assumed  scroll  taken  (^  [3p  ~ )  3  times,  or 
considered  as  three  coincident  scrolls;  the  remaining  lines  generate  a  scroll  8^{m*\ 
which  is  such  that  the  curve  m  is  on  this  scroll  a  (^  [m]'  +  m  —  5  +  if)tuple  line ;  the 
assumed  scroll  three  times  and  the  scroll  S'(m*)  make  up  the  entire  scroll  flf(m') 
derived  from  the  curve  m,  or  say  S(m')  =  3  (assumed  scroll)  'hS'(m*), 

19.  The  case  just  considered  is  that  of  a  curve  m  such  that  through  every  point 
of  it  there  passes  a  line  through  four  points  counting  as  (^  [3]^  = )  3  lines  through 
three  points,  and  that  all  the  other  lines  through  three  points  are  mere  lines  through 
three  pointa  But  it  is  clear  that  we  may  in  like  manner  have  a  line  through  p 
points  counting  as  i[p  — 1]'  lines  through  three  points;  and  more  generally  if  p,  j, ... 
arc  numbers  all  different  and  not  <3,  and  if 

i[mP-m  +  2  +  if=a.i[i>--l?  +  /3.H?-l?+--- 

then  we  may  have  a  curve  m  such  that  through  every  point  of  it  there  pass  a  lines 
each  through  p  points  and  counting  as  i  [p  —  1]'  lines,  0  lines  each  through  q  points 
and   counting  as    ^[9  — IP    lines,   &c....:    the   case  /)  =  3   gives   of   course   a    lines   each 
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through  three  points  and  counting  as  a  single  line.  It  is  to  be  added  that,  in  the 
case  just  referred  to,  the  a  lines  will  generate  a  scroll  S"  (m^)  taken  ^[pf  times,  the 
ff  lines  will  genemte  a  scroll  S"(m')  taken  ^[5]'  times,  &c.,  which  scrolls  together 
make  up  the  scroll  S(m'),  or  say 

8  (m»)  =  J  [py .  8'  (m»)  +  i  [q^ .  8"  (m»)  +  &c. ; 

it  may  however  happen  that,  e.g.  of  the  a  lines,  any  set  or  sets  or  even  each  line  will 
generate  a  distinct  scroll  or  scrolls — that  is,  that  the  scroll  /S'(ni')  will  itself  break  up 
into  scrolls  of  inferior  orders. 

20.  A  good  illustration  is  afforded  by  taking  for  the  curve  m  a  curve  on  the 
hyperboloid  or  quadric  scroll^;  such  curves  divide  themselves  into  species;  viz.  we  have 
say  the  (p,  q)  curve  on  the  hyperboloid,  a  curve  of  the  order  p  +  q  meeting  each 
generating  line  of  the  one  kind  in  p  points,  and  each  generating  line  of  the  other 
kind  in  q  points;   here 

m=p  +  q,  (A  =  i|>P  +  H9?>  ^^^  .\)M  =  -pq. 

Assuming  for  the  moment  that  p,  q  are  each  of  them  not  less  than  3,  it  is  clear 
that  the  lines  through  three  points  which  can  be  drawn  through  any  point  of  the 
curve  are  the  generating  line  of  the  one  kind  counting  as  i  [p  —  1]'  lines  through 
three  points,  and  the  generating  line  of  the  other  kind  counting  as  ^  [g  —  1]'  lines 
through  three  points,  so  that 

The  complete  scroll  8{m*)  is  made  up  of  the  h)rperboloid  considered  as  generated  by 
the  generating  lines  of  the  'one  kind  taken  J[p]*  times,  and  the  hyperboloid  con- 
sidered as  generated  by  the  generating  lines  of  the  other  kind  taken  J  [g]»  times  (so 
that  there  is  in  this  case  the  speciality  that  the  surfaces  8^  (m%  iSf"(m')  are  in  fact 
the  same  surface).     And  hence  we  have 

8  (m»)  =  (2  (i  [py  +  i  [qf)  =)  i  W  +  i  [qf. 

21.  I  notice  also  the  case  of  a  system  of  m  lines.  Taking  here  a  point  on  one 
of  the  lines,  the  (A  —  m  +  2  =)  [m]^  —  m  +  2  lines  through  three  points  which  can  be 
drawn  through  this  point  are  the  ^  [m  —  1]'  lines  which  can  be  drawn  meeting 
a  pair  of  the  other  (m  — 1)  lines,  and  besides  this  the  line  itself  counting  as  one  line 
through  three  points  (^  [m  —  Ip  +  1  =  ^  [m]^  —  m  +  2) ;  the  line  itself,  thus  counting  as  a 
single  line  through  three  points,  is  not  to  be  reckoned  as  a  line  through  four  or 
more  points  drawn  thiough  the  point  in  question,  that  is,  the  system  is  not  to  be 
regarded  as  a  curve  through  every  point  of  which  there  passes  a  line  through  four 
points:  each  of  the  lines  is  nevertheless  to  be  counted  as  a  single  line  through  four 
points,  and  (since  there  are  besides  two  lines  which  may  be  drawn  meeting  each  four 
of  the  m  lines)  the  total  number  of  lines  through  four  points  is  =  ^^^  [mY  +  m. 

22.  In  the  following  investigations  for  G(m,  n,  p,  q),  &c.,  the  foregoing  special 
cases   are   excluded   from   consideration;    it  may   however   be   right   to   notice   how   it   is 

^   It  is   hardly  necessary  to    remark    that    (reality  being  disregarded)  any  qnadric   surface  whatever   is  a 
hyperboloid  or  quadric  scroll. 
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that  the  formulse  obtained  are  inapplicable  to  these  special  cases;  for  instance,  as 
will  immediately  be  seen,  the  number  of  the  lines  (?(m,  n,  p,  q)  is  obtained  as  the 
number  of  intersections  of  the  surface  8(m,  n,  p)  by  the  curve  q,  ^2mnpxq  =  2mnpq; 
but  if  the  curve  q  lie  on  the  surface  S(m,  n,  p),  then  0(in,  n,  p,  q)  is  no  longer 
=»  2innpq. 

The  G  fomnulce,  Articles  23  to  34. 

23.  0{m,  n,  p,  q), — Considering  the  scroll  S(in,  n,  p)  generated  by  a  line  which 
meets  each  of  the  curves  m,  w,  p,  this  meets  the  curve  }  in  qS{m,  n,  p)  points 
through  each  of  which  there  passes  a  line  0{m,  n,  p,  q);  that  is,  we  have 

G  (w,  w,  p,  </)  =  5  S  (m,  w,  p). 

But  from  this  equation  we  have 

/S(m,  7^,  p)  =  G(l,  m,  n,  p)=/>S(l,  m,  n); 

thence  also 

iS(l,  m,  n)  =(?{!,  1,  m,  n)  =  n8(l,  1,  n), 
and 

8(1,  1,  m)  =  «(l,  1,  1,  m)  =  7HS(l,  1,  1);  8(1,  1,  1)  =  G(1,  1,  1,  1)  =  2, 

since  2  is  the  number  of  lines  which  can  be  drawn  meeting  each  of  four  given  right 
lines.     Hence   ultimately 

G(7n,  n,  p,  q)  =  mnpqG(l,  1,  1,  l)^2mnpq. 

24.  G(m\  n,  p). — In  a  precisely  similai*  manner  we  find 

G(m\  n,  p)  =  npG(h  1,  m')  =  npS(l,  w*), 

and   it  is   the   same   question   to   find   G(l,  1,  m*)   and   to   find  8(1,  m^).     I  investigate 

G  (1,   1,   m')  by  considering  the   particular   case   where   the   curve    m    is   a  plane  curve 

having  n  double  points.      The    plane    of    the    curve   meets    the   two   lines   1,   1    in   two 

points,  and  the   line   through   these  two  points  meets  each  of  the   lines   1,  1,  and  meets 

the  curve  in  m  points;  combining  the   last-mentioned   m  points  two  and  two  together, 

the    line    in    question    is    to    be    considered    as    ^  [mf    coincident    lines,   each    of   them 

meeting    the    lines    1,   1,  and    also    meeting    the    curve    m    twice.     But    we    may  also 

through  any  double  point  of   the  curve   draw  a   line  meeting  each  of  the   lines  1,  1 ; 

such   line,  inasmuch  as  it  passes  through  a  double  point,  meets  the  curve   twice;   and 

we   have   h  such   lines.      This  gives   for   the   case   in   question   G(l,   1,  m')  =  A  +  J  [m]*; 

or,  introducing  in   the   place   of  h  the   quantity  3f(=  A  — ^  [m]'),  so   that   h  =  ^[m]*  +  M, 

we  have 

G(l,  1,  m^)  =  [mp  +  Jlf ; 

and,   to   the   double   points    of   the    plane    curve,   there  correspond    in   the  general   case 

the   apparent  double  points  of  the  curve  m.     Admitting  the   correctness  of  the    result 

just  obtained,  we  then  have 

G  (m\  w,  p)  =  np  ([m]»  +  M). 
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25.  0{m\  n*). — I  investigate  the  value  by  a  process  similar  to  that  employed  for 
G(l,  1,  m*).  Suppose  that  the  curves  m  and  n  are  plane  curves  having  respectively 
h  and  k  double  points;  then  the  line  of  intersection  of  the  two  planes  meets  the 
curve  m  in  m  points,  and  the  curve  n  in  n  points;  or,  combining  in  every  mannei* 
the  m  points  two  and  two  together,  and  the  n  points  two  and  two  together,  the  line 
in  question  is  to  be  considered  as  ^  [mp .  ^  [nf  coincident  lines,  each  meeting  the 
curve  m  twice  and  the  curve  n  twice.  There  are  besides  the  hk  lines  joining  each 
double  point  of  the  curve  m  with  each  double  point  of  the  curve  n.  This  given 
in  all  J  [m]*  [fif  +  hk  lines ;  or,  writing  A  =  J  [mf  +M,  k  =  ^  [n]*  +  N,  the  number  is 

which  is  the  value  of  6(m\  n^)  given  by  the  investigation. 

26.  0{m\  n).— We  have 

0  (m»,  n)  =  w  G  (1,  m»)  =  n  iS  {m% 

and  it  is  in  fact  the  same  question  to  find  G(l,  m')  and  to  find  S{m*),  I  assume 
for  the  present  that  the  value  [of  S(m%  see  post  Art.  38]  is  =  J[m]»  +  if  (m  — 2);  and 
we  then  have 

G  (m»,  n)  =  w  ( J  [m]»  +  M(m''  2)). 

27.  Before  going  further,  I  observe  that  there  are  certain  functional  conditions 
which  must  be  satisfied  by  the  G  formulae.  Thus  if  the  curve  m  be  replaced  by  the 
system  of  the  two  curves  m,  m\  instead  of  M  we  have  M  +  M.  Let  G  (wi)  denote 
any  one  of  the  functions  G  (m,  n,  p,  g),  G  (m,  n',  p),  G  (m,  n*),  we  must  have 

G^m-^w!)  ^G(m)-\-G(m'). 

Similarly,  if  G{m^)  denote  either  of  the  functions  G(m\  n,  p),  G(m\  n»),  we  must 
have 

G(m  +  my  =  G(m^)  +  G{m,  mO+G(m'«); 

and  so  if  G(wf)  stand  for  G(m*,  n),  then 

(?(m  +  mO»  =  (?(m»)  +  (?(m»,  mO+GK  m'»)  +  (? {m'») ; 
and  finally 

28.  The  first  three  equations  may  be  at  once  verified  by  means  of  the  above 
given  values  of  the  G  functions.  But  conversely,  at  least  on  the  assumption  that 
G{m\  G(w?\  &C.,  in  so  far  as  they  respectively  depend  on  the  curve  m,  are  functions 
of  m  and  M  only,  we  may,  by  the  solution  of  the  functional  equations,  obtain  the 
values  of  the  G  functions.    It  is  to  be  observed  that  the  first  equation  is  of  the  form 

^  (m  +  m')  =  ^  (m)  +  ^  (m'), 

the  general  solution  whereof  is 

^m  =  am  +  fiM ; 


C.  V. 


23 


178  ON   SK£W   SURFACES,    OTHERWISE   SCROLLS.  [339 

the  second  equation,  supposing  that  G{m,  m!)  is  known — the  third  equation,  supposing 
that  (?(m^  m!)  and  0{m,  m'*)  are  known — and  the  fourth  equation,  suppoidng  that 
0  {m\  m'\  0  (m*,  m'*),  0  (m,  rn!^)  are  known,  are  respectively  of  the  form 

^(m  +  m')  =  ^m  +  ^m'  +  funct.  (m,  m'); 
and  hence  if  a  particular  solution  be  given,  the  general  solution  is 

^  (m)  =  Particular  Solution  +  am  +  fiM. 
The  values  of  the  constants  must  in  each  case  be  determined  by  special  considerations. 

29.  The  value  of  0  (m,  n,  p^  q)  was  obtained  strictly ;  that  of  O  (fn\  n,  p)  was 
reduced  to  depend  on  0(1,  1,  m*),  and  that  of  G(m*,  n)  on  0(1,  m*),  I  apply  therefore 
the  functional  equations  to  the  confirmation  of  the  values  of  G(l,  1,  m'),  0(m\  n*), 
and  O  (1,  m'),  and  to  the  determination  of  the  value  of  0  (m*). 

30.  First,  if  ff(m»)  denote  0(1,  1,  m'),  then  0(m,  m')  denotes  0(1,  1,  nh,  m'), 
which  is  —  2mm' ;  hence 

(?  (m  +  mO*  -  (?  (m»)  -  0  (m'«)  =  2mm', 

which  is  satisfied  by  (?(m*)  =  [mp.     This  gives 

G(l,  1,  m*)  =  [m]»  +  am  +  i8Jlf; 

but  if  the  curve  m  be  a  system  of  m  lines  (m^m,  M^O),  then  6(1,  1,  m*)  =  [m]*; 
and  again,  if  the  curve  m  be  a  conic  (m  =  2,  Jf  =  — 1),  then  0(1,  1,  m*)=l.  This 
gives  a  =  0,  0^1,  and  therefore 

0(1,  1,  m^)=^[nif  +  M. 

31.  Next,  if  ff(m*)  denote  0(m\  n»),  then  0(m,mf)  denotes  0(m,m\n%  which  is 
=  mm!  ([n]"  4-  N).    The  functional  equation  is 

G  (m  +  m7  -  (?  (m«)  -  0  (m'«)  =  mm'  ([np  +  If), 
which  is  satisfied  by  0  (m^)  =  \  [m]'  ([n]*  +  i\r).     Hence  we  have 

G(m\  w«)  =  i  [m]« {[fi]>  +  i\r)  +  am  +  iSJlf, 

where  a,  )8  are  functions  of  ii,  iV;  and  observing  that  0(m\  n*)  must  be  symmetrical 
in  regard  to  the  curves  m  and  n,  it  is  easy  to  see  that  we  may  write 

0(m\  n*)  =  i[mp[wf +  ilf.i[nP  +  JV^.H^P  +  amn  +  i8(mJS'+iiJ0  +  7^^ 

where  a,  0,  y  are  absolute  constants.  To  determine  them,  if  the  curve  m  be  a  pair 
of  lines  (m  =  2,  if  =  0),  then 

G(m^  n^)  =  0(l,  1,  n^)  =  [nf  +  N; 
and  if  each  of  the  curves  m,  n  be  a  conic  (m  =  2,  ilf  =  — 1,  n  =  2,  iV=— 1),  then 

(?  (m^  n«)  =  1. 
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These  cases  give  a=si8  =  0,  7  =  1,  and  therefore 

32.  Again,  (?(m*)  standing  for  G(l,  m*),  then  0(m\  rn!)  and  G(m,  m'*)  will  stand 
for  0(1,  m',  m')  and  ff(l,  m,  m'»),  the  values  whereof  are  m' (^ni^ '\- M)  and  m([m']»  +  3f'> 
respectively.    We  have  thus 

6?(m  +  m')*-6(m»)-6(m'»)  =  m'([in]«  +  ilf)  +  m([m']*  +  ilf'), 

a  solution  of  which  is  O  (m*)  =  |  [mf  +  milf.     Hence  we  have 

6?(1,  m«)  =  J  [m]»  +  mif  +  own- ^if. 

Suppose  first  that  the  curve  m  is  a  system  of  lines  (m  =  m,  ilf  =0),  then  (?(1,  m')  =  J[m]*; 
and  next  that  the  curve  m  is  a  cubic  in  space  or  skew  cubic  (m  =  3,  if  =  —  2),  then 
(?(1,  m')  =  0,  since  a  line  can  meet  the  curve  in  two  points  only.  We  thus  find  a  =  0, 
)3  =  —  2,  and  thence 

G(l,  m»)  =  jM  +  ^(^^-2). 

33.  Hence,  substituting  for  0{m^y  m'),  G(m',  m''),  G(m,  m'*)  their  values 

respectively,  we  find 

e(m  +  m')*-(?(m*)-e(m'*)=  m' (^  [m]«  +  i/(m  -  2)) 

+  i[m]«M«  +  Jf.J[m7  +  if'.i[w]«  +  JlfJlf 
+    m(i[m7  +  ilf'(tn'-2)), 

and  thence,  obtaining  first  a  particular  solution,  the  general  solution  is 

G (m*) ^-hbn^-^^ih  M* -  2m)  +  ilf» . i  +  em  +  iSJIf. 

34.  To  determine  the  constants,  suppose  first  that  the  curve  m  is  a  system  of 
lines  (m  =  m,  Jf=0),  we  must  have  (r  (m*)  = -jJ^  [m]*  +  m,  and  thence  a  =  0.  Next,  if 
the  curve  m  be  a  conic  (m  =  2,  if=  — 1),  we  must  have  (?(m*)  =  0;  and  this  gives 
^  =  J^,  and  consequently 

(?(m*)=  ^  [m]*  +  m  +  if  (i[mp-  2m  +  JgL)  +  JIP .  ^. 


2%c  iVG  formvlob,  Article  35. 
85.     The  NG  formulae  are  now  at  once  obtained,  viz.  we  have 

NG  {m,  n,  p)==    G  (m«,  n,  p)  +  G  (m,  n\  p)  +  G  (m,  n,  p^), 
NG  (m«,  7i)      =  3(?  (m»,  n)       +  (?  (m«,  n«), 
JV'G  (m»)  =  6G  (m»), 

which  give  the  values  in  the  Table. 


23—2 
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The  8  formulcB,  particular  cases,  Articles  36  to  40. 

36.  The  8  formulae  have  in  feet  been  obtained  in  the  investigation  of  the  G 
formulsB:   we  have 

S(m,  n,  p)  =  2mnp, 

S(m»)  =  J  [m]»  +  Jf  (m-  2). 

37.  In  confirmation  of  the  formula  8(1,  m*)=^[m]^  +  M,  it  is  to  be  remarked  that 
if  we  take  through  the  line  1  an  arbitrary  plane,  this  meets  the  curve  m  in  m 
points,  and  joining  these  two  and  two  together  we  have  ^  [m]*  lines,  each  of  them 
meeting  the  curve  m  twice  and  also  meeting  the  line  1 ;  that  is,  the  lines  in 
question  are  generating  lines  of  the  scroll  8(1,  m»).  The  line  1  is,  as  already 
mentioned,  an  (A  = ) (^ [m]*  +  ilf )tuple  line  on  the  scroll;  the  section  by  the  arbitraiy 
plane  is  therefore  the  line  1  taken  (J  [m]'  +  M)  times,  together  with  the  before-mentioned 
i[m]^  lines;  that  is,  the  order  of  the  surfece  is  [mf  +  M,  as  it  should  be.  This  is 
in  fact  the  mode  in  which  the  order  of  the  scroll  8(1,  rri^)  was  originally  obtained 
by  Dr  Salmon. 

38.  As  regards  the  formula  8  (m*)  =  ^  [m]'  +  JIf  (m  —  2),  suppose  that  the  curve  m 
is  a  (p,  q)  curve  on  the  hyperboloid,  we  have  as  before  m^p  +  q,  M^—pq,  and  the 
formula  becomes 

which  is 

viz.   as  already  remarked,  the  surface  is   in  this  case  the   hyperboloid  taken  ^  [jop  +  ^  [qY 
times. 

39.  It  is  to  be  noticed  also  that  if  the  curve  m  be  a  system  of  lines  (m^m,  M=^0), 
then  the  formula  gives 

which   is   light,   since   in   this  case   the    scroll    is   made    up    of  the  ^[mf  hyperboloids 
generated  each  of  them  by  a  line  which  meets  three  out  of  the  m  linea 

In  the  case  of  a  curve  m,  which  is  such  that  the  coordinates  of  any  point  of 
the  curve  are  proportional  to  rational  and  integral  functions  of  the  order  m  of  an 
arbitrary  parameter  0,  or  say  the  case  of  a  unicursal  curve  of  the  order  m,  we  have 

(A  =  i[m-1]«  and  .-.)  Jlf  =  -  (m - 1), 
and  the  formula  gives 

for  a  direct  investigation  of  which  see  post,  Annex  No.  1. 
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scroll  8(1,  m,  n),  and  these  lines  intersect  in  a  point  which  belongs  to  the  Nodal 
Residue  NJti;  and  in  like  manner  the  lines  mi^,  and  ni,n,  are  generating  lines  of  the 
scroll,  and  they  intersect  on  a  point  of  NR\  we  have  thus 

points  on  NR,  that  is,  the  arbitrary  plane  through  the  line  1  cuts  NR  in  i[m]*[n]' 
points.  But  the  plane  also  cuts  UTR  in  certain  points  lying  on  the  line  1,  and  if 
the  number  of  these  be  (a),  then 

NR(h  m,  n)  =  J[7H]«[n]»  +  a. 

44.  The  points  (a)  are  included  among  the  cuspidal  points  on  the  line  1. 
Taking  for  a  moment  a;==0,  y  =  0  for  the  equations  of  the  line  1  (which,  as  we  have 
seen,  is  a  mn-tuple  line  on  the  scroll),  the  equation  of  the  scroll  is  of  the  form 
(A,  .,.J[x,  y)'*^=0,  where  A,  ...  are  functions  of  the  coordinates  of  the  degree  mn. 
The  entire  number  of  cuspidal  points  on  the  line  1  is  thus  =  2  [mnf ;  but  these 
include  different  kinds  of  cuspidal  points,  viz.  we  have 

2  [mrif  =  2a  +  2a  +  2a'  + 12, 

if  (a)  be  the  number  of  points  in  which  the  line  1  meets  NR, 

>,    a  ,)  »  »  ,.  8{m\  n), 

n    ^  »  „  ,f  »  8{m,  n"), 

„    R  „  „  „  „  Torse  (m,  n), 

where  by  Torse  (m,  n)  I   denote  the  developable    surface   or  "Torse"  generated  by  a 
line  which  meets  each  of  the  curves  m  and  n.     The  order  of  the  Torse  in  question  is 

R  =  (?i([m]»-  2A)  +  m([nP-  2Jfc)=)  -  2  (tiM+mN), 

see  post.  Annex  No.  4.     And  then  observing  that  we  have 

a  =S{m\  n)=:^n  ([m]'  +  if), 

a'  =  S  (m,  n«)  =  m  ([np  +  N), 
these  values  give 

2a  +  20^  +  jB  =  2n  [m]*  +  2m  [nf, 
and  we  have 

a  =  J(2[wnP-2a-2a'-i2), 

=  [mn]^  —  n  [nif  —  m  [ny, 

and  thence 

NR(1,  m,  n)  =  f[mp[np. 

45.  iVi2(l,  m*). — Through  the  line  1  take  any  arbitrary  plane  meeting  the  curve 
m  in  m  points;  if  mj,  tw^,  m,,  m^  be  any  four  of  these,  then  the  lines  mim,  and  tWjWii 
are  generating  lines  of   the  scroll   5(1,  m*),  and   their  intersection    is   a  point  of  the 
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uodal  residue   NR]   but  in  like  manner  the   lines  mim^  and  m^m^  are  generating  lines 

of   the   scroll,   and   their  intersection  is  a  point  of    NR;    and  so  the    lines    niiVi^  and 

m^vh  £U^  generating  lines  of  the  scroll,  and  their  intersection  is  a  point  of  NR.    We 

have  thus  (3  x  ^  [m]*  =)  |  [m]*  points  of  NR  on  the  arbitrary  plane  through  the  line  1. 

But  there  are   besides  the  points  of  NR  which   lie  on  the   line   1 ;  and  if  the  number 

of  these  be  (a),  then 

iV^JB(l,  m«)  =  ^[m]*  +  a. 

46.  The  points  (a)  are  included  among  the  cuspidal  points  of  the  scroll  lying  on 
the  line  1.  Supposing  for  a  moment  that  a?  =  0,  y  =  0  are  the  equations  of  the  line  1, 
then  this  line  being  a  (^  [mf  +  Jlf)tuple  line  on  the  scroll,  the  equation  of  the  scroll 
is  of  the  form  (^,  ...$«?,  y)H»»?+-af  =  0,  where  A,...  are  functions  of  the  coordinates  of 
the  degree  ^  [m]^ :  the  number  of  cuspidal  points  on  the  line  1  is  thus 

(2.i[m]«(i[m]«-l+Jf)=)[mr(i[mP-l+Jf). 

But  these  include  cuspidal  points  of  several  kinds,  viz.  we  have 

[m]-(i[mP-l  +  Jf)  =  2a  +  3)8  +  iJ', 

if  (a)  be  the  number  of  points  in  which  the  line  1  meets  NR, 

»    fi  »  »  n  ,f  S(m% 

„  R  „  „  '      „  „  Torse  (m«), 

where   Torse   (m*)  denotes  the  developable  surfisu^e   or  Torse   generated  by  a  line   which 
meets  the  curve  m  twice.     The  order  of  the  Torse  in  question  is 

(see  post,  Annex  No.  5);  and  then  since  )8  =  /S(m*)  =  ^  [m]'+ Jf  (m  — 2),  we  find 

2a  =  [m]«(i[wi]«-l+ilO-3(i[m]»  +  Jlf(m-2))  +  2Jf(m-3), 

=  i  [m]*  +  [mf  +  M([mf  -  m), 
and  thence 

NR{\,  m«)  =  f  [m]*  +  i[mp  +  Jf(i[m]»-im). 

But  I  have  not  succeeded  in  finding  by  a  like  direct  investigation  the  values  of 

NR  (m,  n,  p),  NR  {m\  n),  NR  (7/1'). 


Formula  far  NT  (I,  m,  n),  NT  (I,  m%  Articles  47  and  48. 

47.    We  have 

^^(1,  m,  n)  =     NG  (1,  m,  n)  =  mn (m  +  n  -  2)  +  mNnM 

+  ND  (1,  m,  n)       +  J  mn  (mn  +  m  +  w  —  3) 
+  NR  (1,  m,  n)       +  f  [mf  [n]\ 
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which  is 

=  2  [miif  +  mN  +  nM, 

where  S^S(l,  m,  n)  =  2mn. 

48.  And  moreover 

NT(l,  m«)=     ND(l,  wi«)=       ^  [m]*  +  [m]»  + Jf  (i[mp-i)  + Jf'.i 

+  NO(l,  m«)  +[mp  +  Af (3m-6) 

+  NR(1,  m«)       +|[m]*  +  Jf (i[m]«-2m  +  3), 

which  is 

=    i[m]*  +  2[7ii]»  +  Jf([m]«  +  m-0  +  Jf*.i 

if  S^S(1,  m«)  =  [m]«+ilf, 

2%e  JVr  and  NR  farmulce,  Articles  49  to  68. 

49.  I   proceed   to  find  NT{m,  n,  p\  &g»   by  a  functional  investigation,  such  as  was 
employed  for  finding  G(l,   1,  m*),  &c.     Writing  S{m)  to  denote   either    of   the  scrolls 
S(m,  n,  p\  8(m,  n%  and    supposing    that    in    place    of   the    curve    m    we    have    the 
aggregate    of   the    two  curves    m,  m;    then    the    scroll  /S(m  +  m')  breaks   up  into    the 
scrolls  Sm,  Sm\  and  the  intersection   of  these  is  part  of  the   nodal   total  NT(m  +  m'}  - 
that  is,  we  have 

NT(m  +  ni)  =  NT(m)  +  NT(vi')  +  S{m) .  S(m') ; 
and  in  like  manner,  if  S(m^)  stands  for  S(m\  w),  then 

where  C^  denotes  the  sum  of  the  combinations  two  and  two  together ;  and  so  also 

+  C,(iSf(m»),  8(m\  m'),  S(m,  m%  S(in'»)). 

50.  Instead  of  assuming 

it  is  the  same  thing,  and  it  is  rather  more  convenient,  to  assume 

viz.  NT (m)  =  i (S (m)) ^-S(m)  +  <t> (m),  &a     Then  observing  that 

S(m  +  m')^S  (m)  +  S  (m'),  &c., 
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the  foregoing  equations  for  NT  give 

^  (m  +  m')  =  ^  (m  )  +  ^  (m'), 

4>  (m  +  my  =  <f>  (m«)  +  <t>  (m,  m')  +  4>  (m'«), 

and  if  in  the  second  equation  ^(m,  m^)  and  in  the  third  equation  ^(m^  m!)  and 
^  (m,  m'^)  are  regarded  as  known,  these  are  all  of  them  of  the  form 

/(m  +  mO-/(m)-/(m')  =  Funct.  (w,  m'); 

so  that,  a  particular  solution  being  obtained,  the  general  solution  is  f(m)=^  Particular 
Solution  +0Em  +  )3Jf,  at  least  on  the  assumption  that  f(m),  in  so  far  as  it  depends 
on  the  curve  m,  is  a  function  of  m  and  M  only. 

51.  First,  if  (f>  (m)  stands  for  (f>  (m,  n,  p),  we  obtain  ^  (m,  n,  p)  =  am  +  fiM,  or 
observing  that  <l>(m,  n,  p)  must  be  symmetrical  in  regard  to  the  curves  m,  n,  and  p, 
we  may  write 

^(m,  n,  p)-omnp  +  l3{Mnp  +  Nmp  +  Pmn)  +  y{mNP  +  nMP  +  pMN)  +  S MNP, 

and  then 

NT(m,  n,  p)  =  i  /S* -  iS+  ^  (m,  n,  p), 

=  2mnp  (mnp  —  1)  +  ^  {m,  n,  p). 

But  for  p  =  l  this  should  reduce  itself  to  the  known  value  of  NT{1,  m,  n);  this  gives 
a  =  0,  )3  =  1,  7  s  0 ;  we  in  fact  have,  as  will  be  shown,  post,  Art.  56,  S  =  0 ;  and  hence 

NT(m,  n,  p)  =  i /S*-  iS  +  (ifnp  +  Nmp  +  Pwn), 

=  2  [wiripf  +  ( Jfnp  +  Nmp  +  Pmw). 

52,  Next,  if  <t>(m^)  stand  for  ^(m*,  n),  then  ^(m,  mO  stands  for  <t>(m,  m',  n), 
which  is  :=Nmm'  +  n(mM'  +  m'M),  and  the  equation  is 

^  (wi  +  m')»  -  ^  (m^  -  ^  (m'O  =  JVmm' +  n  (m  Jf' +  m'ilf). 

A  particular  solution  is  <f>(7n^)  =ii[mY  N  +  nmN,  and  we  have  therefore 

<f>(m\  n)  =  ^[mfN+nmM-\-ttm'\-l3M; 
or  observing  that  ^  (m^  n)  considered  as  a  function  of  n,  satisfies  the  equation 

<^  (n  +  nO  =  <^  (w)  +  <^  (n'), 
and  is  therefore  a  linear  function  of  n  and  N,  we  may  write 

<t>(m\  n)  =  ^[m]*N-\'nmM-k'anm  +  l3nM  +  ymN'\-SMN; 
we  then  have 

NT(m\  n)     =iS'-S  +  <t>(m\  n), 
c.  V,  24 
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where 

8  =  S(m\  ri)  =  n([m]  +  JO- 

And  then  putting  n  =  l,  and  comparing  with  the  known  value  of  NT(1,  wi'),  we  find 
a  =  0,  )8  =  —  f .    It  will  be  shown,  post,  Art.  55,  that  7  =  0,  8  =  0;  and  we  have  therefore 

and  thence 

NT(m\  rj)  =  i/S*-iS  +  <^(m«,  n), 

=  n  (i  [m]*  +  2[mf  +  M  ([mf  +  m  -  J)  +  Jlf* .  i ) 

53.  Next  for  <t>(m%  substituting  for  <f>(m\  m')  and  ^(m,  m'*)  their  values,  we  have 

<^  (m  +  m7  -  <^  (m»)  -  <^  (m'»)  =  m'M  (m  -  f )  +  JT  (^  [m]«  +  Jlf ) 

+  mAT  (m' - 1)  +  Jlf  (i  [m?  +  JIf ), 
which  is  satisfied  by 

and  the  general  value  then  is 

4>  (m»)  =  if  (i  [wf  -  fm)  +  JIP  +  am-^-fiM, 
and  we  have 

where 

S  =  /g(w')  =  i  W»  +  if  (m  -  2). 

54.  Taking  for  the  curve  m  the  (p,  g)  curve  on  the  hyperboloid  {mr^p-\-q, 
M  =  ^pq),  S(mf)  becomes  the  hyperboloid  taken  k  times,  if  k^i[pf  +  ^[qY;  that  is, 
S(m')  =  2A,  and  iVT(m')  =  4.^[fc]*  +  ^(m');  <f>(m*)  must  vanish  if  p  and  q  are  each 
not  greater  than  3,  this  implies  9  =  3,  13  =  11,  for  with  these  values  the  formula  gives 

55.  I  assume  the  correctness  of  the  value 

(f)  (m»)  =  3m  +  -Jf  (i  [mp  -  fm  +  11)  +  JP 

so  obtained,  as  being  in  fact  verified  by  means  of  the  six  several  curves  (1,  1),  (1,  i\ 
(1,  3),  (2,  2),  (2,  3),  (3,  3) ;  and  I  remark  that  if  the  foregoing  value  of  ^  (m,  n,  p)  had 
been  increased  by  QaMNP,  then  it  would  have  been  necessary  to  increase  the  value 
of  ^(m*,  n)  by  SaJiPN,  and  that  of  (f>(m?)  by  oJlf';  and  moreover  that  if  the  foregoing 
value    of   <t>(m^,  n)    had    been    increased    by   ymN  +  SMN,   then    it    would    have   been 
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necessary  to  increase  the  value  of  <f>(m*)  by  ymM+BM*;  this  is  easily  seen  by  writing 

down  the  values 

<t>  (m»)         =  ymM  +  8Jf «     +   aiP     , 

the  sum  of  which  is 

the  corresponding  term  of  (f>  (m*) ;  hence  the  value  of  <f>  (m^)  being  correct  without  the 
foregoing  addition,  we  must  have  7«0,  8  =  0,  a  =  0;  which  confirms  the  foregoing 
values  of  (f>  (m,  n,  p),  (f>  (m\  n), 

56.  The  equation 

gives 

NT(m^)  =  i8'-S  +  3m  +  M(i  [mf-^m  + 11)  +  3f>, 

57.  We  have 

NR  (m»,  n)  =     i«^r  (m«,  w)  -  i\ri)  (m«,  n)  -  iV^G  (m«,  n), 

58.  And  moreover 

NR{m^)     =     NT{m*)''ND{rn?)-NO{m% 
=    AM'  +  IM'-iW  +  Sm 

+  Jlf(H^?-H^?-tW  +  8ni-.20)+Jf*(|[m]«-.2m): 

and  the  investigation  of  the  series  of  results  given  in  the  Table  is  thus  concluded. 


Intersectiona  of  a  generating  line  with  the  Nodal  Total,  Articles  59  to  63. 

59.    We  may  for  the  scrolls  5(1,  m,  n)  and  S(l,  m')  verify  the  theorem  that  each 
generating  line  meets  the  Nodal  Total  in  a  number  of  points  =  <Sf  —  2. 

In    fact    for    the    scroll  S(l,  m,  n),  the   directrix   curves  are    respectively   multiple 
curves  of  the  orders  mn,  n,  m,  and  a  generating  line  meets  each  of  these  in  a  single 

24—2 
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point,  counting  for  the  three  curves  respectively  as  mn ^1,  n » 1,  and  m^l  points 
respectively.  Moreover  the  construction  (anU^  Art.  43)  for  the  Nodal  Residue 
JViJ(l,  m,  n)  shows  that  a  generating  line  meets  this  curve  in  (m  — l)(n  — 1)  points; 
and  since  the  curve  is  merely  a  double  curve,  these  count  each  as  a  single  point; 
and  the  generating  line  does  not  meet  the  Nodal  Generator  N0(1,  m,  n).  The 
number  of  intersections  therefore  is 

mn  -  1  +(m  -  l)  +  (n  -  1)+  (w-  1)  (n-  1), 
which  is 

=  2wn-2,    =5-2. 

60.  Similarly  for  the  scroll  8(1,  m^);  the  directrix  curves  are  multiple  curves, 
viz.  the  line  1  is  a  ( J [m]*  +  Jf)*^pl®  curve,  and  the  curve  m  a  (m  — l)tuple  curve; 
the  generating  line  meets  the  former  in  a  single  point,  counting  as  ^[m]'  +  if— 1 
points,  and  the  latter  in  two  points,  each  counting  as  (m  —  2)  points.  The  construction 
(ante,  Art.  45)  for  the  Nodal  Residue  NR(1,  w?)  shows  that  the  generating  line  meets 
this  curve  in  ^[m  — 2]'  points;  and  since  the  curve  is  merely  a  double  curve,  these 
count  each  as  a  single  point.  Finally,  the  generating  line  does  not  meet  the  Nodal 
Generator  NO  (1,  m').    The  number  of  intersections  thus  is 

i  W  - 1  +  -W  +  2  (m  -  2)  +  i  [m  -  2]*, 
which  is 

=  [mp-2  +  Jlf,    =/8f-2. 

In   the  remaining  cases  we    may  use    the   theorem    to  find   the    number    of   points  in 
which  the  generating  line  meets  the   Nodal  Residue.    Using  11  as  the  symbol  for  the 

points  in  question  (ll  (m,  n,  p)  for  the  scroll  S  (m,  n,  p),  &c.),  we  find 

61.  For  the  scroll  S(m,  n,  p), 

(mw-l)  +  (/y)-l)  +  (mp-l)  +  n(w,  n,  p)  =  iS-2  =  2mnp- 2, 

which  gives 

n  (m,  n,  p)  =  2mnp  —  mn  —  vip  —  wp  + 1. 

This  includes  the  before-mentioned  case 

n  (1,  m,  n)  =  (m  - 1)  (n  - 1), 
and  the  more  particular  one 

n  (1,  1,  m)  =  0. 

62.  For  the  scroll  S(m«,  n), 

i[wP-l  +  Jf  +  2((m-l)n-.l)  +  n(w«,  n)  =  S-2=:»([m]«+Jf)-2. 
which  gives 

U(m\  n)      =n([m]»-27/i  +  2  +  iO-H^P  +  l-^- 

This  includes  the  before-mentioned  particular  case 

n(l,  m«)      =^[m-2p. 
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63.     And  lastly  for  the  scroll  S(m% 


which  gives 


3(i[mp-w  +  l  +  Jf)+n(m»)  =  S-2  =  i[mP  +  (w-2)Jlf-2, 


n(m»)  =  iW-f  W+3w-5  +  Jlf(m-5). 


The  foregoing  expressions  for  n  might  with  propriety  have  been  inserted  in  the  Table. 


Annex  No.  1. — Investigation  of  ifie  formula  for  8  (m^)  in  the  case  of  the  unicursal 

curve  (referred  to,  Art.  39). 

Consider  the  unicursal  m-thic  curve  the  equations  whereof  are  x  :  y  :  z:w  =  A  :  BiCiD, 
where  A,  B,  C,  D  are  rational  and  integral  functions  of  a  parameter  d\  and  let  it  be 
required  to  find  the  equation  of  a  plane  meeting  the  curve  in  such  manner  that 
three  of  the  points  of  intersection  are  in  lined.    Taking  for  the  equation  of  the  plane 

fa?+ lyy  +  fsr  +  CDW  =  0, 

we  find  between  (f,  7f,  f,  o))  an  equation  of  a  certain  degree  in  (f,  17,  f,  a)),  which  is 
the  equation  in  plane-coordinates  of  the  scroll  8(m%'  the  degree  of  the  equation  is 
therefore  equal  to  the  class  of  the  scroll ;  but  as  the  class  of  a  scroll  is  equal  to 
its  order,  the  degree  of  the  equation  is  equal  to  the  order  of  the  scroll,  or  say  =<Sf(m'). 

Proceeding  with  the  investigation,  if  d  be  determined  by  the  equation 

^A+vB  +  iC  +  a)D  =  0, 

then  the  roots  di,  0%,...0m  of  this  equation  belong  to  the  points  of  intersection 
of  the  plane  and  curve;  and  the  corresponding  coordinates  of  these  points  are 
{A,,  A,  C„  A),  &c. 

Suppose  that  the  points  1,  2,  3  are  in  lined,  and  let  X,  /bt,  v,  p  be  the  coordinates 
of  an  arbitrary  point,  then  the  four  points  are  in  piano,  that  is,  we  have 

=  0; 


«nd  if  we  form  the  equation 


n 


A.    , 

/*  . 

V  , 

p 

A„ 

B^. 

Cu 

A 

Ai, 

B,. 

c„ 

D, 

A,, 

B>, 

C^. 

A 

X  , 

M  . 

V  , 

P 

A. 

Bu 

Cu 

A 

A2, 

B„ 

O3, 

A 

Au 

B». 

c„ 

A 

=  0, 
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where  11  denotes  the  product  of  the  terms  belonging  to  all  the  triads  of  the  tn  roots, 
the  result  will  be  symmetrical  in  regard  to  all  the  roots;  and  replacing  the  sjrmmetrical 
functions  of  the  roots  by  their  values  in  terms  of  the  coefficients,  we  have  the  required 
relation  between  (f,  17,  f,  a). 

n  contains  ^  [m]*  terms,  whereof  ^  [m  -  1]*  contain  the  m-thic  functions  (ili,  BuCu  A) 
of  the  root  di;  that  is,  the  form  of  11  is 

(\,  fi.  V,  p)ii«l*(5„  1)«-P(^„  1)««P..; 

or,  when  the  symmetrical  functions  are  expressed  in  terms  of  the  coefficients,  the  form  is 

Now  the  above-mentioned  determinant  is  divisible  by  (^i  —  ^s)  (^1  —  ^s)  (^s  —  ^sX  or  11  is 
divisible  by  11  {0i  -  0^)  (0i  —  0$)  (0^  —  ^s) ;  aiid  since  this  product  contains  (3  x  J  [nif  =)  \  [mf 
linear  &ctors,  and  the  product  ^(^i,  ^9,  ...^fii)  of  the  squared  differences  of  the  roots 
contains  (2  x  |  [mf  =)  [mf  linear  factors,  so  that  we  have 

ni0,^0,)(0^^0,)(0.-0z)  =  {^(0i.  0.,..0nd]^^^* 

where 

i(Ou  0., . .  <?m)  =  Disct.  -  (f,  17,  f,  «)«'«-«, 
and  consequently 

n  (0^  -  0,)  {0,  -  0,)  (0,  -  0,)  -  (f ,  17,  f ,  01)1-^^ 

so  that,  omitting  this  factor,  the  remaining  &ctor  of  11  is  of  the  form 

but  the  determinant  vanishes  if 

X,  /i,  I/,  p^(A,,  A,  C„  A),    (^»,  A,  C„  A),    (ill,  A,  C,,  A), 
or  say  if 

(\,  /Lt,  I/,  p)  =  (-4,  A  C,  i)),     5  =  ^1,  «„  or  0,; 

it  follows  that  the  product  n  contains  the  factor 

(Xf  +  /xi7  +  i/f+pa))il'«P; 

or  omitting  this  factor,  and  observing  that 

the  remaining  factor  is  of  the  form 

(f,  ,,  ?,  «)H'»-r; 
or  we  have  finally 

which  is  the  required  expression. 
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I  give  the  following  investigation  of  the  expression  ^[m  — 1]*  for  the  number  of 
apparent  double  points.  Imagine  through  the  point  (x  =  0,  y  =  0,  z  =  0)  a  line  cutting 
the  curve  in  the  two  points  correspon<Ung  to  the  values  0i,  Of  of  the  parameter.  We 
have 

which  equations  determine  0j  and  0^^ 

Writing  the  equations  under  the  form 

-^1  °a  ""  -^A  __  ^     AiCj^  AfCi  ^  ^ 

Vl  "^  Vg  Vi  —   U J 

and  treating  di  and  0^  as  coordinates,  each  of  these  equations  belongs  to  a  curve  of 
the  order  2  (m  —  1),  having  a  (m  —  l)thic  point  at  infinity  on  each  of  the  axes.  The 
number  of  intersections  thus  is 

=  4(m-l)«--(m-l)«-(m-l)»,  =2(m-l)«. 

But  among  these  are  included  points  not  belonging  to  the  original  sjrstem^  viz.  the 
points  for  which  (^i  =  0,  ^,^0)  other  than  those  for  which  ^1  =  ^2;  the  points  so 
included  are  in  number  ^m^^m\  and  omitting  them,  the  number  is 

(2 (m-  1)«- m (w- 1))  =  [m-  Ip, 

which  is  the  number  of  points  0i  lying  in  lined  with  the  origin  and  another  point 
df ;  the  number  of  apparent  double  points  is  the  half  of  this,  or  A  =  ^  [m  —  1]*.  And 
thence 

if  =  (-i[m]»  +  A=)-(m-l). 

I    investigate    also    the    number    of    lines    through    two    points    which    meet    two 
arbitrary  lines;  this  is  in  &ct  =S(1,  m%  which  for  the  curve  in  question  is 

=  (H^?-(m-l)=)(m-l)». 

Let  the  equations  of  the  two  lines  be  (a?=sO,  y  =  0)  and  (2^  =  0,  u;  =  0);  then  the  con- 
ditions to  be  satisfied  are 


^2      Jj^        ^%      J-^% 


or  writing  these  under  the  form 


and  treating  01,0^  as  coordinates,  the  number  of  intersections  of  these  two  curves  is 
=  2  (m  —  Vfy  the  same  as  for  the  two  curves  last  above  considered.  And  the  number 
of  the  lines  in  question  is  one  half  of  this,  or  =  (m  —  1)^ 
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Lemma  employed  in  the  following  Annexes  2  and  3.    FormtUce  far  the  order  and 

weight  of  certain  syetema  of  equations. 

Let  a«'  denote  a  function  of  the  degree  a  in  the  order  variables  {x,  y,..)>  ^^^ 
of  the  degree  oi  in  the  weight  variables  {x\  j/,..),  and  so  in  other  cases;  and  con- 
sider first  the  equation 


where  the  matrix  is  a  square;  then 

Order    =  2a  +  24, 
Weight  =  20^  +  2-4'. 
Consider  next  the  system 

0,' ,    (a  +  A)a'^A'>    («  +  -B)«'+^  9  ••• 


=  0, 


where  the  matrix   is  a   square   +1,  that   is,  the   number  of  columns  exceeds  by  1  the 
number  of  lines ;  then 

Order    =  lAB  -  lafi  +  2a  (2il  +  2a), 
Weight  =  (ZA  +  2a)  (lA'  +  2aO  -  2il4'  +  2aa'. 


And  again,  the  system 

a.' ,    (a  +  A\'+ji'y    (a  +  5).'+^,    («  +  0«'+<r>  ••• 


=  0, 


where  the  matrix  is   a  square  +  2,  that  is,,  the  number  of  columns  exceeds  by  2   the 
number  of  lines ;  then 

Order    =  2il5C  +  2a/87  +  2a(2ilJS-2a/8)  + ((2a)«-2a)8)(2il  +  2a), 

Weight  =  {tAB  -  2a/8  +  2a  (2^1  +  2a)}  (XA'  +  2a')  -  (2^1  +  2a)  (2ilil'-2aa')+2il«il'+2a«a'. 
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The  plexus  in  question  is  the  square  +1  system, 

A[7,.. 


AF,  A«F,.. 
AF,.. 


=  0, 


p  +  g  —  3  columns,  (j  —  2)  +  (p  —  2)  =  (p  +  3  —  4)  lines ;  or  representing  the  terms  accord- 
ing to  their  order  and  weight,  that  is,  degree  in  (a?,  y,  z,  w)  and  {af,  y',  /,  vf) 
respectively  (the  order  and  weight  of  the  evanescent  terms  being  fixed  so  as  that 
they  may  form  a  regular  series  with  the  other  terms),  the  system  is 


p  +  9-8  ooloimiB. 


I 


P«      .    {p- 1)1. 


:§ 


04 

I 


(  (9 -IX,    (9-2),, 
9o      ,    (3~1X. 


=  0, 


so  that 

a  ,  ^,..  =p-l,     p,  ...p  +  g-4,  g-1,  J,  ... 

a',  /8',..=        1,     0,  ..      -3  +  4,        1,  0,  .. 

-4,5,..=    —1,-2, 

^',  F,  . .  =        1,2, 

or,  as  regards  the  first  two  lines, 

a 


p  +  3  -  4, 
-p  +  4, 
..-(p  +  3-4), 
p  +  3  -  4, 


We  then  find 

la       =     (<?-2)0)-2)  +  i(5-2)((ir-l)  +  (p-2)(3-2)  +  i(p-2)(p-l), 
2a'      =     2(y-2)-Hg-2)(j-l)  +  2(p-2)-i(i)-2)(p-l), 
Sil      =-2il'  =  -i(j)  +  g-4)0>  +  3-3). 

Sao'     =     20)-2)(5-2)-(;,-4).i(?-2)(?-l)-i(?-2)(?-l)(25-3) 
+  2(5-2)  (p-2)-(y-4).i(|>-2)(p-l)-i(p-2)(p-l)(2p-3), 
2^4'  =  -nP  +  ?-4)0'  +  3-3)(2/)  +  2<?-7), 
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of  an  arbitrary  plane,  and  then  eliminating  {x\  \f,  sf,  u/\  the  result  is  of  the  form 

(flu?  +  % +  7^  +  §«;)•  D  =  0, 

where  D  is  a  function  of  {x,  y,  z,  w)  only;  and  considering  (x,  y,  z,  w)  as  weight 
variables,  tf  =  Order  of  Plexus.  But  degree  in  (a?,  y,  z,  w)  of  (ax-{-l3y  +  yz  +  BwyD  is 
s=  Weight  of  Plexus,  and  therefore  Degree  of  D  is  =  Weight  of  Plexus  —  ^,  =  (Weight 
—  Order)  of  Plexus. 

The  equations  17=0,  F=0,  0=0  then  give  the  coordinates  (x,  y,  z,  w)  of  the 
points  through  which  may  be  drawn  a  line  G(m*);  viz.  they  give  (as  it  is  easy  to 
see)  these  points  four  times  over.    And  we  therefore  have 

G(m*)  =  iOrder  of  (Cr=0,  7=0,  0=0) 
=  i  Deg.  U.  Beg.  V.  Deg.  D 

=  i  )8  X  (Weight  -  Order)  of  Plexus. 

The  Plexus  is  here  the  square  +  2  system 


AIT. 

A'f/,  ... 

• 

• 

AIT, 

• 

AF, 

! 

A'F, 

• 

AF, 

• 
• 

1 

=  0, 


(p  +  g  -  4    columns,  (g  —  3)  +  (p  —  3)  =  jt)  +  }  —  6    lines).      Or    representing    the    terms  by 

their  order  and   weight   (the  weight  variables    being  in  the   present  case  (a?,  y,  z,  w), 

and  the  order  variables  (x\  j/,  z\  w')),  and  attributing  as  before  an  order  and  weight 
to  the  evanescent  terms,  the  system  is 


p+q-S  oolomns. 


r 


00 

I 


9 
0) 

a 

00 

I 


■■p— ll 


0 


p    » 


r  1 
0. 


V 


^1  > 


*p—it  • 


^p-ii 


'9— 2 1 


1 


^1» 


=  0, 
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2a'  =i8  +ia'-Jyio  +  18, 

2aa'  =/9  (-ia)-ia»  +  |«'— 4*0+58. 

Serti'  =/8*(-i)  +  i8(-§a»  +  9o-.ifi)  +  Ja«-|a»+i|ia»-119a  +  198, 

2-4.  =  i  a»-  I  «  +10, 

2il»  =  -  tAA'  =  i  (^ -  f  a'  +  ifia  - 30, 

2il»     =  -  Sii'il' =  i  «•  -  I  a»  +  ifi «» -  90a  + 100, 
2ilB  =  i  a«-f|a»  +  i|i«'-^a  +  65, 

2il5C=  ^a*-|ia»  +  s^a«-»||4a»  +  4§fia»-i^a  +  -iJyii, 

we  then  find 

2il      +2a      =i8-8, 

24'     +2a'     =)8-3a  +  8, 

2il5  -2a/3    =i8«(-J)  +  i8(iai'-5a  +  iyi)-4o»  +  36a-126, 

2ilil'-2aa'   =/8  (-ia)  +  9a-28, 

2il  5(7+ 2ai87  = /3»  (i)  +  iS*  (- i  a»  + -Jji  a  -  ^)  +  i8  (i  0*  -  §  a*  +  i\^  «•  - 1^  a  + 1^) 

-  a«  +  J^  a»  -  162o»  + 1^  a  - 1210, 

2il>4' +  2o»a' = /3»  (- J)  +  j8  (- f  a>  +  9a  -  ifi)  -  29a  +  98 ; 

and  then  also 

2a(2il+2a)  =^  +j8(-ia«+|a- 26)+   4a»-36a+lH 

(2ilB-2a|8)+2a(2il+2a)  =/3»(i)  +/8(         -i«-i)  +18. 

{(2il5-2a)S)+2a(2il +2a)}  (24'+2a')= 

)8'(i)  +  i8*(-2«+i)+)8(   |a»+J^a-10)  -54a +144, 

-  (24+2a)(2il4'-2aa')  =/8»(   ^a      )+^{        -13a+28)  +72a-224, 

and 

2il'4'  +  2a'a'  =(«<  <mprd))3*(        -i)+j8(-§a«+  9a— Lfi)  -29a  +  98; 

whence,  adding  the  last  three  expressions,  we  find 

Weight  =  /S"  (i)  +  /8»  (-|a+^)+/3  (f  a«  +  f  a  -  J^)  - 11  a  + 18 ; 

and  for  the  order  we  have 

(2a)«-2a/3  =  /8»(i)+/3(-ia'  +  4a-^)  +  io«-ffa»+i|iia»-fi,y.a  +  133; 
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and  then 
XABC  +  %al3y  =  (ut  suprd) 

-  0*  + j^a»- 162  tf  +  J^a- 1210, 

^(«j)4.^(    |a2.^a+iyi)4.^(-Ja*  +  i^tf-i|ia>  +  £^a-531) 

+  2a*  -  36a»  +  297fl?  -  1215o  +  2268, 
{(Zay  -  Xafi)  (XA  +  %a)  = 

^(    i)  +  i8»(-ia«+4a-Aj^)  +  i8(    Ja*-f|a»  +  i|ia»-i^a  + 241) 

-a*+iyio«-135tf»  +  -^a-1064; 

whence,  adding  these  three  expressions, 

Order  =  i8»a)  +  )8>(-ia  +  i)  +  /8(ia»-Ja  +  J^)-6; 

and  by  means  of  the  foregoing  expression  for  the  weight,  we  then  have 

Weight- Order  =  i8»(i)  +  /8»(-    a       )  +  ^(ia»  +  3a-J^)-llo  +  24; 

and  therefore 

0  (m*)  =  iiS  X  (Weight  -  Order), 

=  A /8  {2/9»  +  )8^  (- 6a)  +  )8  (3flt»  +  18a  -  26)  -  66a  +  144}, 
which  is  right. 

Annex  No.  4. — Order  of  Torse  (m,  n)  (referred  to,  Art.  44). 

We    have    to   find    the    order   of   the    developable    or    Torse    generated    by  a  line 

meeting    two    curves    of   the    orders    m,  n  respectively;    viz.  representing  by  /a,   v  the 

classes  of  the  two  curves  respectively,  it  is  to  be  shown   that  the   expression   for    the 

Order  is 

Torse  (m,  w)  =  mi/ +  n/it. 

I  remark,  in  the  first  place,  that,  given  two  surfeces  of  the  orders  p  and  q  respectively, 
the  curve  of  intersection  is  of  the  order  pq  and  class  jp?(p  +  3  — 2),  or  as  this  may 
be  written,  class  =2p(|)  — 1)+|)2(?  — 1).  Reciprocally  for  two  surfaces  of  the  classes 
p  and  q  respectively,  the  Torse  enveloped  by  their  common  tangent  planes  is  of  the 
class  pq  and  order  qp{p  —  V)-\'pq{q  —  \).  Now,  in  the  same  way  that  a  surfiu^e  of  the 
order  p  may  degenerate  into  a  Torse  of  the  order  p,  so  a  surface  of  the  class  p 
may  degenerate  into  a  curve  of  the  class  p ;  and  the  class  of  a  curve  being  p,  then 
(disregarding  singularities)  its  order  is  =p(jp  — 1).  Hence  replacing  p  and  p(p— 1)  by 
/A  and  m  respectively,  and  in  like  manner  q  and  qiq  —  V)  by  v  and  n  respectively, 
we  have  mi/  +  n/Lt  as  the  order  of  the  Torse  generated  by  the  tangent  planes  of  the 
curves  of  the  orders  m  and  n  respectively;   where  by  tangent  plane   of  a   curve  is  to 
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be   understood  a  plane  passing   through  a   tangent  line  of  the  curve.     The   intersection 

of   two   consecutive  tangent   planes  is    a  line    meeting  the    two    curves,  which    line  is 

the  generating   line   of   the    Torse,  and   such  Torse   is  therefore   the   Torse   (m,   n)   in 
question. 

The   foregoing  investigation  is  not  very  satisfEictory,  but  I  confirm  it  by  considering 
the  case  of  two  plane  curves,  orders  m  and  n,  and  classes  /l^  and  v,  respectively.     The 
tangents  of  the   two  curves  can,  it  is  clear,  only  meet   on  the   line   of  intersection  of 
the  planes  of   the  curves;    and  the  construction   of   the   Torse  is    in   feict    as    follows: 
from  any  point  of  the   line  of  intersection  draw  a  tangent   to  m  and  a  tangent  to  n, 
then  the  line  joining  the  points  of  contact  of  these   tangents  is  a  generating  line   of 
the   Torse.    The  order  of  the  Torse  is  equal  to  the  number  of  generating  lines  which 
meet  an  arbitrary  line;   and   taking  for  the  arbitrary  line  the   line    of   intersection  of 
the  two   planes,  it  is  easy  to  see   that  the   only  generating  lines  which  meet  the  line 
of  intersection  are  those  for  which  one   of   the   points  of   contact  lies  on   the  line  of 
intersection;    that  is,  they  are  the  generating  lines  derived  from  the  points  in  which 
the   line  of  intersection  meets  one  or  other  of  the   two  curves;    they  are  therefore  in 
feet  the  tangents  drawn  to   the   curve  n  from   the   points  in  which   the  line   of  inter- 
section meets  the  curve  m,  together  with  the  tangents  drawn  to  the  curve  m  from  the 
points  in   which   the   line  of  intersection  meets   the  curve  n.    Now   the   line  meets  the 
curve  n   in  71  points,  and  bom  each   of  these   there  are  /l^   tangents   to  the  curve  m; 
and  it  meets  the  curve  m  in   m  points,  and   from   each  of  these  there  are  v  tangents 
to  the  curve  n;    hence  the   entire   number  of  the   tangents  in   question  is   ^nfk-^mv, 
which  confirms  the  theorem. 

Annex  No.  6. — Order  of  Torse  (m*)  (referred  to.  Art.  46). 

We   have  here   to  find  the  order  of  the  developable  or  Torse  generated  by  a  line 

meeting  a  curve   of  the   order  m  twice,  viz.,  the   class  of  the  curve  being  /a,  it  is  to 

be  shown  that  we  have 

Torse  (w«)  =  (m  —  3) /a. 

I  deduce  the  expression  from  the  formula  given  p.  424  of  Dr  Salmon's  'Geometry  of 
Three  Dimensions;'  viz.  putting  in  his  formula  /8  =  0,  and  /l^  for  his  r,  we  have 

Order  =  m(/i—  4)  —  Ja  =  m/it  —  (4m  +  ^a), 

where  (see  p.  234  et  seq.) 

/As=m(m  — 1)  — 2A, 

^a  s=  (n  —  m)  =  3m  (m  —  2)  —  6A  —  m, 
and  thence 

3/Lt  —  Ja  =  4m,  or  4m  +  Ja  =  3/jl, 
so  that  we  have 

Order  =  (m  —  3)  m- 

A  more  complete  discussion  of  the  Torses  (m,  n)  and  (m*)  is  obviously  desirable;  but 
as  they  are  only  incidentally  connected  with  the  subject  of  the  present  memoir,  I  have 
contented  myself  with  obtaining  the  required  results  in  the  way  which  most  readily 
presented  itself. 
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<x)nstruction,  and  we  can  only  say  that  the  scroll  S  given  by  the  construction  is  the 
aggregate  of  the  scrolls  8\  S'\..\  and  the  like  when  we  have  the  scrolls  5',  8",..., 
^ach  repeated  any  number  of  times,  or  say  when  S^S'^S"^...  Suppose  however  that 
the  scrolls  £r,  8",..  are  any  one  or  more  of  them  a  torse  or  torses — or,  to  make  at 
once  the  most  general  supposition,  say  that  we  have  8  ^  ^8\  where  S  is  a  torse,  or 
aggregate  of  torses  (X^I'^X"^...),  and  8'  is  a  proper  scroll  or  aggregate  of  proper 
scrolls;  then,  although  it  is  not  obligatory  to  do  so,  we  may  without  impropriety  throw 
aside  the  torse-factor  S,  and  consider  the  original  scroll  8  as  degenerating  into  the 
scroll  8\  and  as  suffering  a  reduction  in  order  accordingly. 

2.  As  an  illustration,  consider  the  scroll  8(m,  n,  p)  generated  by  a  line  which 
meets  three  directrix  curves  of  the  orders  m,  n,  p  respectively ;  and  assume  that  the 
curves  m,  n,  p  are  each  of  them  situate  on  the  same  scroll  2,  the  curve  m  meeting 
each  generating  line  of  2  in  a  points,  the  curve  n  each  generating  line  in  /3  points, 
and  the  curve  p  each  generating  line  in  y  points.  Each  generating  line  of  2  is  0^7 
times  a  generating  line  of  8,  and  we  have  8  =  ^*^y8\  where  8'  may  be  a  proper 
scroll ;  it  is  however  to  be  noticed  that  if  the  curves  m,  n,  p  any  two  of  them 
intersect,  8'  will  itself  break  up  and  contain  cone-factors,  as  will  presently  appear.  And 
if  %,  instead  of  being  a  proper  scroll,  be  a  torse,  then  we  may  consider  8  as  degene- 
rating into  8\  the  reduction  in  order  being  of  course  =  0/87  x  order  of  IS. 

3.  But  this  is  not  the  only  way  in  which  the  scroll  8  (m,  n,  p)  may  degenerate ; 
for  suppose  that  two  of  the  directrix  curves,  say  n  and  p,  intersect,  then  the  lines 
from  the  point  of  intersection  to  the  curve  m  form  a  cone  of  the  order  m  which  will 
present  itself  as  a  factor  of  8]  and  generally  if  the  curves  n  and  p  intersect  in  a 
points,  the  curves  p  and  m  in  /8  points,  and  the  curves  m  and  n  in  7  points,  then 
we  have  a  cones  each  of  the  order  m,  /S  cones  each  of  the  order  n,  and  7  cones 
each  of  the  order  p,  or  say  8^C8\  where  C  is  the  aggregate  of  the  cone-fiictors ; 
and  the  scroll  8  degenerates  into  8',  the  reduction  in  order  being  ^am  +  fin  +  yp.  It 
is  hardly  necessary  to  remark  that  if  a  point  of  intersection  of  two  of  the  curves  is 
a  multiple  point  on  either  or  each  of  the  curves,  it  is,  in  reckoning  the  number  of 
intersections  of  the  two  curves,  to  be  taken  account  of  according  to  its  multiplicity  in 
the  ordinary  manner. 

4.  There  is  yet  another  case  to  be  considered :  suppose  that  the  curves  n  and  p 
lie  on  a  cone,  and  that  the  curve  m  passes  through  the  vertex  of  this  cone;  this 
cone,  repeated  a  certain  number  of  times,  is  part  of  the  locus,  or  we  have  8=^0*8^ 
so  that  the  scroll  8  degenerates  into  £1',  the  reduction  in  order  being  =0  x  order  of 
cone.  If,  to  fix  the  ideas,  the  curves  n  and  p  are  respectively  the  complete  inter- 
sections of  the  cone  by  two  surfaces  of  the  orders  g,  h  respectively  (this  implies 
n=gk,  p=^hk,  i£  k  be  the  order  of  the  cone),  which  surfaces  do  not  pass  through  the 
vertex  of  the  cone,  and  if,  moreover,  the  vertex  of  the  cone  be  an  a-tuple  point  on 
the  curve  m,  then  0  =  agh,  and  the  reduction  in  order  is  =affhk. 

5.  The  foregoing  causes  of  reduction,  or  some  of  them,  may  exist  simultaneously; 
it  would  require  a  further  examination  to  see   whether  the  aggregate    reduction  is  in 
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all   cases  the  sum  of  the  separate  reductions.     But  the  aggregate  reduction  once  ascer- 
tained, then  writing  S(m,  n,  p)  for  the  order  of  the  reduced  scroll,  we  shall  have 

flf  (m,  n,  p)  =  2fnnp  —  Reduction. 

In  particular,   in  the  case  above    referred    to,  where    the   curves    n   and  p,  p   and   m^ 
m  and  n  meet  in  o,  /8,  7  points  respectively,  but  there  is  no  other  cause  of  reduction, 

8  (m,  w,  p)  =  2fnnp  —  am  —  /8n  —  ^p, 

which  is  a  formula  which  will  be  made  use  of. 

The  foregoing  investigations  apply,  mutatis  mutandis,  to  the  scrolls  8  (m\  n),  8  (m*) ; 
but  I  do  not  at  present  enter  into  the  development  of  them  in  regard  to  these 
scrolls. 

8croUs  with  two  directrix  lines.  Article  Nos.  6  to  11. 

6.  Consider  now  a  scroll  having  two  directrix  lines:  it  may  be  assumed  that  these 
do  not  intersect;  for  if  they  did,  then  any  generating  line,  qud,  line  meeting  the  two 
directrix  lines,  would  either  lie  in  the  plane  of  the  two  lines,  or  else  would  pass 
through  their  point  of  intersection ;  that  is,  the  scroll  would  break  up  into  the  plane 
of  the  two  lines,  considered  as  the  locus  of  the  tangents  of  a  plane  curve,  and  into 
a  cone  having  for  its  vertex  the  point  of  intersection  of  the  two  lines.  Each  gene- 
rating line  meets  any  plane  section  of  the  scroll  in  the  point  where  such  generating 
line  meets  the  plane  of  the  section ;  the  plane  section  constitutes  a  third  directrix ; 
or  the  scrolls  in  question  are  all  included  in  the  form  5(1,  1,  m),  where  m  is  a  plane 
curve.  The  order  of  the  scroll  5(1,  1,  m)  is  in  general  =2m;  but  if  the  one  line 
meets  the  curve  a  times,  that  is,  in  an  a-tuple  point  of  the  curve,  and  the  other 
line  meets  the  curve  /8  times,  that  is,  in  a  ^-tuple  point  of  the  curve,  then  by  the 
general  formula  {ante.  No.  5)  the  order  of  the  scroll  is  =2m  — a  — /8;  and  in  particular 
if  a  4-  /8  =  tn,  then  the  order  is  =  m. 

7.  We  may  withoiU  loss  of  generality  attend  only  to  the  last-mentioned  case.  To 
show  how  this  is,  suppose  for  a  moment  that  the  two  lines  do  not  either  of  them 
meet  the  curve;  the  scroll  is  then  of  the  order  2m.  Call  the  point  in  which  each 
line  meets  the  plane  of  the  curve  the  foot  of  this  line,  then  the  line  joining  the 
two  feet  meets  the  curve  in  m  points;  and  it  is  in  respect  of  each  of  these  points 
a  generating  line  of  the  scroll ;  that  is,  it  is  an  m-tuple  generating  line :  the  section 
of  the  scroll  by  the  plane  of  the  curve  m  is  in  fact  this  line  counting  m  times,  and 
the  curve  m;  m  +  m  =  2m,  the  order  of  the  scroll.  And  in  like  manner  the  section 
by  any  plane  through  the  m-tuple  line  is  this  line  counting  m  times,  and  a  curve  of 
the  order  m  not  meeting  either  of  the  directrix  lines.  But  the  section  by  any  other 
plane  is  a  curve  of  the  order  2m  meeting  each  of  the  directrix  lines  in  a  point  which 
is  an  mr-tuple  point  of  the  section  (each  directrix  line  is  in  fact  an  m-tuple  line  of 
the  scroll) ;  and  by  considering,  in  place  of  the  particular  section  m,  this  general  section, 
we  have  the  scroll  of  the  order  2m  in  the  form  8(1,  1,  2m),  where  the  two  directrix 
lines  each  meet  the  section  m  times;  so  that  the  order  Ls  4m  — m  — m  =  2m. 

26—2 
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8.  And  80  in  general,  m  being  a  plane  curve,  when  the  scroll  5(1,  1,  m)  is  of 
an  order  superior  to  m,  say  =m+A;,  this  only  means  that  the  section  chosen  for  the 
directrix  curve  m  is  not  the  complete  section  by  the  plane  of  such  curve,  but  that 
the  line  joining  the  feet  of  the  two  directrix  lines  is  a  A>tuple  generating  line  of  the 
scroll,  and  that  the  complete  section  is  made  up  of  this  line  counting  k  times  and 
of  the  curve  nu  So  that  taking,  not  the  section  through  the  multiple  generating  line, 
but  the  general  section,  for  the  plane  directrix  curve,  the  only  case  to  be  considered 
is  that  in  which  the  section  is  a  proper  curve  of  an  order  equal  to  that  of  the 
scroll ;  or,  what  is  the  same  thing,  we  have  only  to  consider  the  scrolls  8  (1,  1,  m) 
for  which  the  order  is  depressed  from  2m  to  m  in  consequence  of  the  directrix  lines 
meeting  the  plane  section  a  times  and  /3  times,  that  is,  in  an  a-tuple  point  and  a 
v8-tuple  point  respectively,  where  o  +  /3  =  m. 

9.  It  is  clear  that  in  the  case  in  question  the  directrix  lines  are  an  a-tuple  line 
and  a  /3-tuple  line  respectively.  The  generation  is  as  follows:  Scroll  8(1,  1,  m)  of  the 
order  m;  the  curve  m  being  a  plane  curve  of  the  order  m  having  an  a-tuple  point 
and  a  /3-tuple  point,  where  a  +  fi^m:  the  directrix  lines,  say  1  and  1^  pass  through 
these  points  respectively,  and  they  do  not  intersect  each  other.  The  generating  lines 
pass  through  the  directrix  lines  1  and  1^  and  the  curve  m,  and  we  have  thence  the 
scroll  £»(!,  1,  m).  Taking  at  pleasure  any  point  on  the  curve  m,  we  can  through  this 
point  draw  a  single  line  meeting  each  of  the  directrix  lines  1,  1' ;  that  is,  the  curve 
m  is  a  simple  curve  on  the  scroll.  Taking  at  pleasure  a  point  on  the  directrix  line  1, 
and  making  this  the  vertex  of  a  cone  standing  on  the  curve  m,  this  cone  has  an 
a-tuple  line  (the  line  1)  and  a  )3-tuple  line  (the  line  joining  the  vertex  vdth  the  foot 
of  the  line  1^;  the  line  1'  meets  this  cone  in  the  foot  of  the  line  1^  counting  jS 
times,  and  besides  in  m  —  /8,  =  a  points ;  the  lines  joining  the  vertex  with  the  last- 
mentioned  points  respectively  (or,  what  is  the  same  thing,  the  lines,  other  than  the 
j8-tuple  line,  in  which  the  plane  through  the  vertex  and  the  line  1'  meets  the  cone) 
are  the  a  generating  lines  through  the  assumed  point  on  the  line  1;  and  the  line 
1  is  thus  an  a-tuple  line  of  the  scroll.  And  in  like  manner,  through  an  assumed 
point  of  the  directrix  line  1^,  we  construct  /3  generating  lines  of  the  scroll ;  and  the 
line  1'  is  a  /8-tuple  line  of  the  scroll 

10.  The  scroll  8(1,  1,  m)  now  in  question  has  not  in  general  any  multiple  gene- 
rating line ;  in  fiact  a  multiple  generating  line  would  imply  a  corresponding  multiple 
point  on  the  section  m;  and  this  section,  assumed  to  be  a  curve  having  an  a-tuple 
point  and  a  /3-tuple  point,  has  not  in  general  any  other  multiple  point  But  it  may 
have  other  multiple  points;  and  if  there  is,  for  example,  a  7-tuple  point,  then  the 
line  from  this  point  which  meets  the  two  directrix  lines  counts  7  times,  or  it  is  a 
7-tuple  generating  line;  and  so  for  all  the  multiple  points  of  m  other  than  the 
a-tuple  point  and  the  /3-tuple  point  which  correspond  to  the  directrix  lines  respectively. 
It  is  to  be  noticed  that  the  multiplicity  7  of  any  such  multiple  generating  line  is  at 
most  equal  to  the  smallest  of  the  two  numbers  a  and  fi ;  for  suppose  7  >  a,  then, 
since  a  +  /8  =  m,  we  should  have  y'\'l3>m,  and  the  line  joining  the  7-tuple  point  and 
the  /8-tuple  point   would  meet  the  curve   m  in  y  +  jS  pointa,  which   is  absurd.     In   the 
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case  of  several  multiple  lines,  there  are  other  conditions  of  inequality  preventing  self- 
contradictory  results  (^). 

11.  The  general  section  is  a  curve  of  the  order  m,  having  an  a-tuple  point  and 
a  ^-tuple  point  corresponding  to  the  directrix  lines  respectively,  and  a  7-tuple  point, 
&a  ...  corresponding  to  the  other  multiple  points  (if  any).  A  section  through  the 
directrix  line  1  is  in  general  made  up  of  this  line,  counting  a  times,  and  of  fi  gene- 
rating lines  passing  through  one  and  the  same  point  of  the  directrix  line  1';  if  the 
section  pass  also  through  a  7-tuple  generating  line,  then,  of  the  /3  generating  lines  in 
question,  7  (which,  as  has  been  seen,  is  :^  /8)  unite  together  in  the  7-tuple  generating 
line;  and  so  for  the  sections  through  the  directrix  line  1^  The  general  section  through 
a  7-tuple  generating  line  is  this  line  counting  7  times,  and  a  curve  of  the  order 
m  — 7,  which  has  an  (a  — 7)  tuple  point  at  its  intersection  with  the  directrix  line  1, 
and  a  ()3  —  7)  tuple  point  at  its  intersection  with  the  directrix  line  1' ;  it  has  a  S-tuple 
point,  &c. . .  at  its  intersections  with  the  other  multiple  generating  lines,  i(  any. 

Scrolls  with  a  twofold  directrix  line,  Article  Nos.  12  to  16. 

12.  But  there  is  a  case  included  indeed  as  a  limiting  one  in  the  foregoing  general 
case,  but  which  must  be  specially  considered;  viz.  the  two  directrix  lines  1  and  1'  may 
coincide,  giving  rise  to  a  twofold  directrix  line.  To  show  how  this  is,  I  return  for  the 
moment  to  the  case  of  the  scroll  8  (1,  1,  m)  with  two  distinct  directrix  lines  1  and  1', 
.and,  to  fix  the  ideas,  I  suppose  that  the  directrix  lines  do  not  either  of  them  meet 
the  curve  m,  so  that  the  order  of  the  scroll  is  =  2m.  Through  the  line  1  imagine  the 
series  of  planes  A,  B,  C, ...  meeting  the  line  1'  in  the  points  a',  b',  c'..;  the  generating 
lines  through  the  point  a'  are  the  lines  in  the  plane  A  to  the  points  in  which  this 
plane  meets  the  curve  m;  the  generating  lines  through  the  point  b'  are  the  lines  in 
the  plane  B  to  the  points  where  this  plane  meets  the  curve  m;  and  so  for  the 
generating  lines  through  the  points  c\  d\.,\  and  it  is  clear  that  the  points  a\  b\  c\.. 
correspond  homographically  with  the  planes  A,  B,  (7, . . .  This  gives  immediately  the 
<;onstruction  for  the  case  where  the  two  directrix  lines  come  to  coincide.  In  fact,  on 
the  twofold  directrix  line  1  =  1'  take  the  series  of  points  a,  b,  c . . ,  and  through  the 
same  line,  corresponding  homographically  to  these  points,  the  series  of  planes  A,  B,  C, . . ; 
the  generating  lines  through  the  point  a  are  the  lines  through  this  point,  in  the 
plane  A,  to  the  points  in  which  this  plane  meets  the  curve  m;  and  so  for  the  entire 
series  of  points  6,  c, . .  of  the  line   1  =  1';  the  resulting  scroll,  which   I  will   designate 

as  the  scroll  8{\,  1,  m),  remains  of  the  order  =2m.  If  there  is  given  a  point  of  the 
curve  m,  then  the  plane  through  this  point  and  the  directrix  line  is  the  plane  A ; 
and  the  point  a  is  then  also  given  by  the  homographic  correspondence  of  the  series 
of  planes  and  points,  and  the  generating  line  through  the  given  point  on  the  curve 
m  is  the  line  joining  this  point  with  the  point  a. 

^  Suppose,  for  example  (see  next  paragraph  of  the  text),  that  there  were  a  7-taple  generating  line  and  a 
^tnple  generating  line  lying  in  piano  with  the  line  1;  these  lines  counting  as  (7 +9)  lines,  most  be  inolnded 
among  the  /3  generating  lines  through  the  plane  in  question;  this  implies  that  7  +  9:^/3,  a  conclusion  which 
must  be  obtainable  from  consideration  of  the  curve  m  irrespectively  of  the  scroll. 


206  A   SECOND   M£MOm    ON    SKEW   SURFACES,   OTHERWISE  SCROLLS.  [340 

13.  We  may  say  that,  in  regard  to  any  point  a  of  the  line  1,  the  corresponding 
plane  A  is  the  plane  of  approach  of  the  coincident  line  1';  and  that  in  regard  to  the 
same  point  a  and  to  any  plane  through  it,  the  trace  on  that  plane  of  the  plane  of 
approach  is  the  line  of  approach  of  1';  that  is,  we  may  consider  that  the  coincident 
directrix  line  1'  meets  the  plane  through  a  in  a  consecutive  point  on  the  line  of 
approach.  In  particular  if  the  point  a  be  the  foot  of  the  directrix  line  1  (that  is,  the 
point  where  this  line  meets  the  plane  of  the  curve  m),  and  the  plane  through  a  be 
the  plane  of  the  curve  m,  then  the  intersection  of  the  last-mentioned  plane  by  the 
plane  A  which  corresponds  to  the  point  a  is  the  line  of  approach,  and  the  foot  of 
the  coincident  directrix  line  1^  is  the  consecutive  point  to  a  along  the  line  of  approacL 
The  expression  ''  the  line  of  approach,"  used  absolutely,  has  always  the  signification 
just  explained,  viz.  it  is  the  intersection  of  the  plane  of  the  curve  m  by  the  plane 
corresponding  to  the  foot  of  the  directrix  line. 

14.  Suppose  now  that  the  line  1  m^ets  the  curve  m,-  or,  more  generally,  meets 
it  a  times,  that  is,  in  an  a-tuple  point;  it  might  at  first  sight  appear  that  the 
coincident  line  1^  should  also  be  considered  as  meeting  the  curve  a  times,  and  that 
the  resulting  scroll  should  be  of  the  order  2m  —  o  —  a  =  2wi  —  2a.  But  this  is  not  the 
case;  so  long  as  the  direction  of  the  line  of  approach  is  arbitrary,  the  line  1'  must  be 
considered  as  a  line  indefinitely  near  to  the  line  1,  but  nevertheless  as  a  line  not 
meeting  the  curve  at  all ;  and  the  order  of  the  scroll  is  thus  » 2m  —  ol  If,  however, 
the  line  of  approach  is  the  tangent  to  a  branch  through  the  a-tuple  point — that  is,  if 
the  plane  corresponding  to  the  a-tuple  point  meet  the  plane  of  the  curve  in  such 
tangent,  then  the  coincident  line  1'  is  to  be  considered  as  meeting  the  curve  m  in 
a  consecutive  point  on  such  branch,  and  the  order  of  the  scroll  is  =:2m  — a~l.  And 
so  if  at  the  multiple  point  there  are  /3  branches  having  a  common  tangent,  then  the 
coincident  line  1'  is  to  be  considered  as  meeting  the  curve  m  in  a  consecutive  point 
along  each  of  such  branches,  or  say  in  a  consecutive  /3-tuple  point  along  the  branch, 
and  the  order  of  the  scroll  sinks  to  2m  — a  — /8.  The  point  spoken  of  as  the  a-tuple 
point  is,  it  should  be  observed,  more  than  an  a-tuple  point  with  a  /3-fold  tangent; 
it  is  really  a  point  of  union  of  an  a-tuple  point  and  a  /3-tuple  point,  or  say  a  united 
a(+/8)tuple  point,  equivalent  to 

ia(a-l)  +  i^(/8-l) 

double  points  or  nodes;  and  the  case  is  precisely  analogous  to  that  of  the  scroll 
8(1,  1,  m),  where  the  two  directrix  lines  pass  through  an  a-tuple  point  and  a  j3-tuple 
point  of  the  curve  m  respectively.  It  may  be  added  that  if  at  the  multiple  point  in 
question,  besides  the  /8  branches  having  a  common  tangent,  there  are  7  branches  having 
a  common  tangent,  then  the  point  is,  so  to  speak,  a  united  a(+/8,  +7)  tuple  point 
equivalent  to  Ja(a  — 1)  + J /8()8- 1)4-^7(7  — 1)  double  points  or  nodes;  but  the  order 
of  the  scroll  is  still  =  2m  —  a  —  /8. 

15.  In  the  same  way  as  the  scrolls  8(1,  1,  m)  are  all  included  in  the  case  where 

the  order  of  the  scroll,  instead  of  being  =2m,  is  =m,  so  that  the  scrolls  8(1,  1,  m)  are 
all   included   in   the   case  where  the   order  of  the   scroll,  instead  of  being  =  2m,  is  =  m. 
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That  is,  we  may  suppose  that  the  curve  m  has  a  united  o  (4-^)  tuple  point  {a-^rfi^'m), 
and  may  take  the  directrix  line  to  pass  through  this  point,  and  the  line  of  approach 
to  be  the  common  tangent  of  the  /3  branches;  and  this  being  so,  the  order  of  the 
scroll  will  be  2m  — o  — /8,  =m.  It  may  be  added  that  if  the  curve  m  has,  besides  the 
a(+)8)tuple  point,  a  7-tuple  point,  then  the  scroll  will  have  a  7-tuple  generating  line, 
and  so  for  the  other  multiple  points  of  the  curve  m, 

16.  We   may,  in  the  same  way  as   for  the  scroll  S(l,  1,  m),  consider  the  different 

sections  of  the  scroll  S  ( 1,  1,  m)  of  the  order  m.  The  general  section  is  a  curve  of  the 
order  m,  having  an  a(+/3)tuple  point  at  the  intersection  with  the  directrix  line,  and 
a  7-tuple  point,  &c.  corresponding  to  the  multiple  generating  lines,  if  any.  A  section 
through  the  directrix  line  is  in  general  made  up  of  this  line  counting  a  times,  and 
of  fi  generating  lines  through  the  point  which  corresponds  to  the  plane  of  the  section ; 
if  the  section  pass  also  through  a  7-tuple  generating  line  {yl^  ^y  in  the  same  way 
as  for  the  scroll  fif(l,  1,  m)),  then,  of  the  fi  generating  line^,  7  imite  together  in  the 
7-tuple  generating  line.  The  general  section  through  a  7-tuple  generating  line  breaks 
up   into    this    line    counting   7   times,  and  a  curve  of  the  order  m-^y,  which  has  on 

the  directrix  line  an  a  —  7  (+  /8  —  7)  tuple  point  and  a  S-tuple  point,  &c.  at  its  inter- 
sections with  the  other  multiple  generating  lines,  if  any. 

Eqtuxtion  of  the  ScroU  8(1,  1,  m)  of  the  order  m.  Article  Nos.  17  and  18. 

17.  Taking  for  the  equations  of  the  directrix  lines  (rc^O,  y  =  0)  and  (z^^O,  w  =  0), 
and  supposing  that  these  are  respectively  an  a-tuple  line  and  a  /8-tuple  line  on  the 
scroll  a  +  /3  =  m»  it  is  obvious  that  the  equation  of  the  scroll  is 

(♦$a?.  y)-(z,  wy=^0. 

In  fact  starting  with  this  equation,  if  we  consider  the  section  by  a  plane  through  the 
line  {x=0,  y  =  0),  say  the  plane  y  =  X^,  then  the  equation  gives 

that  is,  the  section  is  made  up  of  the  line  (x  =  0,  y  =  0)  reckoned  a  times,  and  of 
fi  other  lines  in  the  plane  y=s\a;;  and  the  like  for  the  section  by  any  plane  through 
the  line  {z  =  0,  w=^0),  say  the  plane  z^vw.  Hence  the  assumed  equation  represents 
a  scroll  of  the  order  tn,  having  the  two  lines  for  an  a-tuple  line  and  a  /3-tuple  line 
respectively,  and  conversely  such  scroll  has  an  equation  of  the  assumed  form. 

Case  of  a  y-tuple  genercUing  line.  ' 

18.  The  multiple  generating  line  meets  each  of  the  lines  (a;  =  0,  y  =  0)  and  (z=  0,  ti;=0); 
and  we  may  take  for  the  equations  of  the  multiple  generating  line  a:  +  y  =  0,  z  +  w=0. 
This  being  so,  the  foregoing  equation  of  the  scroll  may  be  expressed  in  the  form 

or  say 

(U,  r,  w,..)(z,  z-^-wy^o, 
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where  IT,  F,  TT, ...  are  functions  of  the  form  (♦$«?,  y)*.  Hence  (7l^a  or  P\  if  the 
functions  Uy  F,  TT, ...  contain  respectively  the  fisu^tors  («  +  y)^  (^  +  y)^S  (^  +  y)^---f  the 
equation  will  be  of  the  form 

(♦$a?  +  y,  r  +  ti;)y«0 

(the  coefficients  being  functions  of  x,  y,  z  and  z-\'W,  or,  what  is  the  same  thing,  x,  y,  r,  Wy 
of  the  order  04-/8  —  7),  and  the  scroll  ¥dll  therefore  have  the  line  a?-|-ya«0,  r+u^  =  0  as 
a  7-tuple  generating  line. 


Equxxtion  of  the  Scroll  S(  1,  1,  m)  of  ths  order  m,  Article  Nos.  19  to  24. 

19.  We  may  take  x  —  0,  y  =  0  for  the  equations  of  the  twofold  directrix  Une,. 
z  =  0  for  the  equation  of  the  plane  of  the  curve  m  (an  arbitrary  plane  section  of  the 
scroll).  Then  (a  -f-  /3  =  m),  if  the  curve  m  have  at  the  point  (a?  =  0,  y  ==  0),  or  foot  of 
the  directrix  line,  an  a(+i9)tuple  point,  and  if  moreover  we  have  y  =  0  for  the  equation 
of  the  common  tangent  of  the  /8  branches  (viz.  if  the  plane  y  — 0,  instead  of  being 
an  arbitrary  plane  through  the  directrix  line,  be  the  plane  through  this  line  and  the 
common  tangent  of  the  /3  branches),  the  equation  of  the  curve  m  will  be  of  the  form 


2(yw)^'(*$^,  y)-^-^-0, 

where  the  summation  extends  to  all  integer  values  of  fi'  from  0  to  ^,  both  inclusive. 

20.  Taking  y^\x  for  the  equation   of  any  plane   through  the  directrix  line,  then 
the    corresponding   point   on    the    directrix    line   will    be    the   intersection    of   this   line 

(a?  =  0,  y  =  0)  by  the   plane  z  =  Ow,  where  0  =  ^7 — -^ ;  the  foot  of  the  directrix  line  is 
given  by  the  value   ^  =  0,  or   \  =  — ,    and  the   equation  of    the   line    of  approach   is 

therefore  y  =  —  x\  this    should   coincide    with    the    line    y  =  0,  which    is  the    common 

tangent  of  the  /3  branches ;    that  is,   we  must  have   6  =  0 ;  I   retain,   however,   for  the 
moment  the  general  value  of  6. 

21.  The  equations  of  a  generating  line  will  be 

y  =  \x,    z^Ow-'px; 

and  then  taking  X,  Y,  (Z^O)  and  W  for  the   coordinates  of  the  point  of  intersection 
with  the  curve  m,  we  have 

F=\Z,    O^eW-pX, 

t(TWf(*llX,  F)*+^-*=0, 
and  thence 

2  (^Z  (  •$!.  X)-^"-*'    =0. 

or,  what  is  the  same  thing, 

2^' (Xp)^ (»$1,  X)-+*-^'    =0; 


340]  A  SECOND  MEMOIR  ON  SKEW  SURFACES,   OTHERWISE   SCROLLS.  209 

which  equation,  substituting  therein  for  0  its  value  in  terms  of  \  gives  the  parameter 
p  which  enters  into  the  equations  of  the  generating  line ;  or,  what  is  the  same  thing, 
the  equation  of  the  scroll  is  obtained  by  eliminating  X,  d,  p  from  the  equation  just 
mentioned  and  the  equations 

N  ^  ^     aX  +  6 

22.  These  last  three  equations  give 

y      ^^ay-k-hx         _  0w—z  _  {ay  -f  bx)  w  —  (cy  +  dx) z 

and  substituting  these  values,  we  find  for  the  equation  of  the  scroll 

2  {ay  +  bxy-^y  [{ay  +  6a?)  w  -  (cy  +  ete)  zf  (♦$a?,  y)*+^-*'  =  0. 

which  is  of  the  order  a  +  2fi,  =  2m  —  a,  so  that  the  o  (4-  /8)  tuple  point,  in  the  case 
actually  under  consideration,  produces  only  a  reduction  =a.  If  however  the  line  of 
approach  coincides  ynth  the  tangent  of  the  /3  branches,  then  6  =  0;  the  factor  y^  divides 
out,  and  the  equation  is 

2  {ayw  —  cyz  —  dxzf'  (♦$«?,  yy+fi-^'  =  0, 

which  is  of  the  order  a +  13,  =m,  so  that  here  the  reduction  caused  by  the  a(+/8)tuple 
point  is  =  a  +  /8.  We  may  without  loss  of  generality  substitute  ax  for  cy  +  dx,  and 
then,  putting  also  a  =  1,  we  find  that  when  the  equation  of  the  curve  m  is  as  before 

2  (yw)^' (♦$«?,  y)-+^-^'  =  0, 

but  the  plane  through  the  directrix  line  {x  =  0,  y  =  0),  and  the  point  on  this  line,  are 
respectively  given  by  the  equations  x  —  \y,  z=^  \w,  the  equation  of  the  scroll  is 

2  (yw  -  xzf  (♦$«:,  yY^P-^'  =  0. 

23.  The  result   may  be   verified  by  considering  the   section  by  any  plane    y  =  \x 
through  the  directrix  line.     Substituting  for  y  this  value,  we  find 

a^Xxfi'^'  {\w  -  zf  (♦Jl,  X)-+^-^'  =  0, 
which  is  of  the  form 

a^(t$a?,  Xw-zy^O; 

so  that  the  section  is  made  up  of  the  directrix  line  {x  =  0,  y  =  0)  reckoned  a  times  and 
of  /8  lines  in  the  plane  y  — \d?  =  0,  the  intersections  of  the  plane  y  — X^  =  0  by  planes 
such  as  z^Xw^px. 

Case  of  a  y-tuple  generating  line. 

24.  The  equation  of  the  scroll  may  be  written 

(17,  r,  W,...^l,  yw-xzy^^O, 


C.  V. 
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where  U,  V,  TT,  ...  are  functions  of  x,  y  of  the  forms 
assuming  that  these  contain  respectively  the  factors 
where  7  >  ^m,  then  the  equation  takes  the  form 

where  the  coefficients    U\  V\  W\ ...   are   functions  of   x,  y,  z,  w  of  the   orders  m  —  7, 
m  — 7  — 1,  m  — 7— 2, ...;   or,  what  is  the  same  thing,  the  equation  is 

{U'\  F",  TT", . .$y - ica?,  ieto --?)>« 0, 

where    U'\  F",  W'\...   are  functions  of  x,  y,  ^,  11;  of  the  order  m  — 7.     The   scroll  has 
thus  the  7-tuple  generating  line 

y-^KX^Q,    ictti  —  -?s=0. 


Cubic  Scrolls,  Article  Nos.  25  to  35. 

25.  In  the  case  of  a  cubic  scroll  there  is  necessarily  a  nodal(^)  line;  in  fact  for 
the  m-thic  scroll  there  is  a  nodal  curve  which  is  of  the  order  m— 2  at  least,  and  of 
the  order  ^(m— l)(m  —  2)  at  most,  and  which  for  m  =  3  is  therefore  a  right  line.  And 
moreover  we  see  at  once  that  every  cubic  surface  having  a  nodal  line  is  a  scroll;  in 
fact  any  plane  whatever  through  the  nodal  line  meets  the  surfieuie  in  this  line  counting 
as  2  lines,  and  in  a  curve  of  the  order  1,  that  is,  a  line;  there  are  consequently  on 
the  surface  an  infinity  of  lines,  or  the  surface  is  a  scroll  We  have  therefore  to  examine 
the  cubic  surfaces  which  have  a  nodal  line. 

26.  Let  the  equations  of  the  nodal  line  be  xs=0,  y^O;   then  the  equation  of  the 

surface  is 

Uz-^Vw+Q^O, 

where    U,  F,  Q  are  functions  of  (x,  y)  of  the  orders  2,  2,  3  respectively.     Suppose  first 
that  U,  V  have  no  common  factor,  then  we  may  write 

Q  =  (ac  +  /8y)  [7  +  (7a?  +  Sy)  F; 

and  substituting  this  value,  and  changing  the   values  of  z  and   w,  the  equation  of  the 

surface  is  of  the  form 

17^+Fu;  =  0, 

or,  what  18  the  same  thing, 

(♦$^,  yY  (z,  w)  =  0  ; 

^  The  nodal  line  of  a  onbic  scroll  is  of  coarse  a  donble  line,  and  in  regard  to  these  scrolls  the  epithets 
'nodal'  and  *  double'  may  be  nsed  indifferently. 
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80  that,  besides  the  nodal  directrix  line  (^  =  0,  ^  =  0),  the  scroll  has  the  simple  directrix 
line  (z  =  0,  w=iO):  it  is  clear  that  the  section  by  any  plane  whatever  is  a  cubic  curve 
having  a  node  at  the  foot  of  the  nodal  directrix  line  (a?  =  0,  y  =  0),  and  passing  through 
the  foot  of  the  simple  directrix  line  (^  =  0,  w^O) ;  that  is,  it  is  a  cubic  scroll  of  the 
kind  8(1,  1,  3);  and  since  for  fn  =  3  the  only  partition  m  =  a  +  /3  is  m  =  2  +  l,  there 
is  only  one  kind  of  cubic  scroll  8(1,  1,  3),  and  we  may  say  simpliciter  that  the  scroll 
in  question  is  the  cubic  scroll  8(1,  1,  3). 

27.  If  however  the   functions    U,    V  have  a  common    feu^tor,   say  (\x  4-  /Ay),   then 
zU+wV  will  contain  this  same  fiEkctor,  and  the  remaining  fsM^tor  will  be  of  the  form 

z(ax  +  ffy)-^w(yx+By),    —y(l3z  +  8w)-{-x(aZ'^yw), 

or,  changing  the  values  of  z  and  w,  the  remaining  factor  will  be  of  the  form  yw—xz, 
and  the  equation  of  the  scroll  thus  is 

(\x -^^  fiy)  (yw  -  xz) -\-  (*  ^x,  y)»  =  0, 

where  it  is  clear  that  the  section  by  any  plane  whatever  is  a  cubic  curve  having  a 
node   at   the  foot  of  the  directrix   line  x  =  0,  y=^0.    The  scroll  is  thus  a  cubic  scroll 

of  the  form  8(1,  1,  3),  viz.  it  is  the  scroll  of  the  kind  where  the  section  is  a  cubic 
curve  with  a  2  (+1)  tuple  point  (ordinary  double  point,  or  node),  the  line  of  approach 
being  one  of  the   two  tangents  at  the  node;  and   since    for   m  =  3  the  only  partition 

m  =  a  +  /8  is  m  =  2  +  l,  there  is  only  one   kind  of  cubic   scroll  8(1,  1,  3),  and  we   may 

say  simplidter  that  the  scroll  in  question  is  the  cubic  scroll  8(1,  1,  3).     The  conclusion 

therefore  is  that  for  cubic  scrolls  we  have  only  the  two  kinds,  8(1,  1,  3)  and  8(1,  1,  3). 
The  foregoing  equations  of  these  scrolls  admit  however  of  simplification;  and  I  will 
further  consider  the  two  kinds  respectively., 

The  Cubic  Scroll  8(1,  1,  3). 

28.  Starting  from  the  equation 

(♦$^>  yf  (^»  ^)  =  0, 

or,  writing  it  at  full  length, 

z(a,  b,  c$a?,  yy-hw(a',  V,  c'$a?,  y)*  =  0, 

we  may  find  ^i,  ^a  so  that 

(a,  6,  c$a;,  yy+0i(a\  V,  c'\x,  yy  =  (piX  +  qiyy, 

(a,  b,  c^x,  yY  +  0^  (a',  V,  c'$^,  yf  =  (p^x  +  q^yf, 

6 1  and  6^  being  unequal,  since  by  hypothesis  (a,  6,  c\x,  yY  and  (a',  b\  c'^x,  yf  have  no 
common  feictor.    This  gives 

(a,  b,  c^x,  yy ^(i(p^x-\r q^yf-^r ^(p^x -k-q^yY, 

(a',  V,  c'$a:,  y)«  =  7  (jpia?  +  q^yf  +  S  (p,a:  +  g,y)* ; 

or  the  equation  becomes 

(OLZ  +  yw)(pix  +  q^yy  +  (fiz  +  Sw)  (ptX  +  q^yy^O; 

27—2 
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or  changing  the  values  of  (x,  y)  and  of  {z,  w),  the  equation  is 

a^z  +  y*ti;  =  0, 

which  may  be  considered  as  the  canonical  form   of  the  equation.    It  may  be  noticed 
that  the  Hessian  of  the  form  is  «y. 

29.  We  may  of  course  establish  the  theory  of  the  surface  from  the  equation 
a^z  +  yhu  =  0 ;  the  equation  is  satisfied  hy  x^  \y,  w^  —  \%  which  are  the  equations 
of  a  line  meeting  the  line  (a?  =  0,  y  =  0)  (1)  and  the  line  (^  =  0,  w  =  0)  (!').  The 
generating  line  meets  also  any  plane  section  of  the  surface;  in  &ct,  if  the  equation 
of  the  plane  of  the  section  be  ax  +  jSy-k-yz-^-Sw^^O,  then  we  have  at  once 

X  :  y  :  z  :  w  =^SK*-y\  :  SK^  —  y  :  olK+13  :  —aX*^  ffX^ 

for  the  coordinates  of  the  point  of  intersection. 

30.  The  form  of  the  equation  shows  that  there  are  on  the  line  1  two  points, 
viz.  the  points  (a?  =  0,  y  =  0,  ^  =  0)  and  (a?  =  0,  y  =  0,  w  =  0),  through  each  of  which  there 
passes  a  pair  of  coincident  generating  lines:  calling  these  A  and  B,  then,  if  the 
coincident  lines  through  A  meet  the  line  1'  in  C,  and  the  coincident  lines  through 
B  meet  the  line  V  in  D,  it  is  easy  to  see  that  a?  =  0,  y  =  0,  r  =  0,  and  ti;  =  0  will 
denote  the  equations  of  the  planes  BAG,  BAD,  BCD,  and  ACD  respectively. 

31.  We  obtain  also  the  following  construction:  take  a  cubic  curve  having  a  node, 
and  from  any  point  K  on  the  curve  draw  to  the  curve  the  tangents  Kp,  Kq\  through 
the  points  of  contact  draw  at  pleasure  the  lines  pAC  and  qBD\  through  the  node  draw 
a  line  meeting  these  two  lines  in  the  points  A,  B  respectively,  this  will  be  the  line  1; 
and  through  the  point  K  a  line  meeting  the  same  two  lines  in  the  points  C  and  D 
respectively,  this  will  be  the  line  1' ;  and,  the  equations  a?  =  0,  y  =  0,  «  =  0,  ti;  =  0 
denoting  as  above,  the  equation  of  the  surface  will  h^  a^z-k-  t/hv  =  0. 

The  points  A  and  B  are  cuspidal  points  on  the  nodal  line ;  any  section  of  the 
scroll  by  a  plane  through  one  of  these  points  is  a  cubic  curve  having  at  the  point 
in  question  a  cusp. 

32.  It  is    to  be  noticed    however  that  the  cuspidal    points    are    not    of  necessity 

real ;  if  for  x,  y  we  write  x  +  ly,  a?  —  ly,  and  in  like  manner  z  +  iw,  z  —  au  for  z,  w,  then 

the  equation  takes  the  form 

{a^  '-y^)z''  2xyfv  =  0. 

which  is  a  cubic  scroll  5(1,  1,  3)  with  the  cuspidal  points  imaginary. 

In  the  last-mentioned  case  the  nodal  line  is  throughout  its  whole  length  crunodal; 
in  the  case  first  considered,  where  the  equation  is  0;*^  -f  yhu  =  0,  the  nodal  line  is  for  that 
part  of  its  length  for  which  z,  w  have  opposite  signs,  crunodal;  and  for  the  remainder 
of  its  length,  or  where  z,  w  have  the  same  sign,  acnodal.  There  are  two  different 
forms,  according  as  the  line  is  for  the  portion  intermediate  between  the  cuspidal  points 
crunodal  and  for  the  extramediate  portions  acnodal,  or  as  it  is  for  the  intermediate 
portion  acnodal  and  for  the  extramediate  portions  crunodal. 


i 
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Cubic  Scroll  8(1,  1,  3). 

33.     Starting  from  the  equation 

(\x+fiy) (yw-xz)  +  (♦$a:,  y)»=  0, 
then  putting  w  —  fiz  for  w  and  X^  for  z,  this  may  be  written 

(\x  +  puy)  {yw -zQia  +  fiy)}  +  {%^\x  +  fiy,  y)»  =  0, 
or,  what  is  the  same  thing, 

x(yw''xz)  +  {*^x,  y)»  =  0; 
and  then,  if  (♦$«?,  yY  =  (a,  /8,  7,  B^x,  yf,  this  may  be  written 

x\y{w-\-Px'\-  yy)  ^x(z  —  ax)]  +  Sy*  =  0 ; 
or  changing  the  values  of  to  and  z,  we  have 

X  (yw  —  xz)  +  y*  =  0 


for  the  equation  of  the  scroll  5(1,  1,  3)(^). 

34.  The  Hessian  of  the  form  is  x^,  and  it  thus  appears  that  ^  the  plane  a?  =  0  is 
a  determinate  plane  through  the  double  line.  But  y  =  0  is  not  a  determinate  plane ; 
in  fact,  if  for  y  we  write  y  +  \x,  the  equation  is 

-'a:^z  +  aru)(y+  \x)  +  (y  +  Xo?)*  =  0, 
that  is 

-  a;"  (0  -  Xw;  -  3X»  y  -  X*a:)  +  ajy  ( w;  +  3Xa:)  +  y»  =  0, 

which,  changing  z  and  w,  is  still  of  the  form  x  {yw  —  xz)  +  y*  =  0. 

The  planes  ^  =  0,  w  =  0  will  alter  with  the  plane  y  =  0,  but  they  are  not  determined 
even  when  the  plane  y  =  0  is  determined ;  in  fact  we  may,  without  altering  the  equation, 
change  w,  z  into  w  +  0y,  z  +  0x  respectively. 

35.  In  the  equation  x(yw^xz)  +  y^=^0,  writing  y  =  Xa?,  we  find  for  the  equations 
of  a  generating  line,  y  =  Xa?,  z  =  \w-{-\*x.  Considering  the  section  by  the  plane 
ax-h  fiy  +  yz-\-Sw=^0,  we  have 

X  :  y  :  z  :  w^^-yX-S  :  -yX^-Sk  :  -8X«  +  ^»+aX  :  yX*  +  ffX+a 

for  the  coordinates  of  the  point  where  the  generating  line  meets  the  section. 

The  generating  line  meets  the  nodal  line  at  the  intersection  of  the  nodal  line  by 
the  plane  z  =  Xw ;  that  is,  the  points  z  =  Xw  on  the  nodal  line  correspond  to  the  planes 
y=^Xx  through  the  nodal  line.  In  particular  the  point  ti;  =  0  on  the  nodal  line  corre- 
sponds to  the  plane  x  =  0  through  the  nodal  line :  the  point  yz  +  Sw=^0  on  the  nodal 
line  (that  is,  the  point  where  this  line  is  met  by  the  plane  ax  + l3y  +  yz  +  Bw  =  0) 
corresponds  to  the  plane  yx  +  8y  =  0  through  the  nodal  line;  the  intersections  of  the 
plane  ax  +  fiy  +  yz  +  Sw^O  by  this  plane  yx  +  8y  =  0,  and  by  the  plane  a?  =  0,  are  the 
tangents  of  the  section  at  the  node. 

^  It  18  somewhat  more  conyenient  to  change  the  sign  of  z,  and  take  x{yw+xz)  +  y^=iO  as  the  canonical 
form. 
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Quartic  Scrolls,  Article  Noe.  36  to  50. 

36.  We  may  consider,  first,  the  quartic  scrolls  S{1,  1,  4).  The  section  is  a  quartic 
curve  having  an  a-tuple  point  and  a  ^-tuple  point,  where  a  +  fi  =  4t;  that  is,  we  have 
a  =  2,  /8  =  2,  a  quartic  with  two  nodes  (double  points),  or  else  a » 3,  0  =  1,  a  quartic 
with  a  triple  point.  But  the  case  a  =  2,  fi=^2  gives  rise  to  two  species:  viz.,  in  general 
the  quartic  has  only  the  two  double  points,  and  we  have  then  a  scroll  with  two  nodal 
(2- tuple)  directrix  lines,  and  without  any  nodal  generator;  the  section  may  howevei 
have  a  third  double  point,  and  the  scroll  has  then  a  nodal  (double)  generator.  I^or 
the  case  a^S,  /8  =  1,  the  section  admits  of  no  further  singularity,  and  we  have  a 
quartic  scroll  with  a  triple  directrix  line  and  a  single  directrix  line. 


37.  Next  for  the  quartic  scroll  8(1,  1,4).  The  section  is  here  a  quartic  curve  with 
an  a  (+  /8)  tuple  point,  where  a  +  i8  =  4  ;  that  is,  a  =  2,  i8  =  2,  or  else  a  =  3,  ^  =  1.  In 
the  former  case  the  section  has  a  2  (+  2)  tuple  point,  that  is,  a  double  point  where 
the  two  branches  have  a  common  tangent — otherwise,  two  coincident  double  points:  say 
the  curve  has  a  tacnode;  the  line  of  approach  is  the  tangent  at  the  tacnode.  We 
have  here  a  scroll  with  a  twofold  double  line ;  there  are  however  two  cases :  viz.,  in 
general  the  section  has,  besides  the  tacnode,  no  other  double  point ;  that  is,  the  scroll 
has  no  nodal  generator:  the  section  may  however  have  a  third  double  point,  and  the 
scroll  has  then  a  nodal  (double)  generator.  In  the  case  a  ==3,  ^  =  1  the  section  has 
a  triple  point,  and  the  line  of  approach  is  the  tangent  at  one  of  the  branches  at  the 
triple  point ;  the  scroll  has  a  twofold,  say  a  3  (+ 1)  tuple  directrix  line :  as  the  section 
admits  of  no  further  singularity,  this  is  the  only  case.  The  foregoing  enumeration 
gives    three    species  of   quartic  scrolls  £i(l,  1,  4),   and   three   species   of  quartic   scrolls 

5  (1,  1,  4),  together  six  species,  viz.  these  are  as  follows : 


Quartic  Scroll,  First  Species,  S  (la,  1,,  4),  with  two  dovhle  directrix  lines, 

and  without  a  nodal  generator. 

38.  Taking  (a?  =  0,  y  =  0)  and  (-2^  =  0,  w;  =  0)  for  the  equations  of  the  two  directrix 
lines  respectively,  the  equation  of  the  scroll  is 

Quartic  Scroll,  Second  Species,  S' (l^,  1„  4),  tvith  two  dotible  directrix  lines 

and  with  a  dovble  generator, 

39.  This  is  in  fisust  a  specialized  form  of  the  first  species,  the  difference  being  that 
there  is  a  nodal  (double)  generator.  Supposing  as  before  that  the  equations  of  the 
directrix  lines  are  (a?  =  0,  y  =  0)  and  {z  =  0,  w  =  0)  respectively ;  let  the  equations  of  the 
nodal  generator  be  {x-hy  =  0,z  +  w  =  0);  then,  observing  that  for  the  first  species  the 
equation  may  be  written  (♦$a?,  yY  (z,  z  -f  w)'  =  0,  it  is  clear  that  if  the  terms  in  s^  and 
z(z  +  w)  are  divisible  by  (x  +  yY  and  {x  +  y)  respectively,  the  surface  will  have  as  a  new 
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double  line  the  line  (a?  +  y  =  0,  z  +  w=^0),  which   will  be  a  double  generator ;  and  we 
thus  arrive  at  the  equation  of  the  second  species  of  quartic  scrolls,  viz.  this  is 

(Quartic  Scroll,  Third  Species,  5(1,,  1,  4),  vnth  a  triple  directrix  line 

and  a  single  directrix  line. 

40.  Taking  (aj  =  0,  y  =  0)  for  the  equations  of  the  triple  directrix  line,  and 
(^  ="  0,  w==0)  for  the  equations  of  the  single  directrix  line,  the  equation  is 

(«$a?,  yY  (z,  w)  =  0. 

Quartic  Scroll,  Fourth  Species,  S(l^,  Ij,  4),  tvith  a  twofold  (2 (-f  2)  tuple)  directrix  line, 

and  without  a  nodal  generator, 

41.  Taking  (a?  =  0,  y  =  0)  for  the  equations  of  the  directrix  line,  -?  =  0  for  that 
of  a  plane  section  of  the  scroll,  y  =  0  for  the  equation  of  a  plane  through  the  tangent 
at  the  tacnode  of  the  section,  and  supposing  (see  ante.  No.  22)  that  the  plane  through 
the  directrix  line  and  the  corresponding  point  on  this  line  are  respectively  given  by 
the  equations  x=\y  and  z  =  \w,  the  equation  of  the  scroll  is 

(yw  —  xzy  4-  (yw  —  xz)  (x,  yy  +  (x,  yY  =  0. 

Qiuirtic  Scroll,  Fifth  Species,  S'{l2,  la,  4),  with  a  twofold  (2  (+2)  tuple)  generating  line, 

and  with  a  double  generator. 

42.  Let  the  equations  of  the  double  generator  be  a?  +  y  =  0,  z-\-w=^Q\  then  the 
line  in  question  must  be  a  double  line  on  the  surface  represented  by  the  last- 
mentioned  equation,  and  this  will  be  the  case  if  only  the  second  and  third  terms 
contain  the  factors  (x-\-y)  and  {x  +  yY  respectively.  The  equation  for  the  fifth  species 
consequently  is 

{yw-xzY+2(yw-xz)(x  +  y){x,  y)  +  (x -hyYix,  y)^=0. 


Quartic  Scroll,  Sixth  Species,  S(is,  1,  4),  udth  a  twofold  (3  (+1)  tuple)  generating  line. 

43.  Taking  (a?  =  0,  y  =  0)  for  the  equations  of  the  directrix  line,  ^  =  0  for  the 
equation  of  a  plane  section,  and  assuming  that  the  plane  y  =  0  passes  through  the 
tangent  which  is  the  line  of  approach,  and  that  the  plane  through  the  directrix  line 
and  the  corresponding  point  on  this  line  are  respectively  given  by  the  equations  a?  =  Xy 
and  z^\w,  the  equation  of  the  scroll  is 

(yw  -  xz)  (x,  yY  +  (x,  yY  =  0. 
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I  refrain  on  the  present  occasion  from  a  more  particular  discussion  of  the  foregoing 
six  species  of  quartic  scrolls.    I  establish   two  other  species,  as  follows : 


Quartic  ScroU,  Seventh  Species,  £f(l,  2,  2),  with  nodal  directrix  line,  and  nodal  directri 
conic  which  meet,  and  with  a  simple  directrix  conic  which  meets  the  nodal  conic  i'^ 
two  points. 

44.  We  see,  d  priori,  that  the  scroll  generated  as  above   will  be  of  the  order 
that  is,  a  quartic  scroll     In  fact  using  the  formula  {ante.  No.  5), 

Order  ^2mnp ^ am  —  fin^yp, 
we  have  here 

Nodal  conic,     m  =  2,    a  =  0, 

Simple  conic,    w  =  2,    fi  =  l. 

Line  •    ,    ^  =  1,    7=2, 

and  hence 

Order  =8-2-2,  =4. 

45.  Take  (^  ==  0,  ^  =  0)  for  the  equations  of  the  directrix  line,  ^  =  0  for  the  equatio 
of  the  plane  of  the  simple  conic,  w=0  for  that  of  the  plane  of  the  nodal  conic;  sine^ 
the  conies  intersect  in  two  points,  they  lie  on  a  quadric  surfiace,  say  the  surfisu^e  17'=  0 
the  equations  of  the  simple  conic  thus  are  ^=0,  [7  =  0;  those  of  the  nodal  conic 
w^O,  tr  =  0.     The  directrix  line  a?  =  0,  y  =  0   meets   the  nodal  conic ;   that  is,  U  m 
vanish  identically  for  x  =  0,  y  =  0,  w  =  0;    and   this  will   be  the  case  if  only  the 
in  £1^  is  wanting;  that  is,  we  must  have 

U  =  (a,  6,  0,  d,  f,  g,  h,  I,  m,  n$a?,  y,  z,  wf. 

But  we  may  in  the  first  instance  omit  the  condition  in  question,  and  write 

U^{a,  b,  c,  d,  f,  g,  h,  I,  m,  n$a?,  y,  z,  wj\ 
this  would  lead  to  a  sextic  instead  of  a  quartic  scroll. 

46.  The  equations  of  a  generating  line  (since  it  meets  the  directrix  line  x  =0,  y=i 
may  be  taken  to  be 

the  condition  in  order  to  the  intersection  of  the  generating  line  with  the  nodal  coi 

is  at  once  found  to  be 

aa»  +  2Aa  +  6  +  2)8  (/+ 5ra)  +  c)8*  =  0, 

and  that  for  its  intersection  with  the  simple  conic 

aa«  + 2Aa  + 6 +  2^  (m+ fa)  H-cW"  =  0; 

and  writing  the  equations  of  the  generating  line  in  the  form 
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48.    The  equations  of  the  cubic  curve  may  be  taken  to  be 


y,    ^.    ^ 


=  0, 


or,  what  is  the  same  thing, 

ar^  —  y«  =  0,    xw-^yz^O,    yw  —  2^^0\ 

those  of  the  directrix  line  may  be  represented  by 

aa;  +  i8yH-7^  +  Sw  =  0  , 
a'o?  H-i8'y  +  7'^+  S'w=  0 ; 

or,  what  is  the  same  thing,  if 

^y-^7  =  a,     aS'-a'S=/, 
7a'-7'«=6,    fiS'-fi'B^g, 

(and  therefore  identically  af-^-bg  +  ch^O),  the  line  is  defined  by  means  of  its  ''six 
coordinates  "  (a,  6,  c,  /,  g,  h), 

49.  The  equations  of  the  cubic  curve  ai-e  satisfied  by  writing  therein 

X  :  y  ',  z  \  w  ^  \  :  t  I  t^  :  i?, 

and  therefore  the  coordinates  of  any  two  points  on  the  curve  may  be  represented  by 
(1,  0,  0^,  0*)  and  (1,  <t>y  <l>\  (f>*) ;  hence,  if  x,  y,  z,  w  are  the  coordinates  of  a  point  in 
the  line  joining  the  last  mentioned  two  points,  we  have 

X  :  y  :  z  :  w^l+m  :  10  +  m<f>  :  W*  +  m<f>*  :  W*  +  m^*, 

which  equations,  treating  therein  I,  m  as  indeterminate  parameters,  give  the  equations 
of  the  line  in  question.     And  putting  moreover 

pszyw  —  2^,     q^yz  —  xw,     r^xz^y*, 

we  have  identically 

p  :  q  :  r  =  0<l>  :  --{0+  <l>)  :  1. 

50.  In  order  that  the  line  in  question  may  meet  the  directrix  line,  we  must  have 

l{a  +fi0  +  y0'  +  B0')-\-m(a  +/8<^  +  7i^  +  S<^»)  =  0, 

that  is,  eliminating  I  and  m,  we  must  have 

a+l30+y0'+80^,    a  +  l3<l>+y<f>'+8  4>*  \  =  0, 
a' +  ^'5  +  7  ^  +  8'^,     a'  +  /8'<^  +  7>'  +  8y  ^ 
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or,  developing, 

the  several  terms  in  {0,  ^),  each  divided  by  ^  — ^,  give  respectively 

1,  *  +  ^,  (<t>  +  ey -•  il>0,  0<t>.  0if>(if>  +  0\  0'4>\ 
which  are  equal  to 

hence  replacing  also  afi'  —  o^lS,  &c.  by  their  values  c,  &c.,  we  find 

(c,  -6,/,  a,  5r,  A)(r»,  -jr,  9»-pr,  pr,  -py,  p')  =  0, 

or,  what  is  the  same  thing, 

(A,/  c,  6,  a-/,  -5r'5p,  g,  r)»=0, 

where   the  coefficients  (a,  6,  c,  /,  g,  h)  satisfy  the  relation  a/+  6gr  +  cA  =  0 ;  2>»  9>  '"'  stand 
respectively  for  yw  —  0*,  y^:  —  arw,  xz  —  y*. 

Writing  for  greater  convenience 

(A,/,  c,  6,  a-/,  -5')  =  (a,  b,  c,  2f,  2g,  2h), 

or,  what  is  the  same  thing, 

(a,  6,  c,  /,  5r,  A)  =  (b  +  2g,  2f,  c,  b,  -  2h,  a), 

then  we  have 

a/+ igr  +  cA  =  ac +  b«  + 2bg- 4fh  =  0 ; 

and  hence  finally  we  have  for  the  equation  of  the  scroll  fii(l,  3'), 

(a,  b,  c,  f,  g,  hjyw--^^,    yz-xw,    xz-y^y=^0, 
where  the  coefficients  satisfy  the  relation 

ac  +  b«  +  2bg-4fh  =  0. 
The  equations  of  the  directrix  cubic  are  of  course 

yw  —  z^^O,    y^  —  .Tw  =  0,    a?«  —  y*  =  0  ; 
and  the  directrix  line  is  given  by  its  six  coordinates, 

(b  +  2g,  2f,  c,  b,  -  2h,  a). 


On  the  general  Theory  of  Scrolls,  Article  Nos.  51   to  53. 

51.  1  annex  in  conclusion  the  following  considerations  on  the  general  theory  of 
scrolls.  Consider  a  scroll  of  the  n  th  order ;  the  intersection  by  an  arbitrary  plane,  say 
the   plane  w  =  0,  is  a  curve   of  the  nth  order  (♦][a?,  y,  a?)**  =  0;    any  point  (a?,  y,  z,  0) 

28—2 
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where  (x,  y,  z)  satisfy  the  foregoing  equation,  is  the  foot  of  a  generating  line;  and  we 
may  imagine  this  generating  line  determined  by  means  of  the  coordinates  {X,  Y,  Z,  W), 
given  functions  of  (x,  y^  z)  of  a  point  on  the  line.  This  being  so,  the  "  six  coordinates," 
say  (p,  q,  r,  «,  t,  u),  of  the  line  are 

X,    F,    Z,     W 

X,    y,    jr,     0 
viz. 

p^Yz-Zy,    8=^-Wx, 

q^Zx  --  Xz,    ^  ==  —  Wy, 

r  —  Xy-^Yx,    u^^Wz\ 

or,  writing  for  greater  convenience  —  v  in  the  place  of  IT,  the  six  coordinates  of  the 
line  are  p,  q,  r,  vx,  vy,  vz,  where  p,  9,  r  are  functions  of  (x,  y,  z\  connected  by  the 
relation  pa?  +  gy  +  v^  =  0 ;  and  v  is  also  a  function  of  (a?,  y,  z), 

52.  Consider  the  intersection  of  the  surface  by  an  arbitrary   line,  the  six  coordi- 
nates whereof  are  {A,  B,  C,  F,  0,  H);  then   for  the  generating  lines  which  meet  this 

line  we  have 

V  (Ax  +  5y  +  C^)  +  ^p  +  (?9  +  jyr  =  0, 

and  this  equation,  together  with  the  equation  (♦$x,  y,  0)*  =  O,  determines  {x,  y,  z),  the 
coordinates  of  the  foot  of  a  generating  line  which  meets  the  arbitrary  line  (A,  B,  C,  F,  (?,  H), 
Since  the  order  of  the  scroll  is  =sn,  the  number  of  such  generating  lines  should  be 
=  n,  that  is,  there  should  be  n  relevant  intersections  of  the  two  curves, 

v{Ax  +  By  +  Cz)  +  Fp  +  Gq'^Hr=^0, 

(♦$^.  y»  -?)^  =  0 ; 

but  if  (p,  q,  r,  vx,  vy,  vz)  are  each  of  the  order  fc,  the  number  of  actual  intersections 
is  =A:n,  which  is  too  many  by  (&  — l)n. 

53.  Suppose  that  the  curves 

p  =  0,    5  =  0,     r  =  0,    va?  =  0,    vy  =  0,     vr  =  0, 
or  say  the  curves 

p  =  0,    g  =  0,    r  =  0,      t;  =  0 

have  in  common  0  intersections,  and  let  these  be  points  of  the  multiplicities  ai,  a,,  a,, ...  Oi 
on  the  curve  (♦  Ja;,  y,  zY  =  0  (viz.  according  as  the  curve  does  not  pass  through  any 
one  of  the  intersections  in  question,  or  passes  once,  twice,  &c.  through  such  intersection, 
we  have  for  that  intersection  a^  =  0,  1,  2,  &c.,  as  the  case  may  be,  and  so  for  the 
other  intersections) ;  then  the  kn  points  of  intersection  include  the  «!  +  Oj . . . .  +  o# ,  or 
say  the  Sa  intersections;  but  these,  being  independent  of  the  line  (-4,  -B,  (7,  F,  0,  B) 
under  consideration,  are  irrelevant  points,  and  the  number  of  relevant  points  of  inter- 
section is  Ati  —  Sff ;  that  is,  if  we  have  2a  =  (A  —  1)  ri,  then  the  scroll  in  question,  viz. 
the  scroll  generated  by  a  line  which  meets  the  plane  w  =  0  in  the  curve  (♦$«?,  y,  z)*  =  0, 
and  which  has  for  its  six  coordinates  (p,  q,  r,  vx,  vy,  vz\  will  be  a  scroll  of  the  nth 
order. 


341] 


221 


341. 


ON  THE  SEXTACTIC  POINTS  OF  A  PLANE  CURVE. 


[From  the  Philosophical  Trcmsactions  of  the  Royal  Society  of  London,  vol.  CLV.  (for  the 
year  1865),  pp.  546 — 578.    Received  November  5, — Bead  December  22,  1864.] 

It  is,  in  my  memoir  "On  the  Conic  of  Five-pointic  Contact  at  any  point  of  a 
Plane  Curve,"  Phil.  Trans,  vol  CXLIX.  (1859),  pp.  371—400,  [261],  remarked  that  as 
in  a  plane  curve  there  are  certain  singular  points,  viz.  the  points  of  inflexion,  where 
three  consecutive  points  lie  in  a  line,  so  there  are  singular  points  where  six  consecutive 
points  of  the  curve  lie  in  a  conic;  and  such  a  singular  point  is  there  termed  a 
"sextactic  point."  The  memoir  in  question  (here  cited  as  "former  memoir")  contains 
the  theory  of  the  sextactic  points  of  a  cubic  curve;  but  it  is  only  recently  that 
I  have  succeeded  in  establishing  the  theory  for  a  curve  of  the  order  m.  The  result 
arrived  at  is  that  the  number  of  sextactic  points  is  =m(12m  — 27),  the  points  in 
question  being  the  intersections  of  the  curve  m  with  a  curve  of  the  order  12m  — 27, 
the  equation  of  which  is 

(12m«-54m  +  57)jy  Jac.  (17,  H,  fl^) 
+  (m-.2)(12m-27)jy  Jac.  (U,  H,  fl^) 
+  40(m-2)«  Jac.  (U,  H,  ^)  =  0, 

where  0^=0  is  the  equation  of  the  given  curve  of  the  order  m,  H  ia  the  Hessian 
or  determinant  formed  with  the  second  differential  coeflScients  (a,  6,  c,  /,  g,  h)  of  U, 
and,  (81,  93,  (S,  %  @,  Sq)  being  the  inverse  coeflScients  (2l  =  6c— /S  &c.),  then 

ft=(a,  93,  (S,  g,  @,  *$a*,  a„  a.)»ir, 
^ = (81, 93,  e,  8,  @,  ^$a^,  dyH,  d,Hy ; 
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and  Jac.  denotes  the  Jacobian  or  functional  determinant,  viz. 

jac.  (IT,  ir,  ^)=  d^u,  dyU,  d,u 

dgH,    dyJB,    dgH 

and  Jac.  {U,  H,  fl)  would  of   course  denote   the   like   derivative  of   (IT,  H,  fl);    the 

subscripts   (j^,    ^)    of   fl    denote    restrictions    in    regard    to    the    differentiation    of   this 
function,  viz.  treating  fl  as  a  function  of  U  and  H, 

n  =  (81.  »,  e,  8,  ®,  *$«'»  V.  c\  f\  2/',  V.  2A') 
if  (a',  6',  c',  /',  5^',  A')  are  the  second  differential  coefficients  of  H^  then  we  have 

a^ft=     (9*81,.. ][  a',..)  (=a^5) 

+(  81, . -Fxtt', . .)        (=a«n^); 

viz.    in    9«n^  we    consider   as   exempt    from    differentiation  {a\  h\  c\  f\  flr',  W)  which 

depend  upon  H,  and  in  3,11^  we  consider  as  exempt  bom  differentiation  (81,  85,  (S,  8»  ®» *&) 
which  depend  upon  U,    We  have  similarly 

3yft  =  a/ls  +  a/l^,  and  3^  =  9^5  +  3^^; 

and  in  like  manner 

Jac.  (IT,  H,  n)  =  Jac.  (IT,  ^,  fl5)  + Jac.  {U,  H,  fl^), 

which  explains  the  signification  of  the  notations  Jac.  {U,  H,  fl^),  Jaa  (U,  H,  11^). 

The  condition  for  a  sextactic  point  is  in  the  first  instance  obtained  in  a  form 
involving  the  arbitrary  coefficients  (\,  /a,  i/);  viz.  we  have  an  equation  of  the  order  5 
in  (X,  fi,  v)  and  of  the  order  12m  —  22  in  the  coordinates  {x,  y,  ^).  But  writing 
&  =  Xa?+/Ay  ^-v^,  by  successive  transformations  we  throw  out  the  fieictors  y,  ^,  &,  ^, 
thus  arriving  at  a  result  independent  of  (\,  /a,  i/);  viz.  this  is  the  before-mentioned 
equation  of  th^,  order  12iii  — 27.  The  difficulty  of  the  investigation  consists  in  obtaining 
the  transformiitions  by  means  of  which  the  equation  in  its  original  form  is  thus 
divested  of  these  irrelevant  fisustors. 


Articles  Nos.  1  to  6. — Investigation  of  the  Condition  for  a  Sextactic  Point. 

1.     Following  the  course  of  investigation  in   my  former  memoir,  I  take  (X,  F,  Z) 
as  current  coordinates,  and  I  write 

T  =  (#$Z,  F,  Z)*~  =  0 

for  the  equation  of  the  given  curve;  {x,  y,  z)  are  the  coordinates  of  a  particular 
point  on  the  given  curve,  viz.  the  sextactic  point;  and  U,  =(»$^,  y,  zf^^  is  what  T 
becomes  when  {x,  y,  z)  are  written  in  place  of  {X,  F,  Z):  we  have  thus  I7»0  as  a 
condition  satisfied  by  the  coordinates  of  the  point  in  question. 


341]  ON   THE  SEXTACTIC  POrNTS   OF  A   PLANE   CURVE.  223 

2.     Writing  for  shortness 

i>u=(Xd^+Tdy+zd,yu, 

and  taking  n  =  aX  +  6F+cZ=0  for  the  equation  of  an  arbitrary  line,  the  equation 

is  that  of  a  conic  having  an  ordinary  (two-pointic)  contact  with  the  curve  at  the 
point  (a?,  y,  z)\  and  the  coefficients  of  11  are  in  the  former  memoir  determined  so 
that  the  contact  may  be  a  five-pointic  one;  the  value  obtained  for  11  is 


where 


n^i^DH+ADU, 


A  =  g^,(-3njy+4^). 


3.  This   result    was    obtained    by  considering   the  coordinates    of    a   point   of   the 
curve  as  functions  of  a  single  arbitrary  parameter,  and  taking 

x  +  dx  +  ^^x  +  yi^x-^-^fd^x,  y  +  &c.,   z+Scc. 

for  the  coordinates    of   a   point   consecutive   to  (a?,  y,  z)]    for  the  present  purpose    we 
must  go  a  step  further,  and  write  for  the  coordinates 

X  +  dx  +  ^  (Px  -{-  i  (Px  +  ^  d*x  +  Yh  ^'^' 

z  +  dz  +  i  cPz  +  ^cPz  +  ^d^z  +  jijs  d'^z. 

4.  Hence  if 

di^dxdx-^dydy  +  dzdg,  di^d^xdx  +  d^ydy  +  d^zdg,   &c., 
we  have,  in  addition  to  the  equations 

tr=o, 

(3/  +  6di%  +  43 A  +  333"  +  34)  IT  =  0, 
of  my  former  memoir,  the  new  equation 

(3/  +  103i»3a  +  103i«3  +  lodid,'  +  odfi,  +  103A  +  3.)  17  =  0, 
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and  in  addition  to  the  equations,  {P  <=  cue  +  by  +  ez), 

(m-2)a,«£r+p.ia,»[r=iO. 

-  i  [(m - 1) a,»  +  3 (m  -  2) a,aj  ir+  P 4 (a,» + 83.3,)  U+d^P.^*U=0, 

-  tV  [(m  - 1)  (3/  +  63A)  +  (m  -  2)  (43A  +  33,')]  U 

+  P.  A(3,«  +  63i'3,  +  43,3,  +  33,»)  IT  +  3,P . H3,»  +  83,3,)  U  +  ^J> . ^i*U  =  0. 

giving  in  the  first  instance 

P  =  2(m-2), 


o  D  _  ,  (9i*  +  68.'g«)  P"     ,3.»t7-(3.»  + 83.3,)  tT- 
'^•^~*         3.'Cr    "       *3,'I7         3,»17' 


and  leading  ultimately  to  the  before-mentioned  value  of  II,  we  have  the  new  equation 

-  ?fc   [("» - 1)  (9i'  + 1091*0*  +  109A  + 153,3,')  +  (m  -  2)  (63,34  +  103A)]  U 

+      -P .  rk  (01*  +  1O0A  +  1O0A  +  15^9»*  +  63.34  +  103A)  U 

+   3,P.  ^  (3,«+  63,'3,+    43,3,+      33,»)  U" 
+  i3,P.   i  (3,'+    33,3,)  CT 
+  J3,P.   i  3,»17"=0. 

5.     This  may  be  written  in  the  form 

2  [(m  -  1)  (3,'  + 103,»3, 4- 103,'3,  +  153,3,*)  +  (m  -  2)  (53,34  +  103A)]  V 
+       P(  3,»  +  I03,'3,+  103,'3,+  153,3,»  +  53,34 +  103A)  U 

+   53,P  (  3,'  +    6d/dt  +   43,3,  +   33,*)  U   ■ 

+  103,P(  3,'+   33,3,)  U" 

+  103,P(  3,'t7)  =  0; 

or  putting  for  P  its  value,  —2(m  —  2),  the  equation  becomes 

2  (3,*  + 1 03,'3,  + 103,«,  +  1 53,3,')  U 
+   53,P  (3,*  +   63,'3,  +   43,3,  +   3d,*  )U 
+  103,P(3,'+   33.3,)  tr 
+  103,P.3,'tr=0; 

or  as  this  may  also  be  written, 

2  (3i«  4- 103.^,  +  103.'3,  +  153.3,')  U 

+  5d,P.d,U+  I0a,P.3,i/'+  103,P.3,t/'=0. 
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6.  But  the  equation 

which  is  an  identity  in  regard  to  (X,  F,  Z),  gives 

and  substituting  these  values,  the  foregoing  equation  becomes 

2  (a,» + loaA  +  loaA + i53ia,')  u 

+  {SdtUd,H+lGd,Ud^+ 103,  £/3,fl)  f  ^  +  A.  20a,tra,I7"  =  0 ; 
or  putting  for  A  its  value,  =  q^, (— SftiT  +  4^),  and  multiplying  by  flT'  this  is 

9H'  (a,» + loaA + 1(»,«,  +  i53,a.»)  £/■ 

+  ISfl^  {d^UdiH  +  2StUdtH  +  2StUdtH) 
+     ^  (-3nfl  +  4^).105,l/3,l7"=0, 
which  is,  in  its  original  or  unreduced  form,  the  condition  for  a  seztactic  point. 

Article  Noa-7  and  8. — Notations  and  Remarks. 

7.  Writing,  as  in  my  former  memoir.  A,  B,  C  for  the  first  differential  coefficients 
of  U,  we  have  Bv  —  Cfi,  (TK-^Av,  Afi-^BX  for  the  values  of  dx,  dy,  dz,  and  instead 
of  the  symbol  D  used  in  my  former  memoir,  I  use  indifferently  the  original  symbol  di, 
or  write  instead  thereof  9,  to  denote  the  resulting  value 

and  I  remark  here  that  for  any  function  whatever  ft,  we  have 

dCl^      A,      B,      C     =  Jac.  (17,  ^,  ft), 

where  ^  =  \x  +  fiy  '\-pz.    I  write,  as  in  the  former  memoir, 

4>  =  (a,  »,  e,  g,  ®,  ^$x,  /i,  py ; 


C.    V. 
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and  also 

V  -  (a,  ».  g,  %,  @,  ^$x.  M,  y^d,,  dy,  8,), 

which  new  symbol  V  serves  to  express  the  functions  11,  D,  occurring  in  the  former 
memoir;  viz.  we  have  n=s2V4>,  D~2V^,  so  that  the  symbols  11,  D  are  not  any 
longer  required. 

8.  I  remark  that  the  symbols  d,  V  are  each  of  them  a  linear  function  of 
{d»,  9y,  dg)f  with  coefficients  which  are  functions  of  the  variables  (x,  y,  z),  and  this 
being  so,  that  for  any  function  n  whatever,  we  have 

a(vn)=o.v)n+avn, 

viz.  in  3(Vn)  we  operate  with  V  on  n,  thereby  obtaining  VII,  and  then  with  3  on 
VII;  in  (3.V)  n  we  operate  with  3  upon  V  in  so  far  as  V  is  a  function  of 
i^t  y,  ^)>  thus  obtaining  a  new  operating  symbol  3.V,  a  linear  function  of  (3„  3y,  3«), 
and  then  operate  with  3.V  upon  11;  and  lastly,  in  3Vn,  we  simply  multiply 
together  3  and  V,  thus  obtaining  a  new  operating  sjmibol  3V  of  the  form  (3„  3^,3*^, 
and  then  operate  therewith  on  11 ;  it  is  clear  that,  as  regards  the  last-mentioned 
mode    of    combination,    the    symbols   3   and    V    are    convertible,   or   3V  =  V3,   that    is, 

3vn  =  v3n. 

It  is  to  be  observed  throughout  the  memoir  that  the  point  (.)  is  used  (as  above 
in  3.V)  when  an  operation  is  performed  upon  a  symbol  of  operation  as  operand;  the 
mere  apposition  of  two  or  more  symbols  of  operation  (as  above  in  3V)  denotes  that 
the  symbols  of  operation  are  simply  multiplied  together;  and  when  3V  is  followed  by 
a  letter  11  denoting  not  a  sjmtibol  of  operation,  but  a  mere  function  of  the  coordinates, 
that  is  in  an  expression  such  as  3Vn,  the  resulting  operation  3V  is  performed 
upon  n  as  operand;  if  instead  of  the  single  letter  11  we  have  a  compound  symbol 
such  as  HU  or  FV^,  so  that  the  expression  is  dHU,  dH'7%  dV HU  or  3Vfl'Va, 
then  it  is  to  be  understood  that  it  is  merely  the  immediately  following  function  H 
which  is  operated  upon  by  3  or  3V  ;  in  the  few  instances  where  any  ambiguity 
might  arise  a  special  explanation  is  given. 

Article  Nos.  9  to  11. — First  iransformaJtion. 

9.  We  have,  assuming  always  tr=0,  the  following  formulfle  («ee  fost.  Article 
Nos.  31  to  33): 

(3i»  +  lOA  +  103x«,  +  153A'')  ^ 

=     7^;^y  {(27m«  -  96m  -h  81)  if34>  -|-  (17m«  -  56m  +  51)  <b^H\ 

+  .    ^^y{(-14m-22)(3.V)g    -(10m~18)3V^ 
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^^    (to -IV  {(~  ^"**  + 1^"*  -  12)  fl*0^  +  (-  I7m»  +  60m  -  65)  ir<I»a^} 
+  .^^^jTi{(2m-2)irO.V)fl-         +  (8m  -  16)  a-ff  V  ff} 


0  = 


10.  And  by  means  of  these  the  condition  becomes 
(rn^lY  Kl53m» -  594m  +  549) Hd^  +  (-  102m«  +  396m  +  366)  ^H} 

+  ,^^v,{(-96m  +  168)Jr(a.V)jy  +  (-90m  +  162)flaVJ7  +  (12()m- 

+  ^^^    {QH^n  -  ^5HQdH  +  W^H], 

being,  as  already  remarked,  of  the  degree  5   in  the  arbitrary  coefficients  (X,  fi,  v),  and 
of  the  order  12/71  —  22  in  the  coordinates  (x,  y,  z), 

11.  But  throwing  out  the  factor  ^^  and  observing  that  in  the  first  line  the 
quadric  functions  of  m  are  each  a  numerical  multiple  of  51m*  — 198m +  183,  the 
condition  becomes 

0  =  (51m«  -  198m  + 1 83)  J?'  {^Hd^  -  2,^dH) 

+  &  {(-96m  +  168)ff«(a.V)jy+(-90m  +  162)fi*9V^-|-(120m-240)aJVir} 

+  a»  {9fl«n  -  ^bHOdH + 40^J5n. 

Article  Nos.  12  and  li.-^Second  trcms/ormation. 

12.  We  effect  this  by  means  of  the  formula 

(m-2)(35M>-24>a^  =  -&  Jaa  (17,  4>,  fl),  (J)C) 

for  substituting  this    value    of   (3J?34>  —  Z^dH)  the    equation    becomes  divisible  by  ^ ; 
and  dividing  out  accordingly,  the  condition  becomes 

51m«- 198m +  183  ^  ^       ,tt  ^    TT^ 
m  — 2  ^ 

+  (-96m+168)J?*(a.V)^  +  (-90m  +  162)jy«VJ  +  (120m-240)fl3JyV5 
+  a  (9HVil  -  4,5HadH  +  40^ff )  =  0. 

(J)  here  and  elsewhere  refers  to  the  Jacobian  Formula,  tee  potty  Article  Nos.  84  and  85. 

29—2 
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13.     We  have  {see  post,  Article  Nos.  36  to  40) 

Jac.  (U,  *,  H)^^(d.V)H', 
and  introducing  also  d.  V^  in  place  of  d^H  by  means  of  the  formula 

the  condition  becomes 

f51m«-198m 


??^L±i??.(6m-6)|j?«O.V)^ 


m 

+    (- 90m  +  162)  H*d(VH)  +  HO  (m  -  2)  HdH"?  H 

+  a  (9H'dil  -  *5HndH  +  4mrdH)  =  0, 

or,  as  this  may  be  written, 

(45m»-  180m+  17l)H*(d.'7)  H 
+  (-  90m  + 162)  (m  -  2)  H'di  V  //)  +  120  (m  -  2)'  HdH'7  H 
+  (m  -  2)  a  (9H*dn  -  45HndH  +  ¥y9dH)  =  0. 

Article  Nou.  14  to  17. — Third  transformation- 

14.     We  have  the  following  formulae, 

a  Jac.  {U,  VH,  H)  -(bm-U)dH'7H  +  {Sm-6)Hd{VH)    =0.  (J) 

^  Jac  (U.  V.  H)H-{im-  *)dH'7H  +  {Sm-0)H  (d.V)H=0.         (J) 

in  the  latter  of  which,  treating  V  as  a  iiinction  of  the  coordinates,  we  first  form  the 
symbol  Jac  (tT,  V,  H),  and  then  operating  therewith  on  H,  we  have  Jac  (U,  V,  H)H; 
these  give 

if9(ViO  =  q?~"  8gV^-,^  ^    ..Jac  {V,  VH.  H), 
3  (m  —  2)  S  (m  —  2)  »      /» 

and  substituting  these  values,  the  resulting  coefficient  of  HdHVH  is 

(45m* -18am +  171)  J 

+  (-90m  +  162)^-5?^ 

+  120(m-2)», 
which  is  =0. 
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15.  Hence   the   condition   will    contain    the   factor  &,  and    throwing  out   this,   and 

also  the  constant  factor ^,  it  becomes 

m—  2 

{^  I5m^  +  60m  -  o7)  H  Jac  (U,  "7    ,  H)  H 
4-  (30m  -  54)  (m  -  2)     H  Jac.  {U,VH,H) 
+  (m  -  2f  (9H^il  -  ^bHOdH  +  40^3^50  =  0. 

16.  We  have 

a«(viO  =  (s^.v)£r  +  a,vff, 

viz.  in  (3a..V)if,  treating  V  as  a  function  of  {x,  y,  z)  we  operate  upon  it  with  dx 
to  obtain  the  new  symbol  9aj.V,  and  with  this  we  operate  on  H;  in  3a. V  we  simply 
multiply  together  the  s)niibols  dx  and  V ,  giving  a  new  s3rmbol  of  the  form  (dx\  d^^y,  ds^z) 
which  then  operates  on  H.  We  have  the  like  values  of  3y(Vfl)  and  3^(VJJ);  and 
thence  also 

Jac.  (U,  VF,  iJ)  =  Jac.  (U,  V,  H)H  +  3^,  (U,  V H,  H), 

viz.  in  the  determinant  Jac.  {U,  V ,  H)  the  second  line  corresponding  to  V  is  3«.V, 
3y.V,  3^.V    (V    being  the   operand);    and    the    Jacobian    thus    obtained    is    a    symbol 

which  operates  on  H  giving  Jac.  {U,  V ,H)H\  and  in  the  determinant  Jac.  (IT,  Vfl",  H) 
the  second  line  is  Sa-Vfl",  dyVH,  dg^H  (V  being  simply  multiplied  by  dx,  dy,  dg  respec- 
tively). 

17.  Substituting,  the  condition  becomes 

(-15m«+60m-67)^Jac.  (17,  '^,H)H 
+  (30m  -  54)  (m- 2)  {5' Jac.  {U,  V,  i505'+Jac.  {U,  VH,  H)} 
-f  (m  -  2)*  [QH^dil  -  54ffn3J7+  40^3^  =  0, 

or,  what  is  the  same  thing, 

(15m«-54m  +  51)if  Jac.  (ET,  V    ,  H)H 
+  (30m  -  54) (m -  2) f?  Jac.  (U,  V^,  H) 
+  (m  ~  2>»  {9H^il  -  4oHildH  +  40^3^}  =  0. 


Article  Nos.  18  to  27. — Fourth  trans/ormcUion,  and  final  form  of  the  condition  for  a 

Seostactic  Point, 

18.     I  write 

(5m-12)ft35'-(3m-6)jy3n  =  ^Jac.  (U,  ft,  10  (J) 

1135^+  £ran=  3(nJ50, 

and,  introducing  for  convenience  the  new  s)nTibol  W, 
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80  that 

5m-12,    -(3m-6),    ^Jac.  (17,  ft,  i?)    =0, 

1  ,  1     ,    dMH 

-5  ,  1     ,     TT 

or,  what  is  the  same  thing, 

(8m-18)Tr+6  3Jac.  (U,  fl,  J50  +  (10m- 18)a(ni?)=:0, 
we  liave 

w = Hdii - 5ndH = ^^^^ Jac,  (U,  n,  jy)-^^a(n5). 

19.  We  have  also 

(8m-18)^ir-(8m-6).ff3^-aJac.  (tT,  %  H)  =  0,  (J) 

that  is 

and  thence 

95^Tr  +  WnH  =  9fl»0n  -  *5HmH  +  WifdH, 

4m  —  9  4jn  — 9 

+  5^^{-27/rjac  (f7,  ft,  H)  +  WJac.  (U.  ^,  H)}. 

20.  The  condition  thus  becomes 

(15m»-64m  +  51)(4m-9)FJac.  (U,  V     ,  H)H 
+  6(om-9)(7n-2)     {■^m - 9) H Jac.  {U,  "^ H.  H) 
+  3  (to  -  2)  {- 3  (6m  -  9)  (m  -  2)  53  (nJT)  +  20  (m  -  2)' Jffa^j 
+    (i»-2)»a{-27irjac.  (jr.  n,  ^  +  40Jac.  (CT,  ^,  fO}  =  0, 
which  for  shortness  I  represent  by 

so  that  we  have 

n=       (5TO»-18m  +  l7)(4m-9)Jac.(t7,  V    ,  H)H 
+  2(5m-9)(TO-2)(4m-9)Jac(£r,  VJ7,  H) 
+    (TO-2){-3(5m-9)(TO-2)3(ftfl)+20(m-2)»a^}. 

21.  Write 

^,  =  (81',  53',  S',  W.  ®',  ^'$.4,  B,  Cy, 

where  (il,  5,  G)  are  as  before  the  differential  coeflScients  of  Uy  and  {a\  h\  c',  /',  ^r',  A') 
being  the  second  differential  coeflScients  of  H,  (81',  S3',  6',  8'>  ®^  »&0  *re  the  inverse 
coeflBcients,  viz.,  2l'  =  6V— Z'",  &c.     We  have 

-(m-l)»a^i  =  (3m-6)(3m~7)a(nfi)-(3^-7)»a^  {see  post,  Nos.  41  to  46), 
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that  is 


and  thence 


(3m  -  6)  8  (llfO  =  (3«»  -  7)  a^  -  ^g^  a^. . 

n=        (6m»-18m  +  l7)(4m-9)Jac.  (JT;  V    ,  U)H 
+  2(5m-9)  (m-2)(4m-9)Jac.  (IT,  Vfl;  H) 


+     (m 


-  2)  W  -  18m  + 17)  a^  +  ^-^^:^^^y^  3^.}  =  0. 


22.     Now 

^={%  S3,  s.  d.  ®,  ^$.1'.  B,  cy,  ^^={w.  ©',  6',  %',  &,  ^'lA,  B.  cr, 

and  writing  for  shortness 

Bv  =(d^,. .$-4',  R,  cry,  j?^p  =  (a , . .$ii',  ^,  (r$a2i',  a«',  360, 

^ET^^i  =  (921', . .$-4  ,  5,  C)«,    i'*,  =  (a' .  ;$il ,  5,  (7$3Sr,  38,  36), 

(we    might,  in   a  notation  above  explained,   write  E^r  =  9^^,  F9^  =  13^^,  and   in   like 
manner  -E^i  =  3^i&,  -J^-^i  =  ^3^1^),  then  we  have 


d^^E^-^2F9,    3^1  =  iE^i  +  aP^^i. 


We  have  moreover 


Jac.  (U,  VH,  H)      =^^^EV,^ 
Jac.  {U,  V    ,  H)H=  -E^,  } 

23.    The  just-mentioned  formulae  give 


post,  Nos.  47  to  50. 
po*^,  Nos.  51  to  53. 


n  =  -    (5m»  -  18m  +  17)  (4m  -  9)  £"9 

~2(5m-9)(m-2)(4m-9)^:^i^F, 

4-    (m  -  2)  (6m«  -  18m  +  17)  ( JS^  +  2i^  ) 
(6m-9)(m-l)»(m-2) 


+ 


3m-7 


{BV,  +  2^1^,). 


that  is 


n  =  -    (3m-7)(5m«-18m+l7) 
-l-2(  m-2)(5m«-18m  +  17) 


+ 


(5m-9)(m-l>'(m-2) 
3m- 7 


E^ 
E9, 


2(m-l)(m^2)(8m-8)(5m-9)^,, 

3m- 7  ^^*' 
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or,  as  this  may  also  be  written, 

(3m-7)n=-(5»»»-18»n+17){-2(m-l)(  m-2)F^,  +{8m-7yEir\ 

-(5m-9)(ni-2)   {     (m-l)(3m-8)F^r  +  (3m-7)iSm-8)F9-(  wi-l^^Sf,! 

+(25r»»-103m+106)(m-2){  -(  m-l)F9i+  (Sm-1)P¥  ]. 

24.  But  recollecting  that 

ft=(Si.  «,  s,  8,  ®.  ^$8.,  d,.  d.yH 

=  i%  93.  6.  8,  ®,  ^$a',  6',  e,  2/',  2ff',  2A'). 
and  putting 

i&fi=(a8i,  ...$  o', ...)        (=anH). 

i*!!  =  (  21,  ...$8o',  ...)  (=311^). 

we  have,  post,  Noe.  41  to  46, 

-2(m-l)(m-2)  F9,  +(3m-7yE9i=(Sm-6)(3m-7)HEn. 

(m-l)(9m-8)F9i  +  (Sm-7)(Sm-8)F^-(  m-iyE^,'=(3m-6)(Sm-7)HFn. 
-(  m-l)F^,+  (■^-7)F^-  =  (9m-7)adH, 

and  the  foregoing  equation  becomes 

(3m  -  7)  n  =  -  (5m»  -  18to  +  17)  (3»»-6)        {3fn-7)HEn 

-(5m-   9)  (m  -  2)  (3j»  -  6)        (Sm-7)HFa 
+  (  m  -    2)  (25m»  -  103to  -  106)  (3to  -  7)  Oa^. 

25.  But  we  have 

a  Jac.  ( U,  H,  n,s)  -  (3m  -  6)  HEQ,  +  (2m  -  4)  OdH  =  0,  (J) 

^  Jac.  (Cr,  H,  fit-) - (3m  -  6)  HFO,  +  (3m  -  6)  £135^  =  0,  (J) 

that  is 

3  (m  -  2)  HEQ,  =  2  (m  -  2)  QBH +  ^  Jac.  {U,  H,  n,), 

3  (m  -  2)  IT^fi  =  (3m  -  8)  fWJf  +  ^  Jac.  ( IT,  H,  fi^), 
and  we  thus  obtain 

n  =  -(  5m» -  18m  + 17)  {2 (m  -  2)  nafl^  +  a  Jac  ( tr,  H,  fig)} 

-  (  5m  -  9)  (m  -  2)  {(3m  -  8)  OdH  +  ^  Jac.  (U,  H,  Q.^)} 
+  (25m»  -  103m  +  106)  (m  -  2)  OdH, 

where  the  coefficient  of  (m  —  2)  £tdH  is 

-  (10m»  -  36m  +  34) 
-(5m -9)  (3m -8) 

+  (25m'  -  103m  +  106), 
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which  is  =0.     Hence 

n  =  -  (5m'  -  18m  +  17)  ^  Jac.  {U,  H,  ils) 
-  (5m  -  9)  (m  -  2)  ^  Jac.  (^7,  H,  Q.^). 

26.  Substituting  this  in  the  equation 

3flll  +  (m -  2)»  {- 27ir  Jac.  (IT,  ft,  5)  +  40  Jac.  {JJ,  %  H)}  =  0, 

the  result  contains  the  factor  ^,  and,  throwing  this  out,  the  condition  is 

SH  {-  (5m»  -  18to  +17)  Jac.  ( U,  H,  fig)  -  (5m  -  9)  (m  -  2)  Jac.  ( U,  H,  ftp)} 
+  (m-2)»{27ff  Jac.  (tr,  H.  ft)-40  Jac  (IT,  H,  ^)}  =  0, 

or,  88  this  may  also  be  written, 

-(15m«-.54m  +  51)/f  Jac.  (IT,  H,  n5)-3  (5m-9)(m-2)ff  Jac.  (JT,  H,  ftp) 
+  27  (m  -  2)»  [H  Jac.  ( IT,  .ff,  ftg)  +  H  Jac.  ( U,  H,  ftp)} 

-40(m-2)''  Jac.  (U,  H,  ^  )  =  0. 

27.  Hence  the  condition  finally  is 

(12m» -  64m  +  57)  H  Jac.  ( U,  H,  ftj)  +  (m  -  2) (12m -  27) HJac^U,  H,  ftp) 

-40(m-2)>Jac.  (tr,  H,  ^)  =  0, 

or,  as  this  may  also  be  written, 

-3(m-l)Zr  Jac.  (IT,  H,  ftg)  +  (m  -  2) (12m - 27) fl  Jac.  {U,  H,  ft) 

-  40  (m  -  2f  Jac.  {U,  H,  ^)  =  0, 

viz.  the  sextactic  points  are  the  intersections  of  the  curve  m  with  the  curve  represented 
by  this  equation;  and  observing  that  U,  H,  Hil  and  ^  are  of  the  orders  m,  3m  — 6, 
8m  — 18  respectively,  the  order  of  the  curve  is  as  above  mentioned  =  12m  —  27. 

Article  Nos.  28  to  30. — Application  to  a  Cubic. 

28.  I  have  in  my  former  memoir.  No.  30,  shown  that  for  a  cubic  curve 

n(2I,  »,  6,  g,  ®,  M3«,  9y»  a,)»^  =  -2S.  17  =  0; 

this  implies  Jac.  (U,  H,  n)  =  0,  and  hence  if  one  of  the  two  Jacobians,  Jac.  (U,  H,  Hu), 
Jac.  (?7,  -fir,  fls)  vanish,  the  other  will  also  vanish.     Now,  using  the  canonical  form 

17^= ir"  +  y*  +  ^ -H  6tey^, 
we  have 

(      -s^ta:,        -3Py,         ^Sl%    {l-\-2P)x,    (l  +  2f«)y.     (1+2P)^), 
C.   V.  30 
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the  development  of  which  in  £Eu;t  gives  the  last-mentioned  result.  But  applying  this 
formula  to  the  calculation  of  Jac.  (U,  H,  il^\  then  disregarding  numerical  fa/ctoTB,  we 
have 

a«nr=(y*-i'^,.».iV-^.--i-3^.  o,  o,  (i  +  2/«),  o,  o) 

=  -  3i«  (yz  -  ftr») 

and  in  like  manner   dyn^»fifdy{7,    dgilu'^i^g^i  cmd  therefore 

Jac.  (U,  jy,  n^)  =  S  Jac  (U,  H,  U)^0, 
whence  also 

Jac  (U,  H,  nH)  =  0; 

and  the  condition  for  a  sextactic  point  assumes  the  more  simple  form, 

Jac  {U,  H,  ^)»0. 

29.  Now  (former  memoir,  No.  32)  we  have 

^ = (21,  »,  e,  s,  @,  *$ajy,  a^jy,  d,Hy 

=     (1  +  8P)«  (3/»-?»  + -?*a:*  +  a^'i^) 

+  (-  9^)  (^  +  i^  +  ^)' 

+  (- 2Z  -  5Z*  -  20^^)  (a^  +  y»  + -?»)  a:y^ 

+  (-  15Z«  -  78i»  +  12i8)  a*y^, 

or  observing  that  a^-^y^-^s^  and  xyz,  and  therefore  the  last  three  lines  of  the  expression 

of  >F  are  functions  of  Ui^a^-^y^-^z^-^Qlxyz)  and  J? («- i» (a:»  +  ^ +  -?•)  + (1  +  2/») «y*), 
and  consequently  give  rise  to  the  t^rm  =0  in  Jac.  (IT,  H,  ^),  we  may  write 

^  =  ( 1  +  8i»)«  (y»^  +  -s»ic»  +  a:»3/»). 

30.  We  have  then,  disregarding  a  constant  factor, 

Jac.  {V,  H,  ^)  =  Jac.  (a:»  +  ^  +  ^,  xyz,  f^^-^z'x'  +  x'f), 

^  ,    y*  .    -«• 

y^  ,    -8^  ,     ay 

^(y*  +  ^X    y'(-»*  +  ^X     ^*(a;'  +  3/') 

=  (/--2')(^-^)(^-n 
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80  that  the  sextactic  points  are  the  intersections  of  the  curve 

l7  =  ic»  +  y»  +  ^  +  6iry-?  =  0, 
with  the  curve 

(y»-^)(^-a^)(a:»-y»)  =  0. 

Article  Nos.  31  to  33. — Proof  of  identities  for  the  first  transformation. 
31.    Calculation  of  {d^^  +  l(idx%  + 109,«,  + 16313,*)  U. 
Writing  3  in  place  of  D,  we  have  (former  memoir,  No.  20) 


(^' +«^'^«>^=(^(-23^-^^"^^*^-^  ^^)- 


But 


m  — 1  m  — 1 


former  memoir, 
Nos.  21  and  22 ; 


(m  —  \f  (m  — 1)'  (m— 1) 

and  thence 

(a.«  +  63,»a,)  U  =     rJ^iY  ( 18t«» -  66m  +  60)  H<t> 

+  T-^^  (-  10m  ■\-l%)VH 

(m  —  1)* 
whence  operating  on  each  side  with  di,  =8,  we  have 

(3,»  +  lOai'g,  +  691*9.  +  129,9,')  V  =     /- ^jy  (18ni» - 66m  +  60) (Hd<P  +  ^H) 

+ , — ,^  an. 

(m  —  1)* 
We  have  besides  (see  Appendix,  Nos.  69  to  74), 

9,'9,  U  =     /— ^j-vi  {(3»t  -  6)  Hd<P  +  (-  m  +  3)  ^H\ 


(m  —  1)'  ' 


30—2 
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and  thence 


(4a,'8,+3aA»)i7'= 


y 


(m-iy 


y 


,-ri  {(90m  -  21)  ira*  +  (-  m  +  9)  ^H] 


And  adding  this  to  the  foregoing  expression  for  (3/  +  103,^,  +  69,^,  +  123i32*)  D", 
we  have 


0,» + i(»,«aa + loaA + isaA*)  u= 


y 


^^^^ri  {(27m»  -  96;»  +  81)J?a4>  +  (17m«- 56m+31)*eJ?l 


a» 


(m-1)^ 


{(-141,1  +  22)0.  V)5'  +  (-ia/yi  +  18)aV. if} 


32.     Calculation  of 


d,ud,H  +  2a,i7a,jy + 2d,udM' 


We  have 


{m—iy  ^  wi— 1  m— 1 

(m— 1)* 


d^H^dH, 


d^H  =  djfl, 


a,ff  =  — ^  ,  (-  3m  +  6)94)  -  <I«ir  +— ^  (3.  V ) J?, 


(m-l)" 
for  which  values  see  Appendix,  No.  58.    And  hence  the  expression  sought  for  is 


which  is 


J^y  \i(m  -  1)  (|3,ff  +  3'^  -  if*  - 1^  V  ^)  dH 
+  2(m-l)dHdJI 


I     ^{m-l)dHdJ£ 
+    (- 6m  + 12)  H'd^  -  SH^dH] 


{m-iy 


y 


+  ^i;^{^Si^-'^)H-^HVH}. 
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But  we  have,  former  memoir,  Nos.  21  and  25, 

m  —  1  m  —  1 


(m— 1)*  (m— ly  (to— 1)* 


80  that  the  foregoing  expression  becomes 

=  T^^v,  {-  (8to  -  16)  H^dH+fiidHVH 
_  (3to  -  6)  (3w  -  7)  ^^gjj.  ^  6m 

TO—  1 


TO  — 


14  ^ 

1  /?t  —  1 


SH^dH  -  (6to  - 12)  2^04)} 


y 


■^  (^T^)*  ^^^  ^^  •  ^  ^  ^  -  ^^^  ^^ ' 


or  finally 


d,  Vd,H  +  2dtUd^  +  2d^Ud»H  = 


y 


(^_iY  K-  6m»  +  18to - 12) H*d^  +  (-  17to»  +  e^TO - 55) H^dH} 


y 


+  /^^tiy  {(2»»-  2)  H(d  .V)H  +  (8m-  16)dHVH\ 


^ 


33.     Calculation  of  dJJdzU. 


This  is 


^ 


(m  - 1)* 


HdH. 


Article  Nos.  34  and  35. — The  Jacobian  Formula. 

34.     In  general,  if  P,  Q,  R,  S  be   functions  of  the  degrees  />,  q,  r,  «  respectively, 

we  have  identically 

pP,     qQ,      rR,      sS    =0, 

dxPf      ^xQ,      ^xMi      SofS 
^yPy     3yOi      5y-B>     ^y^ 

S^P,    9^^,    3^i2,     dJS 
or,  what  is  the  same  thing, 

pP  Jac.(Q,  iJ,  S)-qQJac.(R,  S,  P)  +  rjR  Jac.  (fif,  P,  Q)-«SJac.(P,  Q,  R)  =  0, 
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Hence  in  particular  U  P—U,  and  assuming  U^O,  we  have 

-  qQ  Jac.  (R,  S,  U)  +  rR  Jac.  {8,  U,  Q)  -  sS  Jac.  ( U,  Q,  R)  -  0. 
If  moreover  Q  =  &,  and  therefore  q  =  l,  we  have 

-  a    Jac.  {R,  S,  U)  +  rR  Jac.  (S,  U,  a)-»S  Jac  (U,  %  R)  =  0; 
or,  as  this  may  also  be  written, 

-a    Jac.  (17.  R,  S)  +  rRJac(U,  'St,  S)  -  «S  Jac  ( IT,  *,  .R)«0; 
that  is 

-a    Jac.  {U,  R.  S)  +  rRdS-8SdR~0. 

35.     Particular  cases  are 

(2m-   4)      ^dH  -  (9m  -  6)  Hd<^  =&  Jac.  (17,    <S>  ,  H),  ante,  No.  12, 

{5m-U)'7HdH-(Sm-6)Hd(VH)  =  ^Jac.(U,VH,H),  „        14, 

(2m-   4)V  :3ir-(3m-6)Jfd.  V  =aJac.(f7,    V  ,  IT), 

(5m -12)     naff  -  (3m  -  6)  iran  =^  Jac  (C7,    CI  ,  H),  „        18, 

(8m  -  18)      -^dH -  (3m  -  6)  Hd^  =  ^  Jac.  (U.    "V  ,  If),  „        19, 

(2m-   4)      iidH  -  {3m  -  6)  HEn  =  ^  Jac.  ( J7,  ftg  ,  fl),  „        25. 

(3m  -   8)      ildH  -  (3m  -  6)  HFn  =  ^  Jac.  ( U.  il^  ,  H\ 


y>  >» 


where  it  is  to  be  observed  that  in  the  third  of  these  formulae  I  have,  in  accordance 
with  the  notation  before  employed,  written  3 .  V  to  denote  the  result  of  the  operation 
d  performed  on  V  as  operand  I  have  also  written  V  :  dH  to  show  that  the  operation 
V  is  not  to  be  performed  on  the  following  dH  as  an  operand,  but  that  it  remains 
as  an  unperformed  operation.  As  regards  the  last  two  equations,  it  is  to  be  remarked 
that  the  demonstration  in  the  last  preceding  number  depends  merely  on  the  homo- 
geneity of  the  functions,  and  the  orders  of  these  functions:  in  the  former  of  the  two 
formulae,  the  differentiation  of  12  is  performed  upon  12  in  regard  to  the  coordinates 
{x,  y,  z)  in  so  far  only  as  they  enter  through  U,  and  il  is  therefore  to  be  regarded 
as  a  function  of  the  order  2m —  4;  in  the  latter  of  the  two  formulae  the  differentiation 
is  to  be  performed  in  regard  to  the  coordinates  in  so  far  only  as  they  enter  through 
H,  and  12  is  therefore  to  be  regarded  as  a  function  of  the  order  3m  — 8.  The  two 
formulae  might  also  be  written 

(2m  -   4)  ndH  -  (Sm  -  6)  Hdil^  =  ^  Jac.  ( U,  iljj,  H), 
(3m  -   8)  £ldH  -  (Srn  -  6)  ^912^  =  ^  Jac.  ( U,  £1^,  H); 
and  it  may  be  noticed  that,  adding  these  together,  we  obtain  the  foregoing  formula, 

(5m-12)na/f-(3m-C)^an  =^Jac.  (C^,   n,   H), 
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Article  Nos.  36  to  M.— Proof  of  equation  (a.V)5'  =  Jac.  (U,  H,  *), 

tised  in  the  second  transformation. 

36.  We  have 

V  =  (81, .  .jx,  ,1,  i/ja,,  a„  a,) 

Also 

d:=:(Bv-Cfi)dg  +  (C\-Av)d„  +  {Afi-B\)dt 

if  for  a  moment  P,  Q,  R  —  CBy  —  Bdi,  Adj-Cdx,  Bd^  —  Ady. 
Hence 

viz.  coefficient  of  \* 

-P80«+P^j,  +  P®3,, 

and  so  for  the  other  terms ;  whence  also  in  (S.V)H  the  coefficients  of  \\  &c.  are 

(P«i9» + p$ay + p®a,)  jy,  &c. 

37.  Again,  in  Jac.  ( IT,  H,  4>),  where  ^  =  (81,  53,  6,  g,  ®,  ^$A,  /*,  v)*,  the  coefficients 
of  X*,  &c.  are  Jac.  (U,  H,  81),  &c.;  and  hence  the  assumed  equation 

(a.  V)ir=Jac.  (JT,  H,  ^), 

iu  regard  to  the  term  in  X*,  is 

(P8iax  +  P^y  +  P@a,) H  =  Jac{U,  H,  81), 


and  we  have 


Jac  (IT,  H,  81)  = 


A    ,    B    ,    C        81 
dxH,    dyH,    dfH 

dx    ,    dy    ,    d. 


=  [dxH  (Cdy  -  Bd,)  +  dyH  (Adr  -  Cdx)  +  d,H  (Bd,  -  Ady)]  % 

so  that  the  equation  is 

P8ia^  +  P^yH  +  P(Bd,H, 

=  P8ta^  +  OmyH  +  R^,H, 
or,  as  this  may  be  written, 

[(5a,  -Cdy)^-  (Odx  -  Ad,)  81]  dyH 

+  [(Bd,  -Cdy)®-  (Ady  -  Bdx)  81]  dtH  =  0. 
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38.  The  coefficient  of  dyH  is 

=       Ad,^  +  Bdg^  -  C  (3,a  +  By^), 

which,  in  virtue  of  the  identity,  poat,  No.  40,  3,Sl  +  3^.^  +  3,®  =  0, 

is 

=      Ad„^  +  333^  +  Cd,®  ; 

and  in  like  manner  the  coefficient  of  d^ff  is 

=  -  (Ady'H  +  Bd^  +  CSy@), 
so  that  the  equation  is 

(Ad,^  +  Bd^  +  CdM)  dyH  -  (il3„2l  +  53^  +  CbJS)  d,H  =  0. 

39.  But  we  have 

8lo       +^h     +®ff      =H, 

m  +^b  +®/  =0, 

a«7  +  */  +®c  =0, 
or  multiplying  by  x,  y,  z  and  adding, 

(m-l)(?l^  +  ^5  +®C)  =xH\ 


whence  also 


that  is 


and  in  like  manner 


(m-l)(2lA     +   ^b  +  ®c  +  ^3ya  +  53,^  +  C3»®)  =  aa^ir, 
(wi  - 1)  (il3„a  +  Bd^  +  Cdy®)  =  xdyH ; 


(m  -  1)  (^3,81  +  53^  +  C3,  ®)  =  xd^H, 


whence  the  equation  in  question.  The  terms  in  X'  are  thus  shown  to  be  equal,  and 
it  might  in  a  similar  manner  be  shown  that  the  terras  in  fiv  are  equal;  the  other 
terms  will  then  be  equal,  and  we  have  therefore 

{d.V)H  =  3ac.{U,  H,  O). 

40.     The  identity 

3,?I       +3,^    +3,®    =0 

assumed  in  the  course  of  the  foregoing  proof  is  easily  proved.    We  have  in  fact 

3,21  +  3^  +  3,®  =  3,  (be  -/•)  +  9»  (fff  -  ch)  +  ?» (A  -  h) 
=  6  (3.C  -  d^)  +  c(dj>-  dyh)  +/(-  23^+  dyff  +  dji)  +  g  (dy/-  djb)  +  A  (-  3^  +  dj), 

where  the  coefficients  of  b,  c,  /,  g,  h  separately  vanish :   we  have  of  course  the  system 

3,Sl  +dy^  +3,®  =0, 
3^  +3»55  +3,g  =0, 
3*®       +dy^     +3,g    =0. 
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Article  Nos.  41  to  46. — Proof  of  identities  for  the  fourth  transformation. 

41.  Consider  the  coefficients  (a,  6,  c,  /,  g,  h)  and  the  inverse  set  (21,  93,  6,  %,  ®,  ^), 
and  the  coefficients  (a\  b\  c\  f\  jr',  V\  and  the  inverse  set  (81',  ©',  6',  g',  ®,  S^') ;  then 
we  have  identically 

(a , .  .][a?,  y,  zf  (21', .  .$a, . .)  -  (21', .  .$cw?  +  Ay  +  5r-? , . .)' 
=  (a',  ..$0?,  y,  ^)«(2r,..$a',  ..)-(2l...$a'a?  +  A'y  +  A--)'» 
where  (21', .  .$a, . .)  and  (21, .  .$a', . .)  stand  for 

(21',  93',  6',  g',  ®',  ^'$a,  6,  c,  2/,  2<7,  2A) 
and 

(21,  93,  6,  g,  ®,  $$a',  6'.  c',  2/',  2/,  2A') 

respectively. 

42.  Taking  (a,  6,  c,  /,  g,  h),  the  second  differential  coefficients  of  a  function  U 
of  the  order  m,  and  in  like  manner  (o',  b',  c',  /',  g,  h'),  the  second  differential  coefficients 
of  a  function  W  of  the  order  m',  we  have 

m(m  -i)U  . (81', . .$a«,  By,  d,y  v-(m-iy (81', . .$a,i7',  a^U",  d,u y 

=  m'  (m'  - 1)  J7 .  (81 , .  .$3,,  3^,  d,y  U  -{m'-  ly  (81, .  .$a,?7',  a,?/',  a,[7')« ; 
and  in  particular  if  U'  be  the  Hessian  of  U,  then  m'  =  3m  —  6. 

43.  Hence  writing 

n  =  (81 , .  .$a.,  dy,  d,y  h,  >^  =  (si , .  .$a^,  a^,  a.fl)', 
«, = (81'. .  .$a.,  a^,  a,)"  ?7;  ^i'.  =  (8i', .  .$a.i7;  dyU,  d,uy, 

we  have 

m(m-l)I/ni-(m-l)«^i  =  (3m-6)(3m-7)-ffft-(3m-7)«>F; 

or  if  17'=  0,  then 

-(m-l)«^i  =  (3m-6)(3m-7)J5rn-(3m-7)«^; 
whence  also 

-(m-l)«8^i  =  (3m-6)(3m-7)(i/an  +  naiO-(3m-7)*a^, 

which  is  the  formula,  cmte  No.  21. 

44.  Recurring  to  the  original  formula,  since  this  is  an  actual  identity,  we  may 
operate  on  it  with  the  differential  s3rmbol  d  on  the  three  assumptions: 

1.  (a ,  6 ,  c ,  /,  ^r ,  A  ),  (21 ,  93 ,  6 ,  8 ,  ® ,  *&  )  are  alone  variable. 

2.  (a',  6',  c',  /,  ^,  A'),  (21',  93',  6',  g',  ®',  $')  are  alone  variable. 

3.  (x,  y,  J?)  are  alone  variable. 


C.    V. 
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We  thus  obtain 
{da, .  .$<c,  y,  zf  (81', .  .$o, . .)  =      (o', .  .$«,  y,  sy(^, .  .$o', . .) 

+  (o, .  .$«,  y,  zy  (81', .  .J[da, . .)  -  (381, .  .$a'«  +  A'y  +  g'z, .  .y, 

-  2  (81', .  .$a« + Ay +y«, .  .3[«0a + ySb  +  zdc, . .) 

(a, .  .$«,  y,  «)•  (981', .  .$a, . .)  =      (aa', .  .$«,  y,  «)•  (81, .  .][a', . .) 

-  (381', .  .$a«  +  Ay  +  y«, .  .)•  +  (a', .  .$«,  y,  «)» (81, .  .$80' . .) 

-  2(81, .  .$a'«+  h'y+^z,  ..$«0o' + y9A' + «asr', . .), 
2  (o, .  ,$«,  y,  «$aar,  ^,  3*)  (81', .  .$0, . .)        =2  (a', .  .$«,  y,  «$3ir,  dy,  dz)  (81, .  .$0', . .) 

-2(81',  .Jiax  +  hy+gz,  .JiaSx  +  kdy+gdz, .)        -2(8l,.$o'ar+A'y+y'*,..$a'3a!+A'3y+y'3«,..X 

45.  If  in  these  equations  respectively  we  suppose  as  before  that  (a,  6,  c,  /,  y.  A) 
are  the  second  differential  coefficients  of  a  function  U  of  the  order  m,  and  (a',  6',  &,/',  y'.  A') 
the  second  differential  coefficients  of  a  function  V  of  the  order  m' ;  and  that  (A,  B,  C), 
{A',  B,  (J)  are  the  first  differential  coefficients  of  these  functions  respectively,  then 
after  some  easy  reductions  we  have 

(m - 1) (m -  2) 317(81', .  .$a, . .)  =     m' (m' -\)U' (381, . .$a', . .) 

+  m  (i»  - 1)  [7  (81', .  .$3a, . .)  -  (m'  - 1)«  (381, .  .\A',  R,  CJ. 
-i(m-l)im-2)(W...liA,B,CrSdA,dB,dC) 

m{m-l)U(dA',..'$_a',..)  =    (m'-l)(m'-2)3l7'(8l,  ..$a', ..) 

-  (m  -  ly  (3il', .  .T^A,  B,  Cy  +  m'  (m'  - 1)  IT  (81, .  .$3a', . .) 

-  2(m'-l)(i»'-2)(8l,..$.l',£',  a^ZA',dB,d(r) 
2(m-l)3£r(8l',..$a, ..)  =     2(m'-l)3?7'(8l.  ..$a', ..) 

-  2  (m  -  1)  (81', .  :^A,  B,  CnidA,  dB,  dC)  -  2  (m'  - 1)  (81, .  .$.!',  £',  C'$3il',  35',  36'), 

equations  which  may  be  verified  by  remarking  that  their  sum  is 

m  (m  - 1)  {dU(W. .  .Ja, . .)  +  0'[(8l', .  .$3a, . .)  +  (381', .  .$0, . .)]} 
-(m-l)«{38l',..$.l,  B,  Cy  +  (W,..JiA,  B,  Gl^dA.  dB,  3(7)}  =  m' (w' - 1)  &c., 

viz.,  this  is  the  derivative  with  3  of  the  equation 

m(m-l)U(W,..^a,..)-(m-iy{A',..^A,  B,  Gy  =  m'{m'-\)  &c. 

46.  Taking  now    U'  =  H,  and  therefore  m'  =  3m  — 6;    putting    also    U=0,  dU=0, 

and  writing  as  before 

IT*  =  (381 , .  .JiA',  R,  cy, 

i^  =  (  81 , .  .JiA',  B,  CIldA',  dB,  dC). 

S^i  =  (381', .  .T^A,  B,  cy, 

F^i  =  (  81', .  .$4,  B,  U^dA,  dB,  dC), 

E£i  =  (381 , .  .$0', . .), 

Fil  =(  81 , . .$3a', . .), 
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« 

then  the  three  equations  are 

-2(TO-l)(m-2)^V^,  =        (3m-6)(3m-7)HEa-(Sm-7yE^, 
-(m-iyEr¥  =        (3m  -  7)  (3m  -  8)  1135^ 

+     (3m  -  6)  (3m  -  7)  Fim  -  2  (3m  -  7)  (3m  -  8)  i^, 
-2(m-l)i^,  =     2(3m-7)naF-2(3m-7)J^, 

whence,  adding,  we  have 

-  (m  -  ly  {m^  +  2^^0  =  -  (3m  -  7)«  {E^  +  21^) 

+  (3m  -  6)  (3m  -  7)  {tXbH  +  H  {EQ.  +  Fa)\, 
(that  is 

-(m-l)»a^,  =-(3m-7)'a^  +  (3m-6)(3m-7)a.nir, 

which  is  right). 

And  by  linearly  combining  the  three  equations,  we  deduce 

(3m - 6) (3m - 7) irj&fi  =  - 2 (m - 1) (  m-2)^^,  +(3m- 7)».S«', 

(3m-7)nafr=-    (m-l)  .F^,+(3m-7)  F9, 

(Sm-6)i^m-7)HFCl=       (m-l)(3m-8)2^,  +  (3m- 7)(3m-8)  J^-(m-l)«.2r«',, 

which  are  the  formulse,  ante.  No.  24. 


Article  Nos.  47  to  50. — Proof  of  an  identity  used  in  the  fourth  transformation,  viz.. 


or  say 


Jac.  (U,  VH,  H) £^^., 


Jac.  (JI,  H,  S7H)=     ^-^y  («',  ..$il.  B,  Cr$jdA,  dB,  dG). 


47.     We  have 

V  =  (81, .  .$\,  ft,  p$dg,  dy,  dt) 

=  ((81.  ^.  ®1\  f, "),  (^,  S5.  g$x,  /*,  v),  (®.  g,  e$x,  /*,  y)$a„  a^,  9,); 

or,  attending  to  the  effect  of  the  bar  as  denoting  the  exemption  of  the  (9(, . .)  from 
differentiation, 

Jac.  (U,  H,  ViO=     (81,  ^,  ®$X,  /*.  v)  Jac.  (U,  H,  3 J?) 

+  (^.  »,  S  $X,  ft,  v)  Jac.  (?7,  5^,  a^ 

+  (®.  S,  S$X,  ft,  y)  Jac.  (,U,  H,  d,H). 

31—2 
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48.     Now 


Jac.  (U.  H,  3^)  =  g^ji^e  ^'^^  ^^'  <^^-^y^y^-^^*B'  3«^. 


and  the  last-mentioned  Jacobian  is 

=  aj3"  Jac.  (U,  X,  ajBO+a^fl"  Jac.  {XJ,  y,  a,£0  +  3«^  Jac.  {U,  z,  d,H) 
+yJac  (U,  dyH,  d^+z  Jac.  (U,  d^H,  d^H), 

where  the  second  line  is 

=  -y  Jac.  (U,  d:fl,  dyH)  +  z3ac.  {U,  d,H,  d,B), 

or  writing  {A',  B,  (7)  for  the  first  differential  coefficients  and  (o',  b',  c',  /',  g',  h')  for 
the  second  differential  coefficients  of  H,  this  is 


=-y 


A,  B,  C 
a',  h',  ff' 
h'.    b'.   f 


+  z 


A,    B,    C 


=  -y(®'.  8'.  6'$^.  B.  0)+5(^'.  8',  %'\A,  B,  G). 
The  first  line  is 

A,    B,    C 

A',    R,    G 

a' ,    h' ,    g 

A  (Bg  - CK)  +  B{Ca'-A'g^  +  C (A'h' - Ra), 

or  reducing  by  the  formulae, 

(3m  -  7)  (A',  R,  C)  =  {a'x  +  h'y + g'z,  h'x  +  b'y  +fz,  ^x  +f'y  +  c'z). 


this  is 


=  3^  [A  (-  ®'y  +  iQ'z)  +  5  (-  yy  +  S5'z)  +  0  (-  (5'y  +  %'z)} 


{-  y  (®'.  S*.  S'$4,  B,C)  +  z  (^'.  ©'.  ^\A,  B.  C)\. 


3m-7 


Hence  we  have 
Jac.  {U,  H.  d,H)  =  ^Q  (l  +  3^)  l-y(®'.  8'.  S'$4.  B.  C)  +  zi^',  »'.  g'$il,  B.  C)] 

{-  y  (®'.  W .  d'^i^  B,  C)  +  z  (^'.  ©',  g'  ^A,  B.  C)} ; 


3m -7 
and  in  like  manner 

Jac.  (U,  H,  dyH)  =  g-  ;jy 


[-z{^'.  ^',  ®'$^,  B,  G)+x{®'.  ^,  fS^A,  B,  O], 


Jac.  (£r,  if.  a,fl)=  3^5^17 


[-x{^',  8'.  g'$il,  B,  C)  +  y{%',  ^',  ®%A,  B,  C)}. 


341] 


ON   THE  8EXTACTIC   POINTS  OP  A   PLANB   CUEVB. 


245 


49.    We  thence  have 


Jac.(U,H,  Vir)  = 


3m-7 


(81',  ^'.  ®'1A,  B,  C),  ($',  8',  g'$.l,  jB.  O),  (©'.  g',  S'$.l,  B,  C) 


o; 


y 


or  multiplying  the  two  sides  by 


the  right-hand  side  is 


3m-7 


H,= 

o,    k,    g 
h,    b,   / 
9>   />    0 

f 

H\     . 

Hii.    , 

Hv 

X      . 

Y      . 

Z 

(m^l)A,    (m-l)JB,    (m-l)(7, 


which  is 


=  fr 


m  —  1 
3m -7 


-4 ,    JB,    C, 


if  for  a  moment 


X  =  (r. .  .$4.  5,  C$o.  A.  ^), 
F=(8l',..$il,  5,  Ctk,b,f), 
Z=iW,..lA,B,CnjiS>/.c). 

50.    Hence  observing  that  these  equations  may  be  written 

X = (sr. .  .$^,  B.  cr$d^,  d^,  3.(7). 

F = (SI', .  .1A,  B,  cnidyA,  dyB.  dyC), 

Z  =(8l',  .\A,  B,  (r$d^A.  d^B,  dfi), 


and  that  we  have 


3  = 


X, 

M,     » 

a«. 

dy,    dz 

4, 

B,    G, 

we  obtain  for  H  Jeuc.  (U,  H,  V,  JST)  the  value 


-3^, 


or  throwing  out  the  fiu^tor  H,  we  have  the  required  result. 
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Article  Nos.  51   to   53. — Proof  of  tdeniity  used  in  the  fourth  transformation,  viz. 
JaciU,  V,  H)H=-E^.  or  say  Jac(£r,  H,  V)  if =(381,  ...$4',  R.  CTf. 

61.    We  have 

V     =((8i.  ^.  ®,i\  II,  v),  (.&,  »,  «$\,  A*,  v).  (®.  8.  e$x,  /*.  i')$a-.  9».  3.). 

and  thence 

a..  V       =  ((3.81, 3.^.  3.®$X,  A*,  v),  (3^,  3.»,  3^$X,  /»,  v),  (3,®,  3^,  3,(5$\,  ^i.  i')$3.,  3„  3,), 
and 

(3,.  V )  ff = ((3,81, 3.^.  3,®$\,  M,  I*),  (a^.  3,^,  a^$x.  M.  v).  (9.®.  3 J.  a.«$x,  /»,  v)\A;  B,  C), 

with  the  like  values  for  (3y.V)^  and  (3(.  V)H.    And  then 


Jac(ir,  ir,  V)F  = 


(3..v)^,  (3y.v)fr.  (a,.v)5; 


in  which  the  coefficient  of  A'*  '\& 

=  (C0y  -  B3,)  (81.  ^.  ®$\,  /*,  v) ; 
or  putting  for  shortness 

(Cby-m^,  Ad^-Ob„  Bd,-Ady)  =  (P.  Q.  B); 


the  coefficient  is 


52.    We  have 


(PH.  P^.  P®$\,  A*.  p). 


d  =  (PX.  +  Qfi  +  Bv), 
and  thence 

coefficient  il'' -  381  =  (P8l,  P^,  P®$\,  /*,  y)-(P8l,  Q8I.  mr$\,  /*,  y) 

which  is 

=     /*  {(CSy  -  53,)  ^  -  (813,  -  ©,)  8J} 

+  v  {(Cdy  -  £3,)  ®  -  (B3.  -  8©^)  81}. 

where  coefficient  of  /i  is 

=  -  43,81  -  53,^ +  C7  (3,81 +  3,^) 


=  -  (il3,8l  +  BdS  +  Odz®)  =  - 


m  —  1 


xd^H, 


and  coefficient  of  v  is 


=  +  (il3,8l  +  BB^  +  Cdy®)  =   ^  1  ^yH. 


80  that 


coefficient  il'«-a2(  =  - 


m—l 


x(fidgH^vdyH). 


341] 


ON   THE    SEXTACnC    POINTS    OP   A   PLANE   CURVE. 


247 


53.    By    forming    in    a    similar    manner    the    coefficients    of   the    other    terms, 
appears  that 

Jac.  (17,  H,  V)H-{d%  ...\A\  R,  CTf 

^     (A'x  +  Fy  +  CTz) 


it 


m  — 1 


or  since  the  determinant  is 


A'  ,  F  ,  C 

X     ,  /i     ,  1/ 

^xB,  dyH,  dxH 

,  =0, 


A\    R,    C 
we  have  the  required  equation, 

Jac.  (tr,  H,  V)H^{d%  ...\A\  R,  (Ty. 

This  completes  the  series  of  formulae  used  in  the  transformations  of  the  condition 
for  the  sextactic  point. 

Appendix,  Nos.  54  to  74. 

For  the  sake  of  exhibiting  in  their  proper  connexion  some  of  the  formulae 
employed  in  the  foregoing  first  transformation  of  the  condition  for  a  sextactic  point, 
I  have  investigated  them  in  the  present  Appendix,  which  however  is  numbered 
continuously  with  the  memoir. 

54.     The    investigations    of    my    former    memoir    and    the    present    memoir    have 

reference  to  the  operations 

di  =  dxdx  +  dydy'\'  dz  dz, 

dz  =  d^xdx  +  d^ydy  +  d^zdz, 

ds  =  d^xdx  +  d^ydy  +  cPidz, 

&C., 

where  if  (il,  JB,  0)  are   the  first  diflferential  coefficients   of  a  function  U=(*^x,  y,  zy*, 
and  \,  /i,  V  are  arbitrary  constants,  then  we  have 

dx^Bv  —  Cfi,    dy=C\  —  Av,    dz  —  Afi^-BX; 


so  that  putting 


d  =  (Bv -  Gfi)dx.+  (C\-  Av)dy  +  (Afi- Bk)d, 
A,    JB,    C 


\,       fJL 


'Xt 


'y* 


V 


Z9 


we  have  di^d.  The  foregoing  expressions  of  {dx,  dy,  dz)  determine  of  course  the 
values  of  {d?x,  dh/,  d^z\  (d^x,  cPy,  d?z\  &c.,  and  it  is  throughout  assumed  that  these 
values  are  substituted  in  the  symbols  3„  dz,  &c.,  so  that  3i,  =3,  and  3„  3,,  &c.  denote 
each  of  them  an  operator  such  as  Xdx  +  Ydy  +  Zdz,  where  (X,  F,  Z)  are  functions  of 
the  coordinates;  such  operator,  in  so  &r  as  it  is  a  function  of  the  coordinates,  may 
therefore  be  made  an  operand,  and  be  operated  upon  by  itself  or  any  other  like 
operator. 


248  ON    THE   SEXTACnC   POINTS    OF    A  PLANE   CUBVE.  [341 

56.    Taking  (a,  b,  c,f,  g,  h)  for  the  second  differential  coefficients  of  U,  (3(,  9,  S,  %,  ®,  ^) 
for  the  inverse  coefficients,  and  H  for  the  Hessian,  I  write  also 

n  =(2i,  ...$a«,  a^,  a,)«  j,  =  n^, 
^=(a,  ...][aji,  a^ff,  a^)«. 

r  =(a,  ...$/Aa,-i/0y,  1/0, -X3„  'Kdy-fidxY, 
and  I  notice  that  we  have 

7/1  —  1 

v&=  <P,   v*u-:-H<b     ,   v.a=o  , 

the  last  of  which  is  proved,  post  No.  65 ;  the  others  are  found  without  any  difficulty. 

56.    I  form  the  Table 
01  [7  =  0, 

d,*U  =  — '^^  9<D  +  ■    ^,.. (- dH), 

m  —  1  {m  —  lf 

m  — IV  m—1         /  (m  — lyV  m  —  1  m  —  1         /' 

m  — IV  m—1         /  (m  — IJ'V    *  m—1  m—1         / 

a.£r=  —,f- §3,^-3**+ o^H—^v^) +  ,—^,.('ia^+ a«ir — ^^<i>-^  va) 

m— IV  m  —  1        /     (m— 1)'\''  ni— 1  j»— 1         / 

m—\  m—l 
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66.    Taking  (a,  b,  c,/»  g,  h)  for  the  sr- 
for  the  inverse  ooeffidentB,  and  IT  f<' 


«  nH, 


V=(?l 

□  =(; 


<..•:  otjuation   on   a   function   II  of  tlie 


M 


and  I  notice  that 


\- 


-2   {»t'-l)&V/f 
!-::i  writing  t»'  =  3>w  — 6,  and   putting    U  =  0, 


tV 


..    _'.ueral  identical    C(|uation   deduce   the   expression 
♦li    loaf    f  ■  '■■  ^''  '''®  degree  m'  and  writing 

;.   .'"    "'•  =  (?x.^i  ^yH,  dzH), 
66. 

8, l^  , . .V.  «>// -  xa,H,  XSy/f  -  ft3,Hy  -{m-iy  (?HY 

.  ,c  ^//-  -  2ffi'^ff V  /f + y  («, . .  -$?,H,  dyH,  djiy ; 

.^„      ivjs   writing  m'  =  8m  —  6   and   putting  also    U=0,   we  find 
]^  ..scoa  for  (PHy. 

..  .■  " 

=  X  (AC  -  gB)  + 1*  iff  A-  aC)  +  v(aB-  liA ), 
>i  •  \-diu>s  for  B"  and  C     Substituting  the  values 

( »»*  -  1 )  (-^1 ,  B,  0)  =  ((u;  +  hy + gz,  lue  +  by  +fz,  gx +fy  +  cz), 

-^  -'■'"-"  >■  ^,,^  _  1)  5'  =  X  (SU  -®x)  +  ft(Joz-'^)  +  v  (®2  -  Qx), 

( „i  -  1 )  C  =  X  (^.c  -  %)  +  /t  (33d;  -  ^J^)  +  I'  (5a;  -  &y), 
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and  substituting  - 
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we  find  the  i 


order  ni. 


ail'* 


r4> 


60.    <*  •-l^^ 


/  =  0. 
w:vi  -Vt'',  we   find   the   value  of  did^U  as   given   in 

,-  -  -vV+6a,9a+«A+3as»)  IT", 

4;„t   the  proof  of   the    expressions    in    the   Table    is    thus 

-  V.  ( J  (/xa, -  1/3^)  +      Ii(pd^^\d,)+     C(Xd,-fid^)) 

\'C  =(W.  •••$^»  A*»  »'$5'»/»  c)  =  Hv; 
>»  'hosi*  values,  we  have  the  equation  in  question. 

...      t>\vt  ^»t*  th^*  expression  for  d^. 

W  —  1  7W  —  1 


>  luN*  oiH»nitiiig  on  the  two  sides  i-espectively  with  3,,  =9,  we  have 

d,  =  -    "     -,  {d^  {ax)^  +  ydy  +  zd,)  +  4>a  .  (^^  +  ydy  +  ^9,)} 

7/ If  ^~  A 

+      ^-,  {S^V+^a.  V}; 

7M  —  1 
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253 


or  since 


this  is 


m  —  1 

67.     Proof  of  expression  for  d^^H. 

Operating  with  da  upon  H,  we  have  at  once 

1 


m  —  1 


7W  —  1 


3m -6 
7n  —  1 


m  —  1  m  —  1 


The    remainder    of    the    present    Appendix   is    preliminary,  or    relating    to    the  in- 
vestigation of  the  expressions  for  d^iU  and  didzU,  used  ante,  No.  31. 

68.     Proof  of  equation  V  ^3  J7  =  4)31?  -  Hd^, 
We  have  identically 

(21,  ...$X,  M,  1^)^21,  ...R,  3,,  3z)^-[(2l,  ...$\  /i,  i^^Sx,  3y,  3.)? 

=  (die  —  &c.) (a,  ...$i^y  — /a32,  \3«  — i^a;,  /a3x  — X3y)'; 

<i>n-  v«  =  inr; 

and  then  multipljdng  by  3,  and  with  the  result  operating  on  U,  we  find 


that  is 


Now 


and  thence 


and  observing  that 


<I>n3f7- V23tr=J3T3Cr. 

ni7=(2i,  ...$3^,  dy,d,yu 

=  (2l,  ...$a,  6,  c,  2/  25r,  2A); 
03 1/' =  (21,  ...5;3a,  36,  3c,  23/  23^,  23A)  ; 


ir= 


A,    6,   / 
9>   />    c 


and  thence  that 


3i3'=:  3a,    3A,    35r  :  + 
I    K      6,     / 
9^     /      c 


a,      A,      g 
3A,    36,    3/ 

5^*     /      c 


+ 


a,      A,     g 

K      6,     / 

35r,    9/,    3c 


we  see  that 


=  (81,  $,  ®$3a,  3A,  dg)  +  (^,  35,  gj[3A,  36,  3/)  +  (®,  S,  (S^l^dg,  3/  3c), 
=  (2l,  ...$3a,  36,  3c,  23/,  23^,  23A, 

ndU=dH. 


and  thence 
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Moreover 

rcr=    (a,  ...$i/0y-/ia„  ...y  tr, 

=       rt  (    61;"  +  CA**  -  2/fiv ) 

+   c  (    a/i»  +  6V  -  2AX/i) 
+  2/(-/X«  +  grX/i  +  *Xi/ -  a/iv) 
+  25r(    f\fi  —  gfi*'\'hfiv-bv\) 
+  2A  (   /j/X  +  5rv/i  —  Ai/*  —  cX/a)  ; 

=     a  (ydb  H-  ti?dc  -  2/ii^/) 

+  &C. 

=    x«  (Wc  +  086  -  2/a/) 

+  &C. 

=     (321,  393,  36,  3g,  3®,  3^$X,  /i,  i;)«. 
that  is 

r3[7=3^. 

Hence  the  equation 

4>a3cr- v»3cr=j3T3tr 

becomes 

^3i3'- V23tr=JT34>, 

that  is 

V«0'  =  ^3i/^-ir34>. 

69.    Proof  of  equation  3 A'  CT  =  ^^^^'      (<M/f  -  ir34>). 
We  have 

3='=     (~-^i),*'(^x  +  y3^  +  -^3,)' 
2^ 

+  v»- 

^  (m  -  1)»       ' 
and  thence  multiplying  by  9i,  =3,  and  with  the  result  operating  upon  U,  we  find 

(m  —  1)*  (7?t  —  1)'  (wi  —  1)« 

But  3Cr=0,  and  thence  also  V  (310  =  0,  that  is  (V.3)  17+ V3f/'=0;   moreover  V.a  =  0, 
and  therefore  (V.3)  i7=0,  whence  also  VdU=0.     Therefore 

or  substituting  for  3V»I/'  its  value  =<t>dH  —  HB't>,  we   have   the   required  expression  for 
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71.  For  the  first  line  we  have 

{m  —  iy  (m-iy 

and  hence 

first  line  of  91^0,0^  =  — ^^  ((m  -  2)  Hd<t>  +  ^dH). 

(m  —  ijr 

72.  For  the  second  line,  we  have 

v(3«tr)=va»t;'+2(v.3)atr 

=  Va>tr,  since  V.a  =  0,  and  therefore  (V  .d)dU=0; 


that  is 


^  V^'i  — 1        (ill— If     J 


or  writing 


this  is 


(lu-iy 

m—  1 


whence  also 


Similarly 


\7/t  — 1  (m  — 1)'       / 

=  ^  (  V  C/94>  +  ffV  0^))  -  ^-l  ^^  (y  V  (3^)  +  2^V^ff ) ; 

or  putting 

Cr=0,     '7U=^-^H,     V&  =  cl>, 

r/i  —  1 

and  observing  also   that  V  (a/f ),  =  Vaif4-(V.a)ff  is   equal   to    Vaif,  that   is   todVH, 
we  obtain 

va^f;'=^_^^(m^^-2^ajf)-,— -,,,avir; 

and  then  from  the  above  value  of  dC^d^U),  we  find 

a(va2f0- va»i7=v-^--(-2/ra^  +  m<i>a^  +  7-^,,(--a(v^  +  avif); 

(7/1  —  1)^  {m  —  iy  ^  / 


341]  ON   THE   SEXTACTIC  POINTS   OF  A  PLANE  CURVE.  257^ 

or  observing  that  the  term  multiplied  by  -. — — y^  is  =  —  (9 .  V  )  J^,  we  find 

second  line  of  d^'d'U  =  t-^^ (-  2^3^  +  m^dH)  +  .    ^,^  (- 9 .  V ) F)  . 

73.  For  the  third  line,  substituting  for  V^dU  its  value  —^H—Hd^,  we  have 

third  line  of  8,^9,  tT  =  - ,        , ,,  {^H  -  g3^). 

(m  — 1)'^ 

74.  Hence,  uniting  the  three  lines,  we  have 

^'^^^^    (^1)3 ( (  ^ - 2) ^a^  +  ^a^) 

+  (— IV,  ((2m  -  2)  Hd^  +  (-  2m  +  2)  ^dH), 
and,  reducing,  we  have  the  above-mentioned  value  of  d^^U, 


C.   V. 


33 
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[342 


342. 


ON    THE    CONICS    WHICH    PASS    THROUGH    THREE    GIVEN 

POINTS    AND    TOUCH    A    GIVEN    LINE. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol  VL  (1864), 

pp.  24—30.] 

Consider  the  system  of  conies  which  pass  through  three  given  points  and  touch 
a  given  line;  if  among  these  we  select  the  conies  which  touch  an  assumed  line,  it  is 
easy  to  show  analytically  that  there  are  four  such  conies,  all  real  or  else  all  imaginary; 
viz.  the  three  points  form  a  triangle,  and  if  the  two  lines  cut  the  three  sides  produced 
or  cut  the  same  two  sides  and  the  third  side  produced,  then  the  conies  are  all  real; 
but  in  every  other  case  they  are  all  imaginary.  The  latter  part  of  the  theorem  may 
also  be  seen  geometrically;  in  fact,  if  a  triangle  is  inscribed  in  a  conic,  say  first  in 
an  ellipse,  or  in  a  parabola,  or  in  one  branch  of  a  hy]}erbola,  then  all  the  tangents 
of  the  conic  (and  therefore  any  two  tangents  whatever)  cut  the  three  sides  produced, 
but  if  the  triangle  is  inscribed  in  the  two  branches  of  a  hyperbola  (that  is,  two 
vertices  on  one  branch  and  the  remaining  vertex  on  the  other  bi-anch),  then  all  the 
tangents  of  the  conic  (and  therefore  any  two  tangents  whatever)  cut  the  same  two 
sides  and  the  third  side  produced:  and  thus  the  only  real  conies  are  those  which  cut 
the  three  sides  produced,  or  else  the  same  two  sides  and  the  third  side  produced. 
The  analytical  proof  referred  to  is  as  follows :  taking  (a?  =  0,  y  =  0,  z  =  0)  for  the 
equations  of  the  sides  of  the  triangle,  the  equation  of  a  conic  through  the  three  points  is 

^+   2   +  A    =0. 

X         y  z 

or,  what  is  the  same  thing, 

2fyz  -h  2gzx  +  2Jucy  =  0, 
that  is 

(0,  0,  0,  /,  (7,  A$^,  y,  zy  =  0. 
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The  inverse  coefficients  are 

and  hence  the  condition  in  order  that  the  conic  may  touch  the  line  ax-^-  fiy-^ys  —  0  is 

(f\      fl^,     A^  -  gK  -  A/,  -Ma,  A  yf  =  0, 
or,  what  is  the  same  thing, 

Similarly  the  condition  in  order  that  the  conic  may  touch  the  line  Ix  +  my  +  7iz  =  0  is 
's/{lf)  +  »J{'nig)  +  *J{nh)=^0,     Hence  if  the  conic  touch  the  two  lines,  we  have 

V(/)  :  V  (5^)  :  V  (/O  =  V  {^n)  -  V  {yni)  :  V  (7O  "  V  («n)  :  V  (am)  -  V  (01). 

or,  what  is  the  same  thing, 

/    :        g    :       A    =  )9«  +  ym  —  2  V  (0ymn)  :  7^  +  an  —  2  V  (ya/ii)  :  awi  +  /3i  —  2  V  (afflm), 

which,  since  the  radicals  must  be  so  taken  that  the  product  may  be  =^aSylmn^  gives 
in  all  four  conies:  and  these  will  be  all  real  if  the  signs  of  {I,  m,  n)  are  the  same 
with,  or  opposite  to  those  of  (a,  13,  7)  respectively ;   which  proves  the  theorem. 

In  particular  since  infinity  is  a  line  meeting  the  three  sides  produced;  if  the 
given  line  meet  the  three  sides  produced,  the  system  will  contain  four  real  parabolas; 
but,  if  the  given  line  meets  two  sides  and  a  side  produced,  there  is  not  any  real 
parabola.  In  the  latter  case,  as  is  obvious  geometrically,  the  conies  of  the  system  are 
all  hyperbolas. 

Any  side  of  the  triangle,  and  the  line  joining  the  opposite  vertex  with  the  point 
of  intersection  of  the  side  and  given  line,  form  a  pair  of  lines  passing  through  the 
three  points  and  meeting  on  the  given  line;  such  pair  of  lines  is  a  conic  of  the 
system ;   and  we  have  thus  three  pairs  of  lines,  each  pair  a  conic  of  the  system. 

We  may  by  what  precedes  form  some  idea  of  the  nature  of  the  sjrstem  of  conies 
which  pass  through  the  three  given  points  and  touch  the  given  line.  In  fact  writing 
at  the  point  of  contact  the  letters  H,  P,  E,  L  according  as  the  conic  is  a  hyperbola, 
parabola,  ellipse,  or  pair  of  lines,  then  if  the  given  line  cut  the  three  sides  produced, 
we  have  as  in  fig.  1. 

Fio.  1. 


Zjj  H^ 


^1  ^3   ^4 


33—2 
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Whereas,  if   the  given   line  cuts  two    sides   and    a   side   produced,   we    have    more 
simply  as  in  fig.  2. 

Fio.  2. 


But   to  gain   a  more   precise   knowledge,  it  is  proper  to   consider  the   curve   which 
is  the  locus  of  the  centres  of  the  conies  of  the  system. 

Such  locus  which,  as  will  presently  be  seen,  is  a  curve  of  the  fourth  order,  must, 
it  is  clear,  pass  through  the  points  of  intersection  (Zj,  Z,,  Zj  in  figs.  1  and  2  respectively 
and  p,  q,  r  in  fig.  3  presently  referred  to)  of  the  sides  with  the  given  line ;  and  it 
is  not  difficult  to  show  geometrically  that  it  touches,  at  these  points,  the  sides  of  the 
triangle.  It  may  be  shown  also  that  the  curve  has  three  nodes  (double  points),  viz. 
the  middle  point  of  each  side  of  the  triangle  is  a  node  of  the  curve.  In  fact  if  upon 
any  side  as  base  we  apply  an  equal  and  opposite  triangle  so  as  to  form  with  the 
given  triangle  a  parallelogram,  then  any  conic  through  the  four  vertices  of  the 
parallelogram  will  have  for  its  centre  the  central  point  of  the  parallelogram;  that 
is,  the  middle  point  of  the  side  in  question.  But  we  may  through  the  four  vertices 
describe  two  conies,  each  of  them  touching  the  given  line ;  that  is  the  middle  point 
of  the  side  is  the  centre  of  two  diflFerent  conies  of  the  system,  and  it  is  therefore  a 
node  upon  the  curve  of  centres.  And  moreover  the  node  will  be  a  crunode  or  an 
acnode  (Le.  a  double  point  with  two  real  branches,. or  else  a  conjugate  or  isolated 
point)  according  as  the  conies  are  real  or  imaginary:  and  it  is  easy  to  see  that 
if  the  given  line  does  not  cut  the  paiullelogram,  or  if  it  cuts  two  opposite  sides, 
the  conies  will  be  both  real ;  but  if  it  cuts  two  adjacent  sides  the  conies  will  be  both 
imaginary;  that  is,  in  the  former  case  wc  have  a  crunode,  and  in  the  latter  an 
acnode.  Through  each  node  may  be  drawn  two  tangents  to  the  curve;  and  it  is  a 
known  property  of  curves  of  the  fourth  order  that  the  six  points  of  contact  lie  on 
a  conic ;  one  of  the  tangents  through  the  node  is  however  the  side  whereon  the  node 
lies,  and  the  points  of  contact  of  the  three  sides  lie  on  a  line,  viz.  the  given  line : 
hence  the  last  mentioned  conic  is  composed  of  the  given  line,  and  another  line ;  that 
is,  the  three  points  of  contact  of  the  other  tangents  through  the  three  nodes  lie  on 
this  other  line. 

It  is  proper  to  add  that  the  points  at  infinity  of  the  curve  of  centres  are  the 
centres  of  the  four  parabolas;  that  is,  there  will  be  four  infinite  branches,  if  the 
pai-abolas  are  real,  viz.  if  the  given  line  cuts  the  three  sides  produced;  but  no  infinite 
branch  if  the  parabolas  are  imaginary,  viz.  if  the  given  line  cut  two  sides  and  a  side 
produced. 
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The  triangle  and  the  three  triangles  applied  to  the  three  sides  form  together  a 
triangle  similar  to  the  original  triangle  but  of  double  the  linear  magnitude,  and  the 
form  of  the  curve  of  centres  depends  as  has  been  shown  on  the  position  of  the  given 
line  in  regard  to  the  triangle  and  the  double  triangle.  The  cases  to  be  considered 
are  tolerably  numerous,  but  it  is  easy  from  the  foregoing  considerations,  to  see  in  any 
particular  case  what  is  the  form  of  the  curve  of  centres ;  for  facility  of  delineation 
I  select  a  form  without  infinite  branches,  see  fig.  3,  in  which  the  given  line  cuts  the 
two   sides   CA,   CB,  and   the   third  side   AB  produced;    it   is   moreover   to   be   observed 

Fio.  3. 


9i 


that  as  the  figure  is  drawn  the  given  line  cuts  the  two  sides  CA,  CB  below  their 
middle  points  Q  and  P  respectively.  By  what  precedes  it  appears  that  the  middle 
points  Q,  P  of  these  two  sides  CA,  CB  are  each  of  them  crunodes,  but  that  the 
middle  point  R  of  the  remaining  side  AB  is  an  acnode.  And  this  being  so  the 
general  form  of  the  curve  is  at  once  perceived  to  be  that  shown  by  fig.  3. 

It  is  very  interesting  to  trace  the  corresponding  positions  of  the  point  of  contact 
on  the  given  line,  and  of  the  centre  on  the  curves  of  centres.  When  the  point  of 
contact  is  at  00,  the  centre  is  at  /,  as  the  point  of  contact  moves  from  oo  to  q,  the 
centre  moves  from  /  to  q,  and  at  q  the  two  coincide ;  as  the  point  of  contact  moves 
from  g  to  a  point  Q2,  the  centre  moves  from  q  to  Q  (along  the  branch  Q2);  as  the 
point  of  contact  moves  from  Q,  to  a  point  Pi,  the  centre  moves  from  Q  to  P  (along 
the  branch  Q21P);  as  the  point  of  contact  moves  from  Pj  to  p,  the  centre  moves 
from  P  to  p  (along  the  branch  PI)  and  at  p  the  point  of  contact  and  the  centre 
again  coincide ;  as  the  point  of  contact  moves  from  p  to  r,  the  centre  moves  from 
p  to  r  and  at  r  they  again  coincide;  as  the  point  of  contact  moves  from  r  to  a 
point  Pj  the  centre  moves  from  r  to  P  (along  the  branch  2P);  as  the  point  of  contact 
moves  from  Pa  to  a  point  Qi,  the  centre  moves  from  P  to  Q  (along  the  branch 
P2  IQ)  and  finally  as  the  point  of  contact  moves  from  Qi  to  00 ,  the  centre  moves 
from  Q  (along  the  branch  Q,)  to  /,  thus  completing  the  circuit. 
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The  equation  of  the  curve  of  centres  was  given  in  the  late  Mr  Heam's  "Researches 
on  Curves  of  the  Second  Order,  &c.  London,  1846,"  viz.  if  ar  =  0,  y  =  0,  z=sO  be  the 
equations  of  the  sides  of  the  triangle  formed  by  the  given  points;  x  +  y  +  z  =  0  the 
equation  of  the  line  infinity,  and  ow?  +  /3y  +  7^  =  0  the  equation  of  the  given  line,  then 
the  equation  of  the  curve  of  centres  is 

V  [ax(-x  +  y  •¥z)]  +  »J  {/3y (a?-y  +  z)}  +  V  {t^ (a?  +  y  -  z)}  =0, 

or  more  generally  if  a;  +  y  +  ^  =  0  be  the  equation  of  an  assumed  line,  then  this  equation 
is  that  of  the  locus  of  the  pole  of  the  assumed  line  in  regard  to  the  conies  passing 
through  the  given  points  and  touching  the  given  line,  see  my  paper  "Note  on  a  Family 
of  Curves  of  the  Fourth  Order,"  Cambridge  and  Dublin  Mathematical  Journal,  t.  v.  (1850), 
pp.  148 — 152,  [85],  where  I  have  noticed  the  above  mentioned  property,  that  the  conic 
through  the  points  of  contact  of  the  tangents  through  the  nodes  breaks  up  into  a 
pair  of  lines.  It  is  I  think  worth  while  to  show  how  the  equation  is  obtained.  The 
equation  of  a  conic  through   the  given  points  and  touching  the  given  line  is 

(0,  0,  0,/,  gr,  A$ar,  y,  ^)»  =  0 

with  the  condition  V(«/)  + V()%)  + VCt^)  =  0,  and  this  being  so,  the  coordinates  of 
the  pole  in  relation  thereto,  of  the  assumed  line  x  +  y  +  z^O,  are 

X  :  y  :  z=     {-f+9  +  h)f 
:  (    f-9'^h)g 

:  (    f+g-h)h. 
We  have  thence 

—  a?  +  y  +  ^  proportional  to  —{—f+g-k-h)/ 

+  (    f-9'^h)g 

that  is,  to /*— (gr- A)*,  which  is  ={f''g  +  h){f+g  —  h), 
and  combining  with  this  the  equation 

ax  proportional  to      (— Z+S'  +  'O/^* 
we  obtain 

OUT  (—  a?  +  y  +  ^)  proportional  to        a/, 
that  is 

ax(^x  +  y  +  z)  :  fiy(x^y  +  z)  :  yz(x+y  —  z)  =  af  :  ^g  :  yh, 

so  that  from  the  equation  V  («/)  + V(/%)  + V(7^0  =  ^>  we  have  at  once  the  foregoing 
equation 

^{ax(-x  +  y  +  z)}'{-*J{fiy(x-y+z)]  +  *J{yz(x  +  y-z)]  =  0. 
The  rationalised  form  is 

(1,  1,  1,  -1,  -1,  ^l^ouv(-x-{'y  +  z\     fiy(x-y  +  z\     yz{x-\-y ^z)y^O, 
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which  shows  what  has  been  all   along  assumed,  that  the  curve  is  of  the  fourth  order. 
This  equation  may  be  transformed  into 

a?  {cea?  +  ^y^  +  'fz'^  -  2/37yz  +  2yazx  +  2a^^) 
+  y\a^a^  +  iSy  +  7*2:'+  2/37yz  -  iyozx  +  2apxy) 
+     -?*  (ct^a^  +  ^  +  'fzi^ -^  2^yyz  +  2yazx  -  2afixy) 

—  2yz (aa;+  /3y  +  7-2:) (-  aa?  +  0y  +  yz) 

—  2ac  (aa?+  ^y  +  yz)(    ax  —  ^y  +  yz) 

—  i'cy  (cue  +  /3y  +  7^:)  (     ax  +  fiy--  yz)  =  0 : 

if  with   this   equation  we  combine  the  equation   eLX  +  fiy-\-yz  —  0,  we  find  at  the  points 
of  intersection  with  the  given  line 

a^.  4ifiyyz  +  y^,^azx-\'Z^.4iafixy  =  0, 
that  is 

xyz  {Pyx  +  yay  +  a0z)  =  0, 

so   that   the   points   in  question  are   the  intersections  of  the  given  line  ax-^-^y  +  yz^^O, 

with  the  lines  a?=0,  y  =  0,  z  =  0,  -  +  ^  +  -  =  0.    The  point  (xx  + py-^yz  =  0,  - +^+  -  =0 

a      p     y  *  ./•  a     p     y 

corresponds   to   the   conic    which    touches    the    given    line    at    its    intersection   with    the 

assumed   line  x-^-y  +  z  =  Of   the   pole   in   relation   to   this  conic  is  obviously  a   point   on 

the   given   line.     The   point   in   question,  if  x+y  +  z==0  denote  the  line  infinity,  is   ihe 

point  /  of  fig.  3. 

It  may  be  proper  to  mention  a  far  less  symmetrical  form  of  the  equation  of  the 
conic,  but  which  has  the  advantage  of  putting  in  evidence  the  point  of  contact;  viz. 
the  equation  is  expressed  in  terms  of  the  parameter  a  denoting  the  distance  of  the 
point  of  contact  from  a  given  point  in  the  base  line,  and  which  is  therefore  very 
convenient  for  tracing  the  changes  of  form  of  the  conic.  Assuming  as  before  that  the 
base   line   cuts   the   sides   produced,   then   (see   fig.    4)   if  of   the   three   points    1    denote 

Fig.  4. 


0    a  a'  X 


that    which    is   furthest   from,  and   2   that   which   is   nearest    to    the    base    line,  and    if 
the   base   line   be   taken   as   the   axis   of  x,  and   23   as  the   axis   of  y;  the   equation   of 

X        'U 

the  base  line  is  y  =  0,  and   the   equations  of  the   sides  23,  31,  12  are  x  =  0,  ->  +  ?/  =  !, 

X        if 

-  +  T  =  1,  where  a,  6,  a',  6',  a  —  a,  b'  —  6,  a'6  —  ab'  are  all  positive,  so  that,  by  choosing 
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the  axes  as  above,  we  avoid  the  consideration  of  the  several  cases  corresponding  to 
different  signs  of  these  quantities.  And  this  being  so,  i{  x=a  is  the  coordinate  of 
the  point  of  contact,  the  equation  of  the  conic  is 

(A,  B,  C,F,  (?,  H^x^y,  1)»  =  0, 
where 

A=     2bb'    {a' -a), 

5  =     2a»     (a'  -  a), 

C=     2a«66'(o'-a), 

F^'-   c?     (o'-o)(6'  +  6), 

(?  =  -  2abb'  (a'  -  a). 

H=    [(a*  +  aa')  {b'-b)- 2a  (ah' -a'b)}, 
and  these  give 

AB-H*  =-[[{a-a)^/{b')  +  (a-a')'J  (6)}»  -  (o'  -  a)  (a'b  -  06')]  x 

[{(a  -  a)  V  (6')  -  («  -  a')  V  (6))'  -  («'  -  a)  (a'b  -  ab')], 
BC  -  F'  =-a*(a'-ay(b'-by, 
CA-  G*  ^    0, 

GH  -  AF  =  -2W(a'-a)(b'-  6)  a  (o  -  a)  (o  -  o'), 
HF-BO  ^-  (a'  -  a)  (V  -  b)  a»  {(6'  +  b)  (a»  +  aa')  -  2a  (ab'  +  a'b)], 
FO  -CH=-  266'  (a'  -  a)  (b'  -  6)  a'  (a  -  a)  (a  -  a'). 

The  condition  that    the   conic  may  be  a  parabola   is  AB  —  H*  =  0,   which   gives,  as  it 
should  do,  four  real  values  of  a. 

2,  Stone  Buildings,  W.C. 
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this  generation  of  it,  be  termed,  a  '*  nodecusp."  It  is  to  be  noticed  that  in  the  paiiit- 
theory  of  curves,  there  is  between  the  cusp  and  the  nodecusp  the  intermediate  singokntj 
of  the  tacnode,  which  arises  from  the  union  and  amalgamation  of  two  nodes,  and 
possesses  the  character  of  a  cusp. 

I   return   to   the   nodecusp;    taking  the   point   in   question    as   the    origin,   and   the 
tangent  for  the  axis  of  x,  the  equation  will  be  a  specialised  form  of  the  equadon 

iy*  +  i(a.  b,  c,  d$jr,  yy  +  ^(a\  h\  d,  d\  tf^x,  y)*  +  &a  =  0, 

which  belongs  to  the  case  of  a  cusp,  viz.  (see  Plilcker,  p.  165)  the  ocmditions  satisfied 
by  the  special  form  are  a^O^  a' =  36*,  or  the  equation  is 

i(y  +  i6**y  +  iy«(3cx  +  dy)  +  ,>ij^(44V  +  6cVy  +  4<fxy*+^y»)  +  &«L=0. 

which  is  most  easily  verified,  by  observing  that  (this  being  so)  the  expansioD  of  j  in 
terms  of  x  will  be  of  the  form 

It  is  now  to  be  shown  how  the  foregoing  conditions  a=0,  a'^SC,  are  obcained  bf 
ag&suming  that  the  curve  has,  besides  the  cusp,  a  node  which  ultimately  coincides  vith 
the  cusp.     Let  (s,  ff)  be  the  coordinates  of  the  node ;   we  must  have 

i/3«  +  Ha,  h,  c,  d$a,  PY^-^ia!,  h\  c\  cf.  f-^a.  ^Y-^kc^^ 

i(a,  6,  c$a.  /8)'      +  i  (a',  6',  c',  cT^a.  »Y      +fcc  =  0, 

3  +i(6,  c,  cf$a,  ^)»      +  J  (6'.  c',  cf.  f'$a.  fif      +J»!.  =  a 

Asetume  ^ »  ma*,  and  then  let  a  vanish ;   the  equations  become  in  the  first  jnmannr 

^  aa»  +  (^  m*  +  \hm  +  ^  a)  a*  -h  ic,  =  0, 

lal»+&e  =0, 

ifH-hi6>a*  +  &c,  =0. 

the  second  and  third  equation  give   a  =  0,  in  +  i6  =  0,  and  the  first  equation  tken  pn^ 


<«*  snlietitntiug   for  m   its   value  =  —  ^  6,  this   is  a'  =  36*,  or  the  required 

a  K  0.   a  =  3&*.    M^  ftforti.     The   single   condition    a  =  0   conespoods   to  tbe   caee  «f  fib^ 


i  ;5f4?n€  B«iUi\^   ITC,  September  17.  1S62. 
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ON    CERTAIN    DEVELOPABLE    SURFACES. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  vi.  (1864), 

pp.  108— 126.0] 

If  [7=0  be  the  equation  of  a  developable  surface,  or  say  a  developable,  then  the 
Hessian  HU  vanishes,  not  identically,  but  only  by  virtue  of  the  equation  ?7=0  of  the 
surface;  that  is,  HU  contains  U  as  a  factor,  or  we  may  write  HU^U ,PU\  the 
function  PU,  which  for  the  developable  replaces  as  it  were  the  Hessian  HU,  is  termed 
the  Prohessian;  and  (since  if  r  be  the  order  of  U  the  order  of  HU  is  4r  — 8)  we 
have  3r  —  8  for  the  order  of  the  Prohessian.  If  r  =  4,  the  order  of  the  Prohessian  is 
also  4,  and  in  fact,  as  is  known,  the  Prohessian  is  in  this  case  =  U.  The  Prohessian 
is  considered,  but  not  in  much  detail,  in  Dr  Salmon's  Geometry  of  Three  Dimensions, 
(1862),  pp.  338  and  426  [Ed.  4  (1882),  p.  408] :  the  theorem  given  in  the  latter  place 
is  almost  all  that  is  known  on  the  subject.  I  call  to  mind  that  the  tangent  plane 
along  a  generating  line  of  the  developable  meets  the  developable  in  this  line  taken 
2  times,  and  in  a  curve  of  the  order  r  —  2 ;  the  line  touches  the  curve  at  the  point 
of  contact,  or  say  the  ineunt,  on  the  edge  of  regression,  and  besides  meets  it  in 
r  — 4  points.  The  ineunt  taken  3  times,  and  the  r  — 4  points  form  a  linear  system 
of  the  order  r  — 1,  and  the  Hessian  of  this  system  (considered  as  a  curve  of  one 
dimension,  or  binary  quantic)  is  a  linear  system  of  2r  — 6  points;  viz.  it  is  composed 
of  the  ineunt  taken  4  times,  and  of  2r— 10  other  points.  This  being  so,  the  theorem 
is  that  the  generating  line  meets  the  Prohessian  in  the  ineunt  taken  6  times,  in  the 
r  — 4  points,  and  in  the  2r  — 10  points  (6 +  r  —  4  +  2r  —  10=  3r  —  8)  ;  it  is  assumed  that 
r  =  5  at  least. 

The  developables  which  first  present  themselves  are  those  which  are  the  envelopes 
of  a  plane 

(a,  6,  ...$^  1)'*  =  0, 

1  Presented  to  the  Boyal  Society  and  read  27  Nov.,  1S62,  but  withdrawn  by  permisBion  of  the  Council. 
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There  ^  is  an  arbitrary  parameter,  and  the  coefGcients  (a,  b,,..)  are  linear  functions 
oi  the  coordinates ;   the  equation  of  the  developable  is 

Disct.  (a,  6,  ...$^,  1)'*=0, 

the  discriminant  being  taken  in  regard  to  the  parameter  t  Such  developable  is  in 
general  of  the  order  2n  —  2,  but  if  the  second  coefficient  6  is  =  0,  or,  more  generally, 
if  it  is  a  mere  numerical  multiple  of  a,  then  a  will  divide  out  from  the  equation,  and 
we  have  a  developable  of  the  order  27i  —  3 :  the  like  property  of  course  exists  in  regard 
to  the  last  but  one,  and  the  last,  of  the  coefficients  of  the  function.  We  thus  obtain 
developables  of  the  orders  4,  5,  and  6,  sufficiently  simple  to  allow  of  the  actual 
calculation  of  their  Prohessians,  and  the  chief  object  of  the  present  Memoir  is  to 
exhibit  these  Prohessians ;  but  the  Memoir  contains  some  other  researches  in.  relation 
to  the  developables  in  question. 


Quartic  Developable,  Nos.  I  to  6. 

1.  I  consider  first  the  developable  of  the  fourth  order 

U=^a^cP-  6abcd  +  4ac»  +  46»d  -  36  V, 

derived   from    the    cubic   function    (a,  6,  c,  d'^t,   1)*,   and   which   is  in  fiswjt   the   general 
quartic  developable. 

2.  Taking  (a,  b,  c,  d)  as  coordinates  and  omitting  common  numerical    factors,  the 

first  derived  functions  are 

acP  -  Sbcd  -h  2c»  , 

-  3acd  +  66»d  -  85c«, 

-  Sabd  +  6ac»  -  36»c, 

a^d  -3a6c+26», 

(quantities   which,  if   (X,  Y,  Z,  W^t,  1)'  denote  the  cubicovariant  of  (a,  6,  c,  d^t,  1)*, 
are  equal  to  (—  W,  SZ,  —  3F,  X)  respectively).     And  the  second  derived  functionJs  are 

*          ,  -   3cd           ,  -   36d+6c>,  2ad-Sbc, 

-  3c(i         ,  126d  -  3c»,  -    Scid  -  66c,  -  3ac  +  66», 

-36d  +  6c»,  -   3ad-66c,        12ac-36*,  -3a6 

2ad-36c,  -   3ac  +  66^,  -   3a6         ,  a» 


3.     Representing  these  by 


A,  H,  G,  L, 

H,  5,  F,  M, 

G,  F,  C,  iV, 

Z,  .V,  iV,  P, 
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and  expressing  the  determinant  in  the  partially  developed  form 


:  (AM 
+  (AN- 
+  (AP- 
+  (HN- 
+  iHP- 
+  (GP- 


LH){FN 
LO){FM 
D  ){BC 
OMf 
LM){FQ 
LN)  {HF 


■CM) 
BN) 
F*  ) 


CH) 
BO), 


and  proceeding  to  the  calculation,  we  find 


AM-LH    FN- CM    AN^LG    FM-BN      AF-U 
=  3x  =9x  =3x  =9x  =3x 


BC-F^ 
=  9x 


CLCd?^  +    1 

a^hd  +  1 

ahd^  +  1 

a^cd  +  1 

a^c^«  -  1 

a^d?  -     1 

6»c?   +  2 

aV    +  4 

ac»rf  -  4 

ahH  +  2 

o^cc?  +  4 

a6cc?+  12 

hf?d  -  3 

ah^c  -  7 

V'cd  -  3 

a5c«  +  1 

6 V    -  3 

oc^    -     4 

h"      +2 

6c3     +  6 

6'c     -  4 

6*e;   -     4 
6V  -     3 

HN-GM 

=  18x 


HP-LM 
=  3x 


FG'CH 
=  9x 


GP-LN    HF-BG 
=3x  =9x 


cu? 

+ 

1 

a*cc^  + 

1 

od^i*  +  1 

a«6c^ 

+  1 

cuid^  +  1 

m 

+ 

1 

abH- 

4 

a^d  +  2 

aV 

+  2 

6«c?  +  4 

6V 

2 

3 

6 

h'cd  +  1 
6c«    -  4 

oft'c 

-  3 

h&d  -1 

c*       +2 

4.    Hence,  forming  the  six  parts  and  collecting,  we  find 


27  X 


a^d" 

+     1 

+    1 

c^bcd^ 

-  12 

+    1 

+    1 

-16 

+    1 

+    1 

a?(?d^ 

+     8 

+    4 

-    4 

+    4 

+    2 

+   2 

aWd^ 

+     8 

+    2 

+    2 

+    4 

-    4 

+   4 

a^f^d'd' 

+  30 

-    2 

-10 

+  54 

-10 

-   2 

a*h<^d 

-  48 

-12 

+    2 

-16 

-10 

-12 

a^i* 

+  16 

+  12 

+   4 

ah^cd?^ 

-  48 

-12 

-10 

-  16 

+    2 

-12 

a^&d 

+  68 

+  21 

+  25 

-48 

+  24 

+  25 

+  21 

ah^d' 

-  24 

+    6 

+  12 

-48 

+  12 

-   6 

6«cP 

+  16 

+    4 

+  12 

b^c'd 

-  24 

-    6 

+  12 

+  12 

-48 

+    6 

b^d" 

+     9 

-24 

+    9 

+  48 

-24 
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where  the  first  column  is  the  Hessian.    This  is  in  fiwt  =  U\  and  hence  the  Proheasian  is 


FU=U= 


a*cP 

+ 

1 

abed 

— 

6 

<uF 

+ 

4 

b^e 

+ 

4 

b^c" 

— 

3 

5.    To  complete  the  theory  it  is  proper  to  calculate  the  inverse  coefficients 

a.  ^.  ®.  8  , 

^.  »,  %,  m, 

®.  %.  s,  «, 

8.  w,  «,  ^. 


We  have  for  example 


qj  =  ABC-  AF*  -BG*-GH*  +  iFGH. 


which  is  found  to  be 


a»(i* 

— 

1 

abc(P 

+ 

6 

a^d^ 

— 

4 

b^d? 

— 

16 

}?i?d^ 

+ 

39 

b^d 

— 

36 

<* 

+ 

12 

which,  omitting  the  factor  9,  is 

=  3  (ad»  -  36od  +  2c»)»  -  4d»  (o'd' -  6o6cd  +  4oc»  +  46'd  -  36V), 

that  is  =^W^—^T]\  and  calculating  in  like   manner  the  other  coefficients,  the  system 
is  found  to  be 

3ZTr+(5od-96c)£^. 
37Tr  +  (26d-6c»)l/', 
ZZW  -icdU 
SIT'    -id*U 


SX*    -*a?U             ,    3XY-*abU 

,    SXZ  +  (2( 

ac  -  66>)  U, 

SYX  -^abU            ,    37"    -4acU             ,    SYZ - (lad+ Sbc)  U, 

SZX  +(2ac-Qb')U,    SZY  -(lad  +  Sbc)U,    3Z*-^bdU 

3WX  +  ioad-9bc)U.    SWY  +  {2bd -  6(f)  U,    SWZ-^cdU, 

6.     Let  (X,  11,  V,  p)  be  any  arbitrary  multipliers,  and  write 

(3c.  2),  3,  2B)  =  (  21.    ^,    &.    «  $X,  /*,  V.  p). 

^.    39.    8.    9R 

®.    %.    S.    « 

«,    9».    91,    qj 
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then  if  0  =  S(\X  + fjiY+vZ+pW),  we  have 

(3f,  g),  3,  m  =  (eX  +  aU,  0T  +  fiU,  0Z  +  yU,  0W  +  SU). 

The  function  (X,  Y,  Z,  W^t,  !)•  is  the  cubicovariant  of  (a,  6,  c,  dl^t,  ly  and  if  for 
a  moment  these  functions  are  represented  by  v,  u  respectively,  and  if  we  also  write 
U  =  aVP  —  &c.  =  C^  (a,  6,  c,  d),  then 

{a+0X,  b  +  07,  C  +  0Z,  d-^0W^t,  iy^u+0v, 
and  thence 

ff(a+0X,  b  +  0Y,  C+0Z,  d  +  0W)-=I)isct(u  +  0v\ 

by  a  formula  given  in  my  "  Fifth  Memoir  on  Quantics,"  Phil.  Trans.,  t.  cxlviil  (1858), 
see  p.  442  [156] ;  the  function  on  the  left-hand  side  thus  contains  U*  as  a  factor, 
and  it  at  once  follows  that  the  function 

!7(a  +  3f,  6  +  ?),  c+3,  d  +  9B); 

viz.,  the  function  obtained  from  U  by  writing  therein  (a  4-  3f,  6  +  §),  c  +  3,  d+  SB)  in 
the  place  of  (a,  b,  c,  d)  respectively,  contains  U  as  b,  factor,  and  therefore  vanishes  if 
U=0;  that  is  a  +  S,  6  +  2),  c  +  3>  d  +  933,  are  the  coordinates  of  a  point  on  the 
surface  f7=0;  they  are  in  fact  the  coordinates  of  a  point  on  the  generating  line 
through  (a,  6,  c,  d) ;  this  is  a  theorem  which  applies  to  any  developable  whatever,  as 
appears  by  the  following  considerations. 


Remarks  on  the  Oeneral  Theory  of  Developables,  Nos.  7  to  9. 

7.  In  general  for  any  surfece  whatever,  taking  a  point  on  the  surfiswe,  the  successive 
polars  of  this  point  (the  last  of  them  being  the  tangent  plane)  all  touch  at  this  point; 
and  not  only  so,  but  the  tangents  to  the  two  branches  of  the  curve  in  which  the 
surface  itself  (or  any  of  its  polars  down  to  the  quadric  polar)  is  intersected  by  the 
ultimate  polar  or  tangent  plane,  are  respectively  coincident.  Suppose  that  for  any  point 
on  the  surface,  the  quadric  polar  becomes  a  cone:  the  vertex  of  this  cone  is  not  the 
point  itself;  hence  the  tangent  plane  at  the  point  touches  the  cone  along  a  generating 
line;  that  is  the  tangents  to  the  curve  of  intersection  with  the  surSax^e,  or  Mrith  any 
of  ite  polars,  coincide  with  the  generating  line  of  the  cone — and  the  curve  of  inter- 
section of  the  tangent  plane  with  the  surface,  or  any  of  its  polars,  at  the  point  of 
contact  (instead  of,  as  in  general,  a  node)  has  a  cusp.  In  particular  the  curve  of 
intersection  with  the  surface  has  at  the  point  of  contact  a  cusp.  The  condition  that 
the  quadric  polar  may  be  a  cone  is  HU=^0,  and  when  this  differential  equation  is 
satisfied  in  virtue  of  the  equation  ^7=0  (that  is,  when  we  have  identically  iJ  [7  =  U.PU), 
the  surface  is  a  developable.  Now  all  that  is  proved  in  the  first  instance  by  the 
equation  HU=^0  is  that  every  point  of  the  surfisu^e  has  the  above  mentioned  property; 
viz.,  that  the  tangent  plane  at  the  point  cuts  the  surface  in  a  curve  having  a  cusp 
at  the  point  in  question. 
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8.  What  really  happens  in  the  ease  of  a  developable  is  more  than  this;  viz.  the 
curve  of  intersection  is  made  up  of  the  generating  line  taken  twice,  and  of  a  curve  of  an 
order  less  by  2  than  the  order  of  the  surface.  Lot  (x,  y,  z,  w)  be  the  coordinates  of  the 
point  on  the  developable,  17=0  the  equation  of  the  developable,  (A,  B,  (7,  P,  F,  0,  H^  i,  M,  N) 
the  second  derived  functions  of  U,  (9,  33,  6,  $,  %  ®,  ^,  8,  W,  91)  the  inverse  system, 
K  the  determinant  formed  with  the  second  derived  functions,  so  that  we  have  K=HU=0. 
The  coordinates  of  the  vertex  of  the  cone  are  given  by  the  equations 

a  :  )8  :  7  :  8  =  8  :  ^  :  @  :  8, 

these  several  sets  of  ratios   being    equivalent  to  each   other  in   virtue  of  the  equation 
K  =  0.     Hence   (X,  /i,  v,  p)  being  arbitrary  multipliers,  if  we  write 


91 

■^ 

:  @  : 

* 

:  «  ; 

■%    : 

@  ; 

:%    ■ 

:  e    : 

8  : 

W: 

«   : 

!  ^.  »,  %. 

?,    3R,    % 


the  coordinates  of  the  vertex  of  the  cone  will  be  as  f  :  g)  :  3  =  SB,  and  hence  observing 
that  the  absolute  magnitudes  of  these  quantities  are  arbitrary,  a:  +  3f:,v  +  S)  -^  +  3  :w  +  SB 
will  represent  the  coordinates  of  any  point  on  the  line  joining  the  point  {x,  y,  z,  w) 
with  the  vertex  of  the  cone,  that  is,  the  generating  line  through  the  point  {x,  y,  z,  w); 
which  is  the  theorem  in  question,  the  coordinates  being  in  the  present  investigation 
denoted  by  (x,  y,  z,  w)  instead  of  the  (a,  6,  c,  d)  of  the  example. 

9.  Reverting  to  the  developable  ?7  =  a'd*  — &c.  =  0,  the  results  previously  obtained 
show  that  the  coordinates  of  the  vertex  of  the  cone  which  is  the  quadric  polar  of  the 
point  (a,  6,  c,  d)  are  sls  X  :  Y  :  Z  :  W  (these  (juantities  denoting  as  above  the  coefficients 
of  the  cubicovariant),  and  thence  also  that  the  coordinates  of  any  point  on  the  gene- 
rating line  will  be  as  a+dX  :  b  +  OY  :  c-hOZ  :  d  +  0W,  where  0  is  arbitrary. 


Special  Quintic  Developable,  Nos.  10  to  25. 

10.     We  have,  secondly,  the  developable  of  the  fifth  order 

C^  =  a«e»  +  6a  Ve  -  24ab'ce  +  9ac*  +  166*e  -  Sb'c*  =  0, 

derived  from  the  quartic  function  (a,  26,  3c,  0,  —276$^,  1)*,  or,  what  is  the  same  thing, 
at^  +  Sbf  +  ISct^  —  27e  =  0,  where  it  will  be  observed  that,  as  well  in  the  quartic  function 
as  in  the  equation  of  the  developable,  the  sum  of  the  numerical  coefficients  is  «  zero; 
it  was  on  this  account  that  the  foregoing  form  of  the  quartic  function  was  selected 
in  preference  to  the  form  (a,  6,  c,  0,  e^t,  1)*.  The  last  mentioned  form  has  for  its 
discriminant 

{ae  +  Sd'Y -27  (ace-  ¥e -  c»)^    =  e (a*^ -  ISa'^c^e  +  54a6«ce  +  81ac* -  276V - 646V), 
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and   writing  therein    in   place   of  (a,  6,  c,  e),   the  values  (a,  26,  3c,  —  27e),   the  second 
factor  divided  by  729  gives  the  foregoing  expression  for  U,  belonging  to  the  form 

(a,  26,  3c,  0,  -  27e$e,  1)*. 

11.     Taking  (a,  6,  c,  e)  as  coordinates,  and  omitting  common  numerical  factors,  the 
first  derived  functions  of  U  are 

3a V  +  Ucu^e  -  24>l^c€  +   9c*  , 
-  48a6ce  +  646»e  -  166c' 

12a«ce  -  24a6«e  +  Seac"  -  246'c', 
2a»e   +    6a«c' -  24a6«c  +  166*  , 


and  the  second  derived  functions  are 


3  (ac«  +  2d'e)     , 
-  246ce 
6  (2acc  -  26^6  +  3c»), 
3  (a^e  +  iad"  -  462c), 


—  246c6  , 

8  (-  3ace  +  I2b^e  -  c»), 
24  (-  a6e  -  6c»)    , 
8  (-  3a6c  +  46') 


6  (2ace  -  26^6  +  3c'), 
24(-a6e-6c*)   , 
6  (w'e  +  9ac*  -  46»c), 
6  (a«c  -  2a6*) 


3  (aV  +  2ac*  -  46»c), 
8  (-  3a6c  +  46*)    , 
6  (a'^c  -  2a6«) 
a' 


12.     Representing  these  by 


0,    F,    C,    N, 
X,    if,    iV^,    P, 
and  expressing  the  determinant  in  the  partially  developed  form 

P  {ABC-  AF^-  B6'  -  CH'  +  2FGH) 
-L^{BC-F')-M^(CA-0')-N'(AB-H^) 
-  2  MN{OH  -AF)-  2NL  (HF-  BG)  -  2LM(F0 

then,  proceeding  to  the  calculation,  we  have 


-CH), 


BC- 

F" 

CA-G'' 

AB-H^ 

GU-AF 

1 

HF-BG 

FG-CH 

il^C  -  &c. 

=  4f 

ix 

=  18x 

=  24x 

=  72x 

=  48  X 

A 

=  144x 

=  288x 

A. 

-     3 

aV       +     1 

a'c^  -     3 

a*6«'     +  1 

a=cc»     +     6 

a^hce^  -  1 

a*ce*    -      3 

a^i^t 

-  28 

dl'c'i?    +     3 

a6V  +  12 

ahc"^  -  1 

a6W   -  18 

a6'c«    +  2 

a^c'f^   -    10 

ah^et 

+  96 

al^c^    +  12 

(K^e"  -     7 

h^ce^     +  4 

ac^«       +  11 

a6c'c    +  4 

a«6Ve'+    24 

cu? 

-     9 

ac*«      —     6 

C»6       -      2 

6c*e      -  4 

6V       +  24 

6'(r'c     -  2 

rtVc«   +    15 

h^ce 

-  48 

6V       -     8 

6V6     -  26 

6c»       -  3 

ah'ce'  +   72  | 

6*c* 

1 

-    8 

0 

6«c'6      +  16 
c«         -  18 

c«          +3 

a6Ve»-168 
ac'e      +    60 
6V      -   96 
6V«»    -200 
6'c"c     -112 
c*         +18 

C.  V. 
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/ 


/ 


i/»«64x 

JP  =  96x 

2ifiV-96x 

2Jri^  =  36x 

aV  +  1 

a»6V  +  9 

a^c«  +  1 

a'6c»  -  3 

a*c«  +  1 

a»6<5«  -  3 

c^t^t    +  4 

ah*c    -   24 

a»6>c  -  4 

aH^e  +  10 

o»6««  -  2 

aV«  +  4 

a»6«c«-  8 

6«   +16 

a«6*  +  4 

a*»  -  8 

a V  +  2 

a«6c»  -  6 

a^;*  +  4 

a«6  V  -  8 

ai^i?    +  20 

a6V  -  16 

o&Vj  +  8 

&»c   -  16 

6V  +  16 

1 

1 

13.  It  is  now  easy  to  form  the  seven  component  terms  of  the  determinant,  and 
thence  the  determinant  itself;  each  of  the  component  terms  divides  by  576,  and 
omitting  this  factor,  the  sum  of  the  seven  terms  divides  by  2 ;  the  result  is 


d!ce* 

a'b^c^e' 

a^b^d^e 

a'b^t^ 

6V 


+    3 

«■_ 

3 

+ 

9 

+   28 

— 

10 

+ 

120 

-   96 

+ 

24 

— 

360 

-   72 

+   90 

+ 

15 

+ 

399 

+   24 

+ 

72 

+ 

144 

+  192 

-  384 

— 

168 

— 

1944 

-  216 

+  108 

+ 

60 

+ 

444 

+   32 

— 

96 

-  128 

+  568 

+ 

200 

+ 

3024 

-  288 

-  224 

— 

112 

— 

2616 

+  432 

+   27 

+ 

18 

+ 

108 

+  384 

— 

1152 

+  2496 

-  696 

+ 

6336 

-  2304 

+  192 

— 

336 

+  1296 

-  1152 

-  3072 

+  1440 

— 

6912 

+  3840 

-  408 

+ 

48 

-  3456 

+  512 

+  1024 

-  640 

+ 

2304 

-  2048 

+  192 

+ 

384 

+  2304 

+ 
+ 


18 
144 

42 
360 
168 

12 
288 
168 

48 


+    48 


+    144 

-  480 

-  144 

+    384 
+  1056 

-  576 

-  2304 
+  1920 

+  1536 

-  1536 


I  - 


+ 
+ 

+ 


72 

360 

276 

720 

1584 

300 

576 

3504 

1752 

72 

4032 

3552 

288 

2304 

2496 

288 


-    144 


1  + 

480 

'  + 

288 

^^^ 

384 

+ 

480 

+ 

720 

„^ 

2304 

>  ^ 

3840 

— 

864 

+ 

1536 

+ 

4992 

+ 

2880 

,  ,, 

1536 

— 

2304 

where  the  first  column  is  the  Hessian. 
14.     This  divides  as  it  should  do  by 


U  = 


aV 

+ 

1 

a^c^e 

+ 

6 

abhe 

.^_ 

24 

ac* 

+ 

9 

b*e 

+ 

16 

b^c" 

— 

8 

and  the  quotient,  which  is  the  Prohessian,  is  found  to  be 


PU  = 


a*ce^ 

+  3 

a^c^e 

+  10 

a^¥ch 

-24 

aV 

+  3 

ab^ce 

-24 

ab^c* 

+  24 

6«e 

+  32 

6V 

-  24 
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15.  But  before  discussing  the   Prohessian,  I   will   further  consider  the  developable 
itself.    Regarding  it  as  derived  from  the  equation  (a,  26,  3c,  0,  —27e^t,  1)*  =  0,  we  have 

eU=  (27)»  {(ae  -  c«)»  +  (-  Sace  +  46»e  -  c^y]  =  0, 
and  observing  that 

-  5ace  +  46«6  -  c*  =  c  (a«  -  c^)  -  4e  (oc  -  6'), 

it  appears  that  the  equations  of  the  cuspidal  curve  or  edge  of  regression  of  the 
developable  are  a«  —  c^  =  0,  oc  —  6*  =  0  (so  that  the  cuspidal  curve  is  a  curve  of  the 
fourth  order,  the  intersection  of  two  quadric  sur&ces,  or  say  a  quadri-quadric  curve). 
This  is  perhaps  better  seen  by  writing  the  equation  of  the  developable  in  the  form 

U^aiae-c^y-  Sc(ae''d')(ac  -  6^)  +  166  {ao-h^y  =  0, 

or  what  is  the  same  thing 

17  =  (a,  c,  e^ae-d^,  400-46^)^  =  0, 

where  the  discriminant  of  the  quadric  function  is  =  ae  —  c*,  which  vanishes  for  the 
curve  (oe  -  c*  =  0,  ac  —  ¥  =  0). 

16.  Another  form  of  the  equation  is 

U  =  a(ae  +  3c»)»  -  86'  (Sace  -  2h^e  +  c»)  =  0, 
which  shows  that  the  conic  ae  +  Sc^  =  0,  6  =  0,  is  a  nodal  curve  on  the  developable. 

And,  again,  another  form  is 

i7  =  c^  (9ac  -  86»)  +  6  (a^e  +  60^*0=  -  2406^0  + 166*)  =  0, 
which  shows  that  the  conic  9ac  —  86*  =  0,  e  =  0,  is  a  simple  line  on  the  developable. 

17.  In  my  paper  "On  the  Developable  Surfaces  which  arise  from  Two  Surfaces 
of  the  Second  Order,*'  Cawi.  and  Dvh.  Math,  Jour.,  t.  v.  (1850),  pp.  46 — 57,  [84],  I 
considered  first  the  developable  having  for  its  edge  of  regression  the  intersection  of  two 
quadric  surfaces;  in  the  general  case  the  developable  is  of  the  order  8;  but  if  the 
tw^o  surfaces  have  an  ordinary  contact  it  is  of  the  order  6 ;  and  if  they  have  a 
singular  contact  (as  there  explained)  it  is  of  the  order  5.  And  in  the  last  mentioned 
case,  if  the  equations  of  the  two  quadric  surfaces  ai'e  taken  to  be  a;*  —  2wz  =  0, 
y*— 2za;  =  0,  then  the  equation  of  the  developable  was  found  to  be 

^2hjt^  +  I2s^ahv  +  Qzos*'  -  242:a:y«w  -  4a»y»  +  8y*«;  =  0, 

which  putting  therein  z==a,  y  =  26,  a;  =  2c,  w  =  2e,  becomes 

aV  +  6aVe  -  ^^b'ce  +  9ac*  +  166*e  -  86»c»  =  0, 

which  is  the  before  mentioned  developable  J7=0;  the  two  equations  a^—^wz^Oy  y^-'2zx=0 
become  by  the  same  substitution  a«  — (^  =  0,  oc  — 6'  =  0.  We  have  in  fact  already  seen 
that  the  developable  J7=0  has  this  curve  for  its  edge  of  regression. 
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18.  But  in  the  paper  just  referred  to,  it  is  also  shown  that  considering  the 
developable  which  is  the  envelope  of  the  common  tangent  planes  of  two  quadric 
sur£Bu;es;  in  the  general  case  the  developable  is  of  the  order  8,  but  if  the  two  surfaces 
have  an  ordinary  contact  it  is  of  the  oixler  6,  and  if  they  have  a  singular  contact  it 
is  of  the  order  5. 

In  the  last  mentioned  case  the  surfaces  may  without  loss  of  generality  be  reduced  to 
conies,  and  their  equations  may  be  taken  to  be  (y*  — 2.«j?  =  0,  t(;  =  0)  and  («"— 2rM;=0,  y=0)(*), 
and  this  being  so  the  equation  of  the  developable  is 

32^^«m;»  -  32^aj*a;  +  72zxfw  +  820!"  -  27/m;  -  4r»y«  =  0. 

This  is  really  a  developable  of  the  same  kind  with  the  first  mentioned  developable  of 
the  order  5 ;   for  writing  x  =  12c,  y  =  86,  z  =  3a,  m;  =  —  8e,  the  equation  becomes 

a'e*  +  6aV6  -  24a6*ce  +  9ac*  +  16t*e  -86V  =  0, 

which  is  the  before  mentioned  developable  ?7'=0.  The  equations  of  the  two  conies 
become  (9ac  — 86^  =  0,  e  =  0)  and  (as  +  3c^  =  0,  6  =  0),  and  the  developable  is  thus  the 
envelope  of  the  common  tangent  planes  of  these  two  conies.  It  has  been  seen  that 
the  first  conic  is  a  simple  line,  but  the  second  conic  a  nodal  line,  on  the  developable. 

19.  Recapitulating,  the  developable  of  the  fifth  order  17  =  0,  which  is  the  envelope 
of  the  plane  (a,  26,  3c,  0,  —  276)  (t,  1)*  =  0  is  the  locus  of  the  tangents  of  the  quadri- 
quadric  curve  (ae  —  c*  =  0,  ac  —  6'  =  0),  and  it  is  also  the  envelope  of  the  common  tangent 
planes  of  the  conies  (9ac  —  86*  =0,  e  =  0)  and  (ae  +  Sc*  =  0,  6  =  0). 

20.  Returning  now  to  the  Prohessian,  its  equation  may  be  written  in  the  form 

PU  =  (3a»c,  -  36»c,  ace  +  26V][ac  -  c»,  4<ic  -  46«)*  =  0, 

and  the  discriminant  of  the  quadric  function  is 

Sa^cc  (ac  +  2¥)  -  96^0*, 

which  is 

=  3c  [(a^e  +  36*c)  (oc  -  fr»)  +  3a6*  (ae  -  c»)}, 

and  recollecting  that  the  equations  of  the  cuspidal  curve  or  edge  of  regression  of  the 
developable  are  ae  — c*  =  0,  ac  — 6^  =  0,  it  thus  appears  that  the  curve  in  question  is  also 
a  cuspidal  curve  on  the  Prohessian. 

21.  Consider  for  a  moment  the  surface 

(3a*c,  -36^c^,  ace  +  2^6'6$ae  -  c*,  4ac  -  462)»  =  0, 

^  These  are  in  fact  the  conies  made  use  of,  p.  57  in  the  paper  above  referred  to  [and  p.  4d5  in  the 
reprint],  bat  the  equations  are  by  mistake  given  as' (x''-2j/z=0,  ]r=0),  {y^~22w=0,  x=0),  that  is,  x  and  y  are 
interchanged. 
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where    6  is    an  arbitrary  parameter;    this    is   a  surface   having  for   a  nodal   curve  the 

cuspidal   curve   of   the   developable ;    but    if    the    discriminant   of   the    quadric    function 

vanishes,  that  is  if 

rJa^ce  {ac  +  W0)  -  96^0^^  =  0, 

for  o^  —  c'  =  0,  ac  —  6^  =  0,  then   the   curve   in   question  will   be   a  cuspidal   curve   on   the 
surface.     But  the  last  mentioned  equation  is 

3c  [{a^e  +  WcO")  (ac  -  6»)  +  oft^  {(1  +  26)  ae  -  3^c«}]  =  0, 

which   for  a^  — c^  =  0,  ac  — 6^=0,  becomes  1  +  2^  —  3^  =  0,  that  is  ^=1,  which  gives  the 
Prohessian,  or  ^  =  — ^. 

22.     For  the  latter  value  the  surface  is 

(9a%  362c,  Sace  -  2¥e'^ae  -  <^,  *ac-4:b'y  =  0, 

or,  expanding,  the  surface  (^  =  — i)  is 

=  0, 


rtW    + 

9 

aVe    + 

30 

a^6Ve- 

104 

aV      + 

9 

ab*ce   + 

88 

a6V    - 

24 

6«6         - 

36 

6V      - 

24 

the  before  mentioned  discriminant  being 

=  c  {(3a»6  -  fc^c)  (ac  -  6^)  +  a6»  (a«  -  c»)} ; 

but    I    have    not    further    examined    the    geometrical    signification    of    this    surface,    or 
inquired  into  its  relation  to  the  Prohessian. 

23.  The  equation  of  the  Prohessian  may  be  written 

PU^(ac-b')  {16e  (ac  -  ¥y  +  3a  (ae  -  d'Y]  +  6«f/'=  0, 

or  what  is  the  same  thing 

PU^(ac-h^)[a(ae-\-Sd')(3ae'hc^)-32a^ce-\-l6b'e}  +  ¥U^0, 

the    latter  of  which  shows  that   the   conic   (ae-\-Sc^  =  Oy  6  =  0),  which  is  the  nodal   line 
of  the  developable,  is  a  simple  line  on  the  Prohessian. 

24.  Consider  the    curve    of   intersection    of  the    developable    and   the    Prohessian; 
this  is  of  the  order  5x7,  =35.     We  have  oc  — 6^  =  0,  17=0,  or  else 

16c (ac- 6^)3  + 3a (a«-c»)»  =  0,  U=0. 

Consider  for  a  moment  the  second  system,  this  is 

3a  (ae  -  c«)'  +  166  (ac  -  b^y  =  0, 

3a  (ae  -  c^y  -  24c  (ae-d')(ac  -  6*)  +  486  (ac  -  5»)*  =  0, 


278 


ON   CERTAIN   DEVELOPABLE  SUBFACES. 


[344 


which  give 

(ao-fe»){3c((w-c")-4e(ac-6»)}  =  0,  U^O, 

and  these  are  equivalent  to 

(ac-fe»  =  0,  ir=0)  and  {3c(a«-c»)-4e(ac-6«)  =  0,   1^  =  0}, 

80    that    the    entire    intersection    is    made    up    of   (ac-6*  =  0,    J7=0)    twice,    and    of 
{4«(ac-6*)-3c(a«-c»)  =  0,  U^O]  once. 

25.     The  first  part  is  at  once  seen  to  give 

the  cuspidal  curve  (ac  — 6*  =  0,  o^  — (^  =  0)  4  times,  order  IG 


the  line 


The  second  part  gives 


(a  =  0,  6  =  0) 


tf 


If 


_4 

20 


(oe - c")  {4c (ac - 6»)  +   a(a«-c»)}=0, 
{4«  (ac  -  6«)  -  3c  (o^  -  c")}  =  0, 

this  consists  of  1"'  the  part  a«  — c'  =  0,  e(ac  — 6')  =  0,  viz. 

the  cuspidal  curve       (ac  — 6*  =  0,  ae  — c*  =  0)      oiice,  order  4 
the  line  (c  =  0,  6  =  0) 


twice, 


2 

6 


and  2*"  the  part 

4c(ac-6')4-   a(ae-c*)  =  0, 

4«  (ac  -  6»)  -  3c  {ae  -  c«)  =  0, 
which  contains 

the  cuspidal  curve     (ac  — "6^  =  0,  a«  —  c^  =  0) 

and  by  writing  the  two  equations  in  the  form 

ciae-i-  3c»)  -  46«e  =  0, 
a  (ae  +  3c^)  -  46»c  =  0, 

it  is  clear  that  it  contains  also 


once,  order  4, 


the  nodal  curve 
and  the  line 


(ac  4-  3c^,  6  =  0)      twice,  order  4 
(c  =  0,  c  =  0)  once,         „    J_ 


whence   the   complete   intersection   of   the    developable    and  the    Prohessian   is  made  up 
as  follows,  viz. 

the  cuspidal  curve  (ac  —  6"  =  0,  ac  —  c^  =  0)  6  times,  order  24 

the  nodal  curve       (ae  +  3c'  =  0,  6  =  0)  2  times,    „         4 

the  line  (a  =  0,  6  =  0)  4  times,     „         4 

the  line  (a  =  0,  c  =  0)  3  times,     „         8 

36 
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Special  Sextic  Developahle,  Nos.  26  to  35. 

26.  Lastly,  we  have  the  developable 

U^a^e""! 2a^bd^  -  27a«*  -  6ab^d^e  -  276*6^  -  646»d'  =  0, 

derived  from  the  quartic  function  (a,  b,  0,  d,  e$t,  1)* ;  the  discriminant  is  in  fact 
(de  —  4My  —  27  (-  ad*  —  l^ey,  which  is  equal  to  the  foregoing  value  of  J7. 

27.  Taking  a,  6,  (2,  e  as  coordinates,  then   omitting   common  numerical  factors,  the 
first  derived  functions  are 

aV   -   8a6de»-18ad*     -   2M% 

'-^a^d^-  4a6(?6- 366»e»     -64ib*d\ 

-  4«%e»  -  36a«d'  -    4a6«d6  -  646»d« , 

a^^   -   Sa^tde-    2a6«(?-186*e  , 

and  the  second  derived  functions  (changing,  for  greater  convenience,  the  signs)  are 

2(-ae'  +  ^bde^  +  9d^),  4  (2ad«  +  bd?e\  4  (2a6c2  +  18ad»  +  h'deX  -  3aV  +  \Gabde  +  26«d«, 
4  (2a(fe»  +  6*e),  4  (od'e  +  21 W  +  326d»),  4  (aV  +  2abde  +  4862^8),  4  {2a*de  +  oM*  +  1  We\ 
4  (2aie2  +  ISad'  -h  t^d^),  4  (a«e»  +  2abde  +  486''d'),  4  (27a«d2  +  ah'e  +  326»d)*  *  {2a*be  +  aft'd), 
-  3aV  + 1  &abde  +  2fc^d^     4  {2a*de  +  aid*  +  \We\     4  (2a«6e  +  a&»d),      2  (-  a'e  +  4a»6d  +  96*). 

28.  Representing  these  by 


A, 

H, 

G, 

L, 

H, 

B. 

F, 

M, 

0, 

F, 

c, 

M, 

L. 

M, 

N, 

P. 

and   emplo3ring  for  the   determinant  the  same  partially  developed  form  as  in   the   first 
example,   then  proceeding  to  the  calculation,  we  find 


AM-LH         FN -CM 

AN-LG 

FM-BN 

AP'-D 

BC-B^       IIN^-GM 

=  4  X        !       =16  X 

=  4  X 

=  16  X 

-=lx 

J. 

=  16  X          =  288  X 

X                                   1                         X 

t^de^    +     2     o*6e'    +     2 

a^fte*    +      2 

a*d6»    +      2 

aV        -      5 

aV       -       1    d'd^e  -   2 

a«6d*e»-    15      a^d^e    -    54 

aV«'   +    54 

a»6d«c*  +      3 

a^bde'    +    64 

a«6d«»  -       4   a^6d»  -   1 

a'dJ'e    +    36     a»6«de2+      3 

a«6«de»-    15 

a^l^^   -    36 

a'd^c     -   36 

aH^e     +     27  a6V   -  2 

ofrV    -    36 

a»6d*    -   27 

a?bd*e  -  252 

a^b^cPe^    33 

a«6»d»e2-180 

a«6«d»e«+   630  a6'd»e-18 

ai^d^e"-    12 

a«6'd«6-453 

a6»d*e»-    12 

a6*de>  +      9 

a«6d»     + 144 

a»6d»    +   864  6»de«  -  1 

ahd!"     +    18 

a6V    -    18 

ab^cP'    -    18 

oi^d*    +    16 

a6V      -    36 

a6V     +     27 

b^de'    +144     ab^d^    +    16 

6*d»e    -     2 

6»d»e    +864 

a6»d'«    -   64 

a6»d»e   -  128 

6^d*«    +322     b^de     -576 

6»de»      +144 

6»d««     +  864 

6*d*       +  320 

6*d*      -1280  j 

+  459 


-1107 


-243 


+  891 


+  351 


-999 


-24 
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///'  LJf 

ff;-rH 

<;/*  -  Z  jr 

EF-^Ifir 

♦  ^ 

\K  0 

=  »  # 

^'A   • 

«v/er   -  Z 

flr'>*  •   2 

—4^;   —   * 

•"^^  —   * 

a'f^p^      ; ' 

^4^^  -    v. 

«*-y»*  -  5€ 

m^yf"^  —   * 

«•//<»  •  .'; 

•^l^'/f*  --   5 

«Hr</-^-  15 

«=^£»-  -  > 

n-t/P^"     .J 

flrW^  -   > 

c'vy*  -!« 

•r«~  -  ^ 

-si/A/^   2'y- 

af/'f'^'     33 

«=«rfr-.-  li 

^-A^^-^I^ 

////'/•     - 

«//-/  •-«♦ 

«5rV  -  3< 

^i^  -  J  Ti 

//'/»-^     i ' 

'A/^  .  K 

-i*^/»  -Sri 

f-^  -  rr 

V*   -  !• 

i^^  -  H 

'-fl3 

•-'Jl 

•  4% 

where,  by  way  of  v*rri<icatiofj,  I  J*av<:  laiu^.xtA  U^  t^ch  oAumn  the  fssa  •:<:  iSk  ?:«ear:*a:is. 


221.     Fonfiiii;^    (lofii    tL<ri^;    th^;    M;v<:ii    coirjpoDeDt    terms    <*f   thr    de-i-e: 


collecting,  th<;  n-Hiilt  divi/i'-t*  f/y  !/,  $ii»tl  w#;  have 


:.   i&l 


aV    -♦- 

1 

1 

5 

aJhflf?     -♦ 

i 

\(, 

10 

44 

— 

16 

- 

16 

aW 

1  ;jri 

i'yz 

4:52 

99 

— 

2^^ 

— 

2>^ 

fi^ft^^rV 

7L'L' 

w 

*M) 

-   3220 

— 

96 

— 

?6 

fi*^/"«*  ♦- 

4:5 -J 

i-         'X'A'Z 

1 308 

2592 

— 

2232 

* 

576 

«*<^«"^  -♦■ 

29  h; 

llli', 

972 

+ 

20736 

• 

2592 

a»6V  - 

J  ;55 

2>i>^ 

2X8 

99 

— 

432 

— 

432 

aV/*'<r«*  + 

07^4 

;$>'7<J 

7788 

-».  41744 

— 

77?r^^ 

-i- 

3S76 

aV/^r/^^f-*  + 

'2\i\r2 

1    47>->' 

VM\i) 

+  27180 

+ 

8100 

• 

63432 

<tVx/"«  ♦ 

1 1  <;o  1 

777<i 

27210 

+ 

20736 

- 

72576 

a*h'^(it^   + 

4;i2 

♦     :i70 

s       2232 

2592 

— 

1368 

- 

3312 

aV,*./V*  r 

;i52 

1    *J.U2\ 

*  30220 

11 7200 

+ 

41472 

+ 

36220 

O. 

2524 

«VAr/'J  - 

*jri:i5*j 

VMvrri 

30024 

01920 

■ 

-r 

373248 

1  — 

51984 

— 

227i^)8 

aV/^</'" 

•10Hli4 

MM  4 

+  124410 

+ 

5184 

— 

331776 

fiW/'r"  ♦ 

LMlirj 

vm:s'1 

♦   Hi  00 

+  27180 

'  + 

3960 

4> 

4788 

ff"'6*</V  ♦ 

501M  4 

\-         (1504 

♦  177570 

154912 

+ 

41472 

+ 

177576 

O. 

6504 

ri"6^rff  ♦ 

ii2;»'j 

<;50HH 

1H501 

19008 

+ 

180624 

— 

41544 

4- 

13680 

a-'/A^"   f 

•JIMT, 

1    2592 

972 

+ 

20730 

— 

7776 

flV/crr**  - 

L>(;;jr)'j 

2*J7MO« 

■   51 984 

01920 

+ 

373248 

— 

30024 

— 

133272 

ClW/"/" 

140(>'-M 

r>(J847*J 

872592 

+  089024 

+ 

1089984 

— 

872592 

— 

668472 

o'h^r^ 

i:ji;}l>h 

1  -t    1152 

1152 

+  92100 

— 

6912 

— 

741888 

a/A/f«  + 

IKWM 

1   72570 

-  27210 

+ 

20736 

— 

7776 

n/i^/V  + 

1 1 2a2 

+   1.M08O 

41544 

19008 

+ 

186624 

— 

18504 

— 

65088  1 

ab'tfe    - 

•J50S8 

-   208r»4 

-  0233G 

+  40900 

— 

62336 

— 

20864  i 

/»»^/^f'* 

40S24 

'  *^M^ii^ 

+  124410 

+ 

5184 

— 

1944 

/>»<rf-  - 

i:U.S28 

-   74 1  wt< 

0912 

+  92100 

— 

1152 

+ 

1152 

6^/^  - 

81U20 

1 

-  409000 

...  .. 

-1- 

49l>075 

-  2032452 

-  860052 

+  350049 

+ 

2985984 

_ 

B6606S 

i 

20S245S 

here  the  first  colunui  is  the  Hetwiuii. 
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30.    This  divides,  as  it  should  do,  by 


^  = 


aV 

M 

1 

a^bde^ 

— 

12 

a'd* 

— 

27 

ab^cPe 

— 

6 

6V 

— 

27 

b'cP 

— 

64 

-135 


and  the  other  factor,  which  is  the  Prohessian,  is 


FU  = 


aV 

+ 

1 

a*bde* 

+ 

16 

a*d^e^ 

— 

108 

a^b^d'e' 

— 

524 

a^bcPe 

— 

432 

a^b*e* 

— 

108 

a'b^d^^ 

+ 

656 

a'b^d' 

+ 

1512 

ah^d^ 

— 

432 

ab'd*e 

+ 

272 

b^d'e' 

+ 

1512 

6»cr 

+ 

1280 

+  3645. 
31.     To  simplify  this,  I  first  collect  the  six  terms 

-  108  a V  (a«d*+6*e») 

-  4i32  abde  {a^d*  +  b^e") 
+  1512  6»(?  (a«rf*  +  6V), 

and  then  putting  a*d*  +  6*e*  =  (od*  +  6*6)*  —  2a6*cPe,  we  have  the  terms 

+    216a»6«dV 
+   864a*d*e» 

-  3024  alM^e , 

which  combined  with  the  remaining  terms  give 

+       laV 
+     16  a*6de* 

-  308a«6»d«e» 
+ 1620  a«6»d*e» 

-  2762  a6*d^ 


+  1280  6«» 


a  IT. 


36 
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which  is  found  to  be  divisible  by  (o^— 46(2)':   and  we  thus  obtain  for  PU  the  form 

PD'==-108(aV+4a6cfe-146«(?)(a(?  +  6'«)>  +  (aV  +  28a6(fe-20ft«c^^ 

which  puts  in  evidence  that  the  cuspidal  line  (as  —  4bd  =  0,  cm?  +  6*e  *=  0)  of  the 
developable  is  also  a  cuspidal  line  of  the  Prohessian. 

32.  Writing  the  equations  of  the  developable  and  the  Prohessian  under  the  forms 

il»-27J5«  =  0, 

and  substituting  in  the  second  equation  A^  =  27  B*,  it  becomes  B*(L  —  4if )  =  0,  that 
is  the  intersection  is  made  up  of  ^'  =  0,  ^  =  0,  which  is  the  cuspidal  curve  taken  six 
times  (order  36),  and  of  the  curve  i4»-27J5«  =  0,  Z-4if«=0  (order  24).  But  sub- 
stituting for  Z,  M  their  values,  the  equation  Z  — 4if=5  0  becomes 

aV-4a6(te-12ft«d«  =  0, 
that  is 

(ae  +  2bd)  (ae  -  6bd)  =  0, 

so  that  the  last  mentioned  curve  is  composed  of  the  intersections  of  the  developable 
by  the  two  quadric  sur£Bu;es 

(W  +  2W  =  0,    a«-6W  =  0. 

33.  Now  combining  with  the  equation  of  the  developable  the  equation  ae  +  2hd=0, 
and  observing  that  in  consequence  of  the  last  mentioned  equation  we  have 

(06  -  46d)' =  (- 6W)»  =  -  216  &«»  =  +  108  oftVPe, 

the  equation  of  the  developable  gives  (cm?  —  b^ey  =  0,  or  we  have  (taken  twice)  the  cune 
<ie  +  2bd  =  0,  a4p  —  6*6  =  0,  which  is  a  curve  of  the  sixth  order  made  up  of  the  lines 
(a  =  0,  6  =  0),  (d  =  0,  6  =  0),  and  of  a  quartic  curve  (an  excubo-quartic  ^)  the  nodal  line 
on  the  developable.  If  in  like  manner  with  the  equation  of  the  developable  we  combine 
the  equation  06  — 6  6(i=0,  then  from  this  equation  we  have 

(ae  -  46d)»  =  (2bdy  =  86»#  =  |a6»d»6, 

and  the  equation  of  the  developable  then  gives 

(o(?  +  6«^)-^a6»d»6  =  0; 
that  is, 

a(P  +  tf6»6  =  0,    0(^^  +  ^6*6  =  0,    if  tf+^  =  2-^  =  J^. 

^  A  quartic  curve  which  is  the  complete  intersection  of  two  quadric  surfaces  is  termed  a  quadriqoadrie ; 
a  quartic  curve  of  the  kind  which  is  not  such  complete  intersection  but  can  only  be  represented  by  meaxu 
of  a  cubic  surface  is  termed  an  excubo-quartic. 
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The    curve    ae  —  Gbd  =  0,   cufi  +  dl^e  =  0    \b    made    up    of    the   lines   (a  =  0,  6  ■=  0), 

(d=0,    e  =  0),   and  of   an   excubo-quartic,  and   the   curve   ae  —  Qbd=0,   a€p  +  ^1^  =  0    is 

made  up  of  the  same  two  lines  and  of  an  ezcubo-quartic. 

34.     Hence   we   see   that    the   intersection   of   the    developahle    and    the    Frohessian 
which  is  of  the  order  (6 +  10=)  60  is  made  up  aa  follows,  viz., 

cuspidal  curve  ae  —  ibd  =  0,  ad?  +  6*e  =  0,  taken  6  times,  6  x  6  =  36 

line  (a  =  0,  &  =  0)  „      4      .,       1x4=    4 

line  (d  =  0,  e  =  0)  ,.      4      „       1x4=   4 

nodal  curve  (excubo-quartic)  ae  +  26d  =  0,  acP  —¥e  =  0„      2      „      4x2=8 
excubo-quartic  M  -  66d  =  0,  ad"  +  OiH  =  0  „l„4xl=4 

excubo-quartic  ae-6W  =  0,  ad'  +  ^6»e  =  0  „      1      „      4x1=4 


35.  It  is  to  be  added  that  a  generating  line  of  the  developable  meets  the  Fro- 
hessian in'  the  ineunt  on  the  cuspidal  edge  taken  6  times,  in  a  point  of  the  nodal 
line  taken  2  times,  viz.  the  r  —  4  points  (r  being  here  =  6)  of  the  general  theorem,  in 
a  point  of  the  excubo-quartic  ae  —  Gbd^Q,  ad'+ 61^  =  0,  and  in  a  point  of  the  excubo- 
quartic  ae  —  Gbd  =  0,  ad?+  ■s6'=0,  (these  being  the  2r  — 10  points  of  the  general  theorem); 

we    have   thus  (6  +  2  -|-  2  =)  10  points   of  intersection  of    the   generating   line    with    the 
Prohessian. 


[345 


345. 


ON    THE    INFLEXIONS    OF    THE    CUBICAL    DIVERGENT 

PARABOLAS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Ma4Jiematic8,  vol  VL  (1864), 

pp.  199—203.] 

The  five  divergent  parabolas,  species  67  to  71,  of  Newton's  Enumeratio  Linearum 
tertii  Ordtnw  (1704),  are  included  under  the  general  equation  y*==a«'  +  36ic"  +  3ca?+(i; 
there  are  two  general  forms,  or  forms  without  singularities,  viz.  the  parabola  cum  ovaUy 
sp.  67,  and  the  parabola  pura,  sp.  71 ;  two  forms  having  a  double  point,  viz.  the  nodata, 
sp.  68,  and  the  punctata,  sp.  69,  according  as  the  double  point  is  one  with  real 
branches,  or  is  a  conjugate  or  isolated  point;  and  finally  the  cuspidata  or  semicubical 
parabola,  sp.  70,  which  has  a  cusp.  In  the  nomenclature  of  my  short  note  "On  Curves 
of  the  Third  Order,"  British  Assoc.  Report  for  the  Year  1861,  Notices  <fec.  p.  2,  the  five 
parabolas  are  the  complex,  the  simplex,  the  crunodal,  the  acnodal,  and  the  cuspidal; 
the  distinction  there  made  of  the  simplex  kind  of  cones  of  the  third  order  into  three* 
subspecies,  applies  to  the  simplex  parabola,  and  for  this  particular  case  was,  as  I  have 
since  ascertained,  noticed  in  Murdoch's  Newtoni  Genesis  Curvarum  per  Umbras,  8va 
Lond.  1746,  pp.  1 — 126.  It  may  be  remarked  that  in  this  very  interesting  and  valuable 
work  the  number  of  species  is  given  as  78,  viz.  the  author  includes  the  four  species 
added  by  Stirling,  and  the  other  two  usually  considered  to  have  been  added  by  Cramer 
(one  of  them  the  author  himself  attributes  to  Cramer),  and  that  the  demonstration  of 
Newton's  theorem  is  effected  in  the  most  complete  way  by  showing  in  what  manner 
the  five  cones  are  each  of  them  to  be  cut  so  as  to  obtain  the  78  species  of  cubic  curves. 

The   analytical    investigation    of    the    points    of   inflexion    of    the    above-mentioned 
divergent  parabolas,  that  is,  the  curves  defined  by  the  equation 

y»  =  oa;'  +  Sba^  +  Scx  +  d, 
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is  not  without  interest.  The  result  which  should  be  obtained  is,  by  the  general  theory 
of  cubic  curves,  known  to  be  as  follows  :  there  is  always  an  inflexion  at  infinity,  in 
the  point  where  the  line  infinity  is  met  by  the  line  x  =  0  (or,  what  is  the  same  thing, 
by  any  ordinate  of  the  curve) ;  but  disregarding  altogether  this  inflexion  at  infinity, 
then  in  the  general  case  where  the  curve  is  without  singularity,  the  remaining  eight 
inflexions  (two  of  them  real,  six  imaginary)  lie  in  pairs  on  four  ordinates  of  the  curve: 
if  however  the  curve  has  an  acnode,  the  six  imaginary  inflexions  coincide  with  the 
acnode,  viz.  the  three  ordinates  corresponding  to  these  pass  through  the  acnode,  but 
there  are  still  two  real  inflexions;  if  the  curve  has  a  crunode,  four  of  the  imaginary 
inflexions  and  the  two  real  inflexions  coincide  with  the  crunode,  viz.  the  three  ordinates 
corresponding  to  these  pass  through  the  crunode,  and  there  is  not  any  real  inflexion, 
although  there  are  still  two  imaginary  inflexions;  finally,  if  the  curve  has  a  cusp,  then 
the  eight  inflexions  coincide  with  the  cusp,  viz.  the  four  ordinates  corresponding  to 
these  pass  through  the  cusp,  and  there  is  no  inflexion  real  or  imaginary. 

Proceeding  now  to  the  analytical  investigation,  if  in  order  to  form  the  Hessian  we 
introduce  the  new  coordinate  ^  =  1,  the  equation  of  the  curve  becomes 

U^-y^z-^  aa?  +  Sba!z^  +  3cxz^  +  ds^, 

and  tlience  forming  the  second  differential  coefficients,  and  ultimately  replacing  z  by  its 
value,  =1,  we  have 


HU= 


6(cur  +  6),    0  ,    -6(6a?+c) 

0         ,     2  ,  2y 

6(6a?  +  c),     2y,     -6(ca?  +  d) 


=  0; 


whence,  developing  and  dividing  by  24,  we  find 

3  [{ax-\-b){cx-\-d) - {hx-itcf]  +  (oo; 4-6)y"=  0, 
or,  what  is  the  same  thing, 

3  {(ac  + 6*)  a;« +  (ad  -  6c)  «  + (6d- c»)} +(aa; +  6)y2  =  0, 

as  the  equation  of  the  Hessian  curve,  meeting  the  given  cubic  curve 

in   its  points  of  inflexion.     Multiplying  the  last-mentioned  equation  by  6,  and  adding  it 
to  the  equation  of  the  Hessian,  we  obtain 

aba?  +  Zaca?  +  Zadx  +  46d  -  Sc*  +  axf  =  0, 

or,  what  is  the  same  thing, 

3c»-46d 


xf=^'^  ba^-Sca^  -  3dx  + 


a 


-.     \L   IHVKR<;KNT    PARAKijLA?.  .:40 

^-^a:«t  Minplicity    wi-    a5»>unir  '7  =  1.   d  =  0    "iit 

;a^     r-      rici"   '^^   taken   at    ol^ff    ••!  the    ihrrr   .!» 

-     sav   the   real   oik-.    it    the  int^-niiecii'-rii?  hzr 
-     .    .1     u  of  the  cuiTf  is 

*       -  ^  :Mm-  +  :k; ). 

^.     -       ■  r^vtioiis  of  the  curvv  with  the  ciine 

-.  V        At    the    jwiiit    at    infinity    on    the    line   x  =  U:   aii-i 

"    •  .  i  .-  >  tuM-  -  .V  =  0. 
»./  '..".ir  oi^liiiales  thnuigh  thu  ri-niaininj:  ei^ht  inflexions. 

>^^    •       -^v.vUl    |H»iut.  thrn   thf   origin   will   be   at    the   cusp,   and  we 
V       :.*:'. u*   iM|n«tinii    heconies  ./•*  =  0 :   that    is,  the    four  ordin.it€^ 

«..      «   •■..si',    iheu   takiuj^   the   oiigiu    at    thi.-    n^»de   we    have  c  =  0: 

v^,    4    .!.v.hI*'   ov   an    ai'iKKlr    aecc»niin^    as   b    is    positive    or    negative: 

^«  «;>.\^H  ihi«'i>  nnliiiates  through  the  node;  the  remaining  factor 
.,  ..!xiin.iu*  tlu>Ml^h  ihe  two  inflexions;  and  substituting  this  value 
......    .•«    {\w    i-ulMr.  wr  thid 

V'  =  -  IG/A 

^  i:.u'-.  ol    '«  vroiiMMiuently  also  the  inflexions)  are  imagiDaiy  if  6  be 

,.    u»    i^«'    .«un«Hlal    t'onu;    but  real  if   b  be  negative,  that  is,  for  the 

\     x-.   >.o   tv   oUM't\ed   that   the  indefinite  ordinate  d;  +  46e0  or«  =  -4i 

^    .1    iS.>   u\x»  i-^MVH.   in   the  enmodal  case,  the  ordinate  lies  outside  tlie 

s  v.itul   \\w   Kh»p,   in  the  lu^uiHial  case  inside  the  curve,  that  is  oa  the 

xS.    i^tt^nU*  \\\  xv^ihwl  lu  the  vertex;  and  using  36  to  denote  the  distttioe 

,\,,:o  vi   \\w   \oiUA   tWm   the  nixle,  (that  is,  in  the  cronodal  case  chinp^y 

' ,,     ,U,.    aiMMwo   \UkV\^\\    iHmitively)  of   the   ordinate  from  the  vccles^ji 

*    i>,  Oi«i   1^  u   U  oiK'-thinl  of  the  distance  of  tha  vertex  froHi 


^      .x> 
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Consider  next  the  case  of  a  curve  without  singularities;  and  first  the  complex  case, 
the  condition  for  which  is  that  the  equation  af  +  Zhx  +  3c  =  0  may  have  its  roots  real, 
or  c<  %¥.     The  values  of  x  which  give  y  =  0  are 

and  we  may  without  loss  of  generality  assume  that  h  and  c  are  each  of  them  positive ; 
the  value  :c=0  will  then  belong  to  the  vertex  of  the  parabolic  portion,  and  the  two 
negative  values  w  =  —^b  +  \'3(f6'  — c)  will  belong  to  the  vertices  of  the  oval.  The 
limiting  values  c  =  0  and  c  =  f6"  give  the  acnodal  and  the  crunodal  curves  respectively, 
which  have  been  already  considered. 

In  the  case  in  question  (6  =  +,  c  =  +,  c<f6'),  the  equation  ic*  +  4iba?  +  &cx  —  S<^  =  0 
has  only  two  real  roots,  one  of  them  positive  and  the  other  negative  ;  and  the  positive 
root  substituted  in  the  equation  y*  =■  a:  (a;*  +  36a:  +  3c)  gives  ^""=4-,  and  we  have  thus 
the  two  real  inflexions :  in  order  to  verify  that  the  negative  root  gives  ima^nary 
inflexions,  it  must  be  shown  that  this  negative  root  does  not  lie  between  the  two 
values  x  =  —^b±-Js  ( J6'  —  c),  or,  what  is  the  same  thmg,  that  these  values  substituted 
for  X  in  the  function 

x*  +  ibaf  +  Hca?  -  Sc", 

give  results  of  the  same  sign. 

To  verify  this  write  c  =  f6'(l-^)  (where  ^<  1)  and  a;  =  f6(f-l);  then  for  the 
limiting  values  of  a;,  we  have  3fc{f  —  l)  =  -5fc  Tft^,  or  f=±^;  and  moreover 

where  the  terra  in  bi-ackete  is 

=  3f  -  4f  -  6^f  +  12^f  -  4^  -  $*, 
and  writing  {=  ±  d,  this  becomes 

-4^-4^±tf^,    ^-i^C^Tiy, 

n  that  the  two  values  are  each  negative,  and  the  theorem  is  thus  proved  It  may  be 
added  that  the  curve 

cuts  the  axis  in  two  real  points,  one  of  them  situate  between  the  oval  and  the  para- 
bolic portion  of  the  cubic  pai-abola,  the  other  within  the  parabolic  portion. 

for    the   simplex   case,    the    condition    for    which     is    offr";    the    equation 

;■*  +  4itf  +  Heap  —  Sc"    has,    as    before,   two    real    i-oots,    one    positive    and    the    other 

live;  and  since  the  negative  root  substituttd  for  x  in  the  ef^uation  f^=a^  +  SbjP  +  Bcx 

negative    value    of   y'',   it   is    only   the    positive    root   which    gives    an    ordinate 

High  two   real   uiflexions.     The   curve  y  =  j*  +  4ba^  +  &C3?  —  Sc?   meets  th«   axis  in   two 

LBt«,  one  of  them  without,  the  other  within  the  cubic  parabola. 


iHi 


»r  *Ti* 


:  <  ^1r     -ZUrS,     t 


,4 


r  -^  I'     r    *if    -i4iu**    ir    r 


nnic 


C^-**    f*    ><«r-"-_    mit    ¥.-    lit-*    -111*  -3t*    nAzniinm. 

:  -^  f*-    uuL   "att    -i^i    Tiiitr*    r    J"   iT'^   *ai*n    it  *u»iaL    i* 
t>eTi^mifar   'n    l    •nau'Tnrnii     irunarr*.    "hh    ir'^au:^    "^i    & 
wnofua.    uut    i»:r¥.-rra.   "u*-:*^   ▼*    lit-*  lit*   iiFDJuaSmt  iiir»iiCT 


pTman*    ^ 


I' 


■^    lu 


±    ^L*?  itutOiutM,    T'.l.   /f.*#j  ±   ISii 
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346. 


NOTE    ON    AN    EXPRESSION    FOR    THE    RESULTANT    OF    TWO 

BINARY    CUBICS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  vi.  (1864), 

pp.  380—382.] 

Mr  Warren,  in  his  paper  "Illustrations  of  the  Theory  of  Critical  Functions,'*^ 
Quarterly  Mathematical  Journal,  t.  vi.  pp.  231 — 237,  (1864),  has  given  for  the  Resultant 
of  two  binary  cubic  functions,  an  expression  which  is  in  effect  as  follows ;  viz.  considering 
the  cubic 

(a,  6,  c,  d\x,  yY, 
its  Hessian 

(a,  b,  c$a7,  y)^  ={0^-  b^,  ad  —  be,  6d  —  c'Ja?,  yY, 

and  the  cubicovariant 

{A,  B,  C,  D\co,  y)\  =  (       a'd  -3a6c  +  26^  ,   1 

Sabd-Qac^  +3b% 
-  Sacd  +  66»d  -  36c^ 


^(x»  yY; 


-   ad^+  Sbcd  -  2c»  ,  ^ 


and  in  like  manner  the  cubic 


its  Hessian 


(a\  V,  d,  d'\x,  y)\ 
(a',  b',  c'\x,  yy, 


and  the  cubicovariant 


and  writing 


(A',  B,  C,  jy\x.  yy; 


81=  ad'  -36c'  -36'c   -a'd  , 
©sac'    +a'c     -2bb' 
{g=AU-  SBC  +  SRC  -  A'D, 


C.  V. 


37 
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then  the  Resultant  is 

=  -2a'  +  27aS3  +  27(S. 

that  is,  the  Resultant  is 

=  -   2  (ad' -  a'd  -  3bc' +  ab'cY 
+  27  (o<r  -  a'd  -  36c'  +  Sb'c)  x 

{(oc  -  6«)  (iV  -  d'*)  -^(ad-bc)  (a'd:  -  b'e')  +  (bd-  c*)  (a'd  -  V*)] 

+  27{      (a^-^abc  +  ii^   )(-a'd'* +  Zh'e'd' -2c'*) 

-3(oM-2o(J«  +  Wj    ) (- oVir  +  26V  -h'c'*) 

+  3(-acd  +  2W-6c»)(    a'h'd' ~2a'c'*  +h'^) 

-    (-ad«  +  36cd-2c»)(    oV  -  3o'6'c' +  26'')}. 

In  particular  assume 

(o',  h',d.d'\x,yf  =  a?-\-y>. 
so  that 

(a',  b',  c'^x,  yf  =  xy, 

(A',  ff.  C.jyix.yy^x'-y*, 
and  thus 

a' =d'      =1,     6'  =  c' =0. 

a'  =c'      =0,     b'  =  i, 
A'  =  -iy  =  l,     ^  =  (7  =  0. 

Sd  =  -h  =  hc-ad, 

6  =il+2)=o'rf-o#-3a6c  +  36cd+26»-2c', 

or,  putting  for  shortness, 

a  —  d=0,  and  therefore  a  =  d  +  0, 


we  have 


and  Resultant  is 


which  is 


9  =  be-de-d', 

6  =  2  (6*  -  e")  -  36c^  +  d*^  +  rf^, 

-   2^ 

+  276  (be -d'-dd) 

+  27  {2  (6^  -  c»)  -  36c^  +  d»^  +  dff']. 


=  -   2^  +  546' -  o-k*  -  546c^, 

or  rejecting  the  factor  —2,  it  is 

^  -  276»  +  27c'  +  27c6^. 
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But  the  two  equations  are 

(a,  6,  c,  d^x,  y)*  =  0, 

a^  +  y"    ■  =0, 

the   last  of  which   gives  y  —  —  x,  y^^tox,  y  =  — ©'a?,  if  a>  be  an  imaginary  cube  root  of 
unity,  and  hence  the  Resultant  is 

=  (a  -  36+  3c  -  d)  (a  -  36a)  +  Sca^  -d){a-  36ft)«  +  3ca)  -  d), 

which  is 

=  (tf  -  36  +  3c)  (tf  -  36©  +  3c««)  (0  -  36a)«  +  Sco)), 

or  finally  is 

=  ^-276»  +  27c»  +  276c^, 

and  the  formula  is  thus  verified 

If  the  two  cubics  are  taken  to  be 

(a,  6,  c,  d^x,  y)'=0, 
(6,  c,  d,  e$a?,  y)'  =  0, 

then   the  formula  gives  for  the  Discriminant  of  the  quartic  function  (a,  6,  c,  d,  e^x,  yY 
a  new  expression,  which  however  does  not  appear  to  be  an  elegant  one. 


37—2 
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347. 


ON    THE    NOTION    AND    BOUNDARIES    OF    ALGEBRA. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  MathenuUics,  vol.  VI.  (1864), 

pp.  382—384.] 

I  DO  not  admit  the  assertion,  that  the  idea  of  number  is  derived  from  that  of 
time,  it  appears  to  me  that  it  is  derived  from  that  of  succession  in  time  or  space 
indifferently.  But  I  would  rather  say  that  the  idea  of  cardinal  number  is  derived  and 
abstracted  from  that  of  ordinal  number,  viz.  (distinguishing  the  expressions  *  set '  and 
*  series,'  the  latter  being  used  to  designate  a  set  of  things  considered  as  arranged  in 
a  definite  order),  if  we  have  a  series  of  things  a,  6,  c,  d,  &c.,  or  say  a  series  of  words 
first,  second,  third,  fourtti,  &c. ;  then  any  set  of  things  X,  iV,  F,  P,  Q,  &c.,  taking  them 
up  one  after  the  other,  no  matter  in  what  order,  and  coordinating  them  with  the 
terms  of  the  series  a,  6,  c,  d,  &c.  or  with  the  words,  first,  second,  third,  fourth,  &c — 
the  last  of  them  will  be  coordinated  with  a  definite  term  of  the  series  a,  6,  c,  d,  &c., 
or  with  a  definite  term  of  the  series  first,  second,  third,  fourth,  &c. ;  that  is,  the  set, 
whatever  be  the  assumed  order  of  the  terms,  or  (what  is  the  same  thing)  without 
assuming  any  order  therein,  will  have  a  certain  property ;  viz.  in  the  set  X,  N,  F,  P,  Q, 
where  the  last  term  is  coordinated  with  e  or  with  the  word  fifth,  the  property  is  that 
the  set  consists  of  five  things  :  and  so  in  general  the  set  consists  of  a  certain  (cardinal) 
number  of  things,  such  cardinal  number  being  the  number  corresponding  to  the  rank 
in  the  series  a,  6,  c,  d,  &c.,  of  the  term  wherewith  is  coordinated  the  last  term  of  the 
set,  or  corresponding  with  the  like  ordinal  number  in  the  series  first,  second,  third, 
fourth,  &c. 

The  foregoing  remarks  are  made  to  some  extent  incidentally,  but  they  have  a  bearing 
on  the  distinction  in  kind  which  exists  e.g.  between  the  proposition  1  +  1  +  1  +  1=4, 
and    the    proposition   which    for    oixiinary    purposes    would    be    expressed    as    1  + 1  +  &c. 


347]  ON   THE   NOTION  AND   BOUNDARIES   OP   ALGEBRA.  293 

(n  terms)  =  n,  but  which  is  better  expressed  in  the  form  li+ la4- ... +ln  =  w,  where  the 
subscript  numbers  merely  distinguish  between  the  different  unities  which  are  added 
altogether. 

I  use  the  term  Algebra  in  a  wide  sense  as  including,  or  indeed  I  might  say 
identical  with,  Finite  Analysis,  and  excluding  Infinite  Analysis;  but  in  speaking  of  it 
as  identical  with  Finite  Analysis  I  include  in  that  term  part  of  what  might  be  con- 
sidered Infinite  Analysis;  viz.  many  of  the  theorems  relating  to  infinite  series  or  other 
successions  of  operations,  e.g. 

(1  —  a;)(l  +a;4-aj*4- ...  od  inf,)  =  l, 

really  belong  to  Finite  Analysis ;  for  what  is  asserted  is .  that  the  coeflScient  of  the 
term  of  indefinite  rank,  say  af^,  is  a  finite  series  equal  in  value  to  zero  (this  coefficient 
in  fact  is  1  —  1  which  is  =  0).     On  the  other  hand  the  theorem 

the  truth  whereof  depends  on  the  equations 

__2  111 

"2  "^fa"^  2^"^  33  "*■•••  ^  *"/•»  *^->  &C-' 
which  are  not  arithmetically  verifiable,  belongs  strictly  to  Infinite  Analysis. 

Algebra  is  an  Art  and  a  Science ;  qiui  Art,  it  defines  and  prescribes  operations 
which  are  either  tactical  or  else  logistical ;  viz.  a  tactical  operation  is  one  relating  to 
the  arrangement  in  any  manner  of  a  set  of  things;  a  logistical  operation  (I  prefer  to 
use  the  new  expression  instead  of  arithmetical)  is  the  actual  performance,  so  as  to  obtain 
for  the  result  a  number,  of  any  arithmetical  operations  (of  course,  given  operations) 
finite  in  number,  since  these  alone  can  be  actually  performed,  upon  given  numbers. 
And  qiid  Science  Algebra  afl&rms  d  priori,  or  predicts,  the  result  of  any  such  tactical 
or  logistical  (or  tactical  and  logistical)  operations.  An  equation  such  as  1+4  +  10  =  15 
is  not  an  algebraical  theorem;  it  is  merely  the  assertion  that  the  sum  of  the  numbers 
1,  4,  10  is  that  number,  viz.  15,  which  is  the  sum  of  the  numbers  in  question.  And, 
similarly,  the  equation  1  +  1  +  1  =  3  is  not  an  algebraical  theorem.  But  on  the  other 
hand,  the  equation  1  +  1  +  1  +  ...  (n  terms)  =  n,  is  an  algebraical  theorem ;  in  the 
equivalent  form  I1  +  I2  + ... +l,j  =  /i,  (where  lib  =  l)  it  is  not  different  in  kind  from  the 
equation  1  +  2  +  3  . . .  +  7i  =  ^m  (w  +  1),  or  say  Ij  +  I3  +  . . .  +  1„  =  ^ w  (n  +  1),  (where  1*  =  k) 
which  is  certainly  an  algebraical  theorem.  And  this  leads  to  the  remark,  that  every 
algebraical  theorem  rests  ultimately  on  a  tactical  foundation.  In  fact,  whether  we  prove 
the  last-mentioned  theorem  in  the  easiest  way  by  writing 

1+2      +      3      ...  +  n  =  fif, 
?i  +  (n-l)  +  (n-2),.,  +  l=6'. 
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and  therefore  2S=(n  +  l)  +  (n4- 1)+ ...  (n  terms)  =  n (w +  1)  or  S=Jn(n  +  l);  or  by 
induction  by  showing  that  the  theorem,  if  true  for  n,  is  true  for  (n  + 1),  (this  depends 
on  the  equation  ^(w+l)  +  (n+ I)  =  (n+ l)(in+l)  =  i(n  + 2);  the  proof  is  equally  a 
tactical  one ;  it  is  always  tactic  which  determines  what  logistical  operations  are  to  be 
performed. 

Although  it  may  not  be  possible  absolutely  to  separate  the  tactical  and  logistical 
operations;  for  in  (at  all  events)  a  series  of  logistical  operations,  there  is  always  some- 
thing that  is  tactical,  and  in  many  tactical  operations  (e.g.  in  the  Partition  of  Numbers) 
there  is  something  which  is  logistical,  yet  the  two  great  divisions  of  Algebra  are  Tactic 
and  Logistic.  Or  if,  as  might  be  done,  we  separate  Tactic  off  altogether  from  Algebra, 
making  it  a  distinct  branch  of  Mathematical  Science,  then  (assuming  in  Algebra  a 
knowledge  of  all  the  Tactic  which  is  required)  Algebra  will  be  nothing  else  than  Logistia 
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348. 


ON  THE  THEORY  OF  INVOLUTION. 


[From  the   Transactions  of  the  Cambridge  Philosophical  Society,  vol.   XL   Part  L  (1866), 

pp.  21—38.     Read  February  22,  1864.] 

Three  or  more  quantics  which  satisfy  identically  a  linear  equation  such  as 

where  X,  \\  X",  ...  are  constants,  are  said  to  be  in  Involution.  In  particular  any 
quantic  U+kV,  where  &  is  a  constant,  is  in  involution  with  the  quantics  U,  V;  and 
the  entire  system  of  such  quantics,  k  having  any  value  whatever,  is  a  system  in 
involution  with  the  quantics  U,  V.  And  in  like  manner  the  equation  U+kV=0,  or 
the  locus  or  system  of  loci  thereby  represented  is  said  to  be  in  involution,  or  to 
form  a  system  in  involution  with  the  equations  or  loci  f7'=0,  F=0.  If  U,  V  are 
binary  quantics  then  the  equation  U+kV=^0  may  be  considered  as  representing  a 
range  of  points  in  involution  with  the  ranges  17=0,  F=0.  And  similarly,  i£  U,  V 
are  ternary  quantics,  then  the  equation  U  +  kV=^0  may  be  considered  as  representing 
a  curve  in  involution  with  the  curves  U=^0,  F=0. 

In  the  case  of   a  range    U-¥  kV=0,  the    constant  k  may  be   determined  so  that 
the  range  shall  have  a  twofold  (^)  point.     The  condition  for  this  may  be  written 

Disc*.  (U+kV)  =  0, 

*  The  series  of  epithets  onefold,  twofold,  dto.,  seems  preferable  to  the  series  tingle^  doubU,  Ac.,  as  avoiding 
ambiguities  which  would  sometimes  be  occasioned  by  the  nse  of  these  last.  The  doable  point  of  a  .carve  I 
call  a  node,  viz.  a  cranode  when  it  is  a  doable  point  with  two  real  branches,  and  an  cuinode  when  it  is 
a  conjogate  or  isolated  point.  The  sabjeot-matter  and  context  will  in  general  show  whether  the  term  node  is 
to  be  considered  as  including  or  as  not  including  a  cusp. 
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it  being  understood  that  the  discriminant  of  the  function  U-^-kV  is  taken  in  regard 
to  the  coordinates.  And  this  being  so,  we  may  write  Disc*.  Disc*.  ((7+ it  T^  to  denote 
the  discriminant  in  regard  to  k  of  the  function  T>i8c\(U+kJ^.  The  quantity  ia 
question  (viz.  Disc'.  Disc'.  (U  +  kV),  or  say  for  shortness  D)  is  a  function  of  the 
coefficients  of  U,  V,  homogeneous  as  regards  each  set  of  coefficients  separately,  and  it 
breaks  up  into  factors  in  the  form 

where  ii  =  0  is  the  condition  in  order  that  the  ranges  U=0,  F=0  may  have  a  point 
in  common ;  or  what  is  the  same  thing,  in  order  that  there  shall  be  a  range 
U  +  kV=^0  having  a  twofold  point  at  a  common  point  of  the  ranges  J7  =  0,  F=0, 
(jB  is  in  fact  the  resultant  of  the  quantics  U,  F):  Q  =  0  is  the  condition  in  order 
that  there  may  be  a  range  U+kV—0  having  a  threefold  point:  and  P  =  0  is  the 
condition  in  order  that  there  may  be  a  range  U-^-kV^O  having  a  pair  of  twofold 
points. 

And  similarly,  when   f/'  =  0,  F=0  are  curves,  then  we  have  the  like  equation 

where  jB  =  0  is  the  condition  in  order  that  the  curves  J7=0,  V—0  may  have  a  point 
of  twofold  intersection,  that  is,  that  the  two  curves  may  touch  each  other,  (R  is  the 
Tactin variant  of  the  quantics  U,  V);  or  what  is  the  same  thing,  it  ia  the  condition 
in  order  that  there  may  be  a  curve  U  -\'  kV=0  having  a  node  at  a  point  of  twofold 
intersection  of  the  curves  17  =  0,  F  =  0 ;  moreover  Q  =  0  is  the  condition  in  order  that 
there  may  be  a  curve  U-\-kV  =  0  having  a  cusp:  and  P  =  0  is  the  condition  in  order 
that  there  may  be  a  curve  U+kV=^0  having  a  pair  of  nodes. 

m 

The  establishment  and  illustration  of  the  foregoing  theorems  form  the  chief  object 
of  the  present  memoir. 

Article  Nos.  1  to  16,  relating  to  two  Binary  Quantics, 

1.  Let  I/'=(a,  ...JiT,  yY,  F  =  (a',  ...jj^a:,  y)-,  be  two  binary  quantics  of  the  same 
order  n;  and  write  W=U+kV—(a-^ka\  ...Ja?,  yY,  so  that  W=^U+kV=0  is  the 
equation  of  a  range  in  involution  with  the  ranges  U^O,  F=0.  But  for  greater 
distinctness  it  is  in  general  convenient  to  retain  U  +  kV  instead  of  replacing  it  by 
the  single  letter  W. 

2.  In  order  that  the  range  U-^kV—0  may  have  a  twofold  point  we  must  have 
simultaneously 

By(U-hkV)^0, 
and  eliminating  (x,  y)  from  these  equations  we  find 

DLsc^  {U^kV)^0, 
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which  is  an  equation  of  the  order  2(?i  — 1)  as  regards  k,  and  of  the  same  order  as 
regards  the  coefficients  of  U  and  V  conjointly.  And  to  each  of  the  2  (w  —  1)  values 
of  k  there  corresponds  a  point  (x,  y)  satisfying  the  required  conditions;  that  is,  a 
point  which  is  a  twofold  point  of  the  range  U  +  kV=0,  The  points  in  question  may 
be  termed  the  *  critic  centres '  of  the  involution. 

3.     The  elimination  of  k  from  the  before-mentioned  two  equations  gives 


B,U,         ByU 
S.F,  SyV 


=  0, 


where  the  determinant,  which  for  shortness  I  call  i/,  is  the  Jacobian  of  the  two 
functions  U,  V.  The  equation  J=^Q  gives  a  range  of  2(7i  — 1)  points  which  are  in 
fact  the  critic  centres;  and  for  each  of  these  points  we  have 

which  gives  the  value  of  k  corresponding  to  the  point  in  question. 

4.  The  condition  in  order  that  the  equation  in  k  may  have  a  twofold  root  is 

Disc'.  Disc*.  (Cr  +  JfcF)  =  0, 
or  say 

D=0, 

where  Disc^  Disc*.  (fT-f-JfcF),  =  D,  is  a  function  of  the  degree  2  (2n  -  2)  (2n  -  3)  in 
regard  to  the  coefficients  of  U,  V  conjointly;  but  it  is  separately  homogeneous,  and 
therefore  of  the  degree  (2n  —  2)  (2n  —  3)  in  regard  to  each  of  the  two  sets  of  coefficients. 

5.  To  each  point  of  the  range  J'=0,  there  corresponds  a  value  of  k;  hence  if 
the  range  J  have  a  twofold  point,  then  the  equation  in  k  will  have  a  twofold  root. 
Now  first  if  the  ranges  U  —  0,  V=-0  have  a  common  point,  then  this  is  a  twofold 
point  of  the  range  F=0.  But  secondly,  without  a  common  point  in  the  ranges 
U  =  0,  F=0,  the  range  J'=0  may  have  a  twofold  point;  and  in  this  case  also  we 
have  a  twofold  root  of  the  equation  in  k.  And  thirdly,  without  a  twofold  point  in 
the  range  F=0,  there  may  be  in  this  range  two  onefold  points  giving  each  of  them 
the  same  value  of  k,  and  so  giving  a  twofold  root  of  the  equation  in  k.  And  the 
three  suppositions  correspond  respectively  to  the  cases  of  there  being  a  range  U+kV=0 
having  a  twofold  point  at  a  common  point  of  the  ranges  J7  =  0,  F=0,  having  a 
threefold  point,  and  having  a  pair  of  twofold  points. 

6.  First,  if  the  ranges  ?7=0,  F=0  have  a  common  point  we  may  write 

U^(x^ay)ir,  V=(x^ay)V\ 

and  these  give 

tr  +  JfcF=(a?-ay)(£r  +  JfcF). 
c.  V.  38 
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Now  in  general 

Disc^  PQ  =  Disc^  P .  Disc^  Q .  [Result.  (P,  Q)p, 

and  hence  in  the  present  case 

Di8c^  (6^  +  ikF)  =  Disc\  (W  +  kV^.iUo'  +  kVo'y, 

where  Uo+kV^  is  what  IT  +  kV  becomes  on  writing  therein  x^ay  and  neglecting 
the  factor  ^"^  which  then  presents  itsel£  We  see  therefore  that  in  this  case  the 
equation  k  has  a  twofold  root  A:  =  —  I7o'  -r  F©' ;  a  result  which  might  also  have  been 
obtained  from  the  consideration  of  the  Jacobian. 

7.  The   condition   in   order    that    the   ranges    f7=0,    F=0   may  have   a   commcm 
point  is 

Result.  {U,  F)  =  0, 

say  P  =  0.    P  is  of  the  degree  n  in  regard  to  the  coefficients  of  J7,  F  respectively. 

8.  Secondly^  suppose  that  the  functions  U^  V  are  such  that  there  exists  a  range 
U+kV  —  0  having  a  threefold  point.  If  ki  be  the  proper  value  of  A?,  then  we  have 
U  +  kiV=:(x—  ayY ©,  and  therefore  U—  —  kiV-\-(x'-  ayY ©.  Hence  forming  the  Jacobian 
of  U,  F,  the  equation  for  the  determination  of  the  critic  centres  vnl\  be 

S^F,  8,.(x-ay)«e    =0, 

SyF,  Sy.ix-ayyS 
which  is  of  the  form 

{x-2yyn  =  0; 

or  we  have  (a:  — ay)"  =  0,  a  twofold  critic  centre.  The  corresponding  value  of  k  given 
by  the  equation  —A:  :  l^SgU  :  S^F  is  k  =  ki,  and  we  have  thus  Ar  =  A^  as  a  twofold 
root  of  the  equation  in  k, 

9.  But  if  the  range  Tr=f7'-fiF=0  has  a  threefold  point,  or  what  is  the  same 
thing,  if  the  equation  W=0  has  a  threefold  root;  then  we  must  have  between  the 
coefficients  of  TT  a  plexus  of  equations  equivalent  to  two  relations.  Such  plexus  is 
known  to  be  of  the  order  3  (n  —  2).  This  comes  to  saying  that  if  the  coefficients  of 
W  are  assumed  to  be  of  the  form  a  +  ka'  +  la\ ,..  and  if  between  the  several 
equations  of  the  plexus  we  eliminate  A,  we  obtain  for  I  an  equation  Q  =  0  of  the  degree 
3(n  — 2).  The  equation  in  question  would  be  of  the  form  Funct.  (a  +  fo",  a',  ..  )  =  0. 
Hence  Q  is  of  the  degree  3(w  — 2)  in  the  coefficients  (a,...)  of  U.  And  in  a  similar 
manner  Q  is  of  the  degree  3(n  — 2)  in  the  coefficients  (a',...)  of  F.  And  omitting 
altogether  the  terms  in  I,  or  taking  the  coefficients  of  Tf  to  be  a  +  ka\...  if  from 
the  equations  of  the  plexus  we  eliminate  A;,  we  find  an  e(|uation  Q  =  0,  where  Q  is  a 
function  of  the  degree  3(/i  — 2)  as  regards  the  coefficients  of  U,  and  of  the  same 
degree  as  regards  the  coefficients  of  F.  We  have  thus  found  the  form  of  the  condition 
Q  =  0  which  expresses  that  there  may  be  a  range   U-^kV=0  having  a  threefold  point. 
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10.  It  may  be  proper  to  remark  conversely  that  given  the  equation  Q  =  0,  if 
in  this  equation  we  write  a  =  (a  +  A:a')  — Aa', ...  so  that  Q  becomes  a  function  of 
a+fca', ...  a', ...  A,  then  the  equation  Q  =  0  will  be  satisfied  irrespectively  of  the  values 
of  a,.,.k  by  a  plexus  of  equations  involving  only  the  coeflScients  a  +  &a', ...  and  which 
is  in  fact  the  very  plexus  (equivalent  therefore  to  two  relations)  which  gives  the 
conditions  in  order  that  the  equation  Tr=0  may  have  a  threefold  root. 

11.  Thirdly,  suppose  that  the  functions  U,  V  are  such  that  there  exists  a  range 
t/'-l-fcF=0  having  a  pair  of  twofold  points.  If  &i  be  the  proper  value  of  fc,  then  we 
have  U+k,V=:(x-ayy(x''fiyyS,  and  therefore  fr  =  -A?iF  +  (a?-ay)«(a?-i9y)«e.  Hence 
forming  the  Jacobian  of  U,  F,  we  have  for  the  determination  of  the  critic  centres  the 
equation 


which  is  of  the  form 


8«F,  B^.(x--ayy(x-^fiyyS 
SyF,  By.(x^ayy(x^l3yyS 

(x-ay)(x^fiy)a^O; 


=  0, 


or,  we  have  a?  — ay  =  0,  or  a?  — /8y  =  0,  a  pair  of  critic  centres;  and  for  each  of  these 
the  corresponding  value  of  &i  given  by  the  equation  —k  :  l^^BxU  :  Sj-Fis  k=^ki,  so 
that  k  =  ki  is  a,  twofold  root  of  the  equation  in  k. 

12.  By  the  like  considerations  as  for  the  threefold  root  (observing  that  if  the 
equation    W=0  has  a  pair  of  twofold  roots   we  must  have  between  the   coefficients  of 

W  a  plexus  equivalent  to  two  relations,  and  of  the  order  2  (w  —  2)  (n  —  3)),  we  see 
that  the  condition  for  the  existence  of  a  range  U+kV=^0  having  a  pair  of  twofold 
points  is  of  the  form  P  =  0,  where  P  is  a  function  of  the  degree  2(?i  — 2)(7i  — 3)  as 
regards  the  coefficients  of  U,  and  of  the  same  degree  as  regards  the  coefficients  of  F; 
and  conversely  that,  given  the  equation  P=:0,  we  may  find  the  plexus. 

13.  The  equation  D  =  0  will  be  satisfied  if  ii  =  0,  or  if  Q  =  0,  or  if  P  =  0 ;  and 
in  no  other  cases.  To  prove  this,  suppose  that  x^ay^O  is  the  critic  centre  corre- 
sponding to  a  twofold  root  ki  of  the  equation  in  k.  We  have  fTs  — ^F4-(a?  — ay)*0, 
and  thence  the  equation  for  the  critic  centres  is 


S«V,  S^ix^ayyS 
ByV,  Syix^ayyS 


=  0, 


which  is  an  equation  of  the  form  (a?-ay)fl  =  0;  and  where,  corresponding  to  the 
root  a?  — ay  =  0,  the  equation  —k  :  l  =  BxlT  :  B^V  gives  k^ki.  Since  Ai  is  a  twofold 
root,  there  must  be  another  critic  centre  also  giving  the  value  ki  of  k.  This  new 
critic  centre  may  be  either  a?  —  ay  =  0  (the  same  as  the  first  mentioned  critic  centre) 
or  it  may  be  a  distinct  critic  centre  a?  — ^y^O.    In  the  former  case 


S«F,  Bx{x^ayy% 
ByV,  By{x--ayye 
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must  contain,  instead  of   the   factor  (x  —  ay),  the  factor  {x^ayf.     In  order    that  this 
may  be  so,  we  must  have 

that    is,  {ahxV^-hyV)^    divisible    by   {x-ay),  that    is,  either    a&^V+hyV,   or    else   8, 

divisible   by  a;  — ay;    or,   what   is   the    same    thing,  either   F,  or    else    B,  divisible   by 

X  —  ay.     But  if   F  be  divisible  by  a?  —  ay,  then    V,  V  have  the  common  &ctoT  « —  ay, 

and    we  have    the   case  first   above    considered.     And   again    if   B  contain    the    bcUar 

^  — ay,  then  we  have 

U^-k^V+ix^ayY^, 

and   we  have  the  case  secondly  above   considered.    Finally  if  the  new  critic  centre  be 
the  distinct  centre  a?  —  iSy  =  0,  then  for  a;  —  ^y  =  0  the  equation 

should  give  k  =  ki;   but   this    will   only  happen    if   Sj^ . (a?  —  ay)* 0,  Sy.(x-'0[yyS   vanish 
for  a:  —  /8y  =  0,  that  is,  if  0  contains  the  factor  (a?  —  ffyY ;  and  when  this  is  so, 

U^-k.V+ix^ayyix-^fiyyS', 

or  we  have  the  case  thirdly  above  considered. 

14.  Hence  the  equation  0=0  being  satisfied  if  iJ  =  0,  or  else  if  Q  =  0,  or  else 
if  P  =  0,  and  in  no  other  cases,  the  function  D  must  be  made  up  of  the  &ctor8 
a,  Q,  P,  each  taken  the  proper  number  of  times,  and  knowing  the  degrees  of  the 
several  functions,  it  follows  that  we  must  have 

a  =  ii(?P«, 

in    fact,  considering   the   coefficients   of   either   U  or    F,  the   comparison   of  the  degrees 
gives 

2(n-l)(2n-3)  =  n  +  9(?i-2)  +  4(n-2)(n-3), 

where  the  function  on  the  right-hand  side  is 

=  n 

+   9ri-18 
+  4n*-20n  +  24 
=     4n«-10ii+   6, 

which  is  the  value  of  the  function  on  the  left-hand  side. 

15.  In   the   very  pcuiiicular  case  n  =  2,  Q  and  P  are   each  of  them  of  the  degree 
=  0 ;  and  we  have  simply  D  =  iZ,  that  is,  the  resultant  of  the  two  quadric  functions 

ir=(a,  6,  c$ar,  y^,  F=(a',  b\  c'^x,  yf 
is 

=  Di8c'.  {U-¥kV) 

=  Disc'.  (ac-fc^  uc'  +  a'c-'2bb',  a'c'-h'%\,  kf. 
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which  is  Prof.  Boole's  ancient  theorem  referred  to  in  my  Fifth  Memoir  on  Quantics(^), 
but  which  is  now  first  exhibited  in  connexion  with  the  general  theory  to  which  it 
belongs. 

16.  It  may  be  noticed  that  the  condition  for  a  twofold  critic  centre,  or  (what  is 
the  same  thing)  a  twofold  fe^ctor  of  the  Jacobian  {which  condition  is  of  the  degree 
2  (2n  —  3)  in  regard  to  the  coefficients  of  IT  or  F}  is  RQ  =  0 ;  and  that  we  in  fact  have 

2(2n-3)  =  n+3(n-2). 

This  remark  is  due  to  Dr  Salmon. 


Article,  Nos.  17  to  42,  relating  to  two  Ternary  Quantics. 

17.  Suppose    now    that    U  =  (a,..^x,  y,  z)^,    F=(a',  ..$a?,  y,   z)^  are    two   ternary 
quantics  of  the  same  order  n,  and  write  W=U-^kV=(a-\'ka\,.^x,  y,  z)^,  so  that 

W^U  +  kV=0 

is    the    equation    of   a   curve    in    involution    with    the    curves    17  =  0,    F  =  0.      But    for 
greater  distinctness  it  is  in  general  proper  to  retain  U-^kV  in.  place  of  W, 

18.  In    order    that    the    curve     i7  +  A;F=0    may   have    a    node,    we    must    have 

simultaneously 

S*(I^+&F)  =  0, 

Sy(tr+A?F)  =  0, 

B,(U  +  kV)=0, 

and  eliminating  (a?,  y,  z)  from  these  equations  we  have 

Disc^  (J7  +  A:F)  =  0, 

which  is  an  exjuation   of  the  degree  3  {n  —  1)*  as  regards  fc,  and  of  the  same  order  as 
regards  the  coefficients  of  U,  V  conjointly. 

19.  To  each    of   the    3  (n  —  1)*  values  of   k    there    corresponds  a    point    satisfying 

the  conditions   in  question,  and  which  is  therefore   a  node   of  the  corresponding   nodal 

curve 

U^kV=0; 

the  points  in  question  are  the  critic  centres  of  the  involution. 

20.  The  critic    centres  may  be    differently   obtained  as   follows;    viz.    if   from  the 
three  equations  we  eliminate  k,  we  find 


S^U,    SyU,    S,U 
S.F,    S,F,    S,F 


=  0, 


»  Phil,  Tram.  vol.  cxlviii.  (1868),  pp.  415—427,  [156]. 
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a  plexus  of  three  ounces,  each   of  them   of  the   order  2  (n  —  1) ;  any  two  of  the  three 

curves  intersect    in  4(m  — 1)*   points;    but   (n  — 1)*   of   these    do  not    lie  on   the  third 

curve;  the  remaining  3(w  — 1)'  of  them  lie  on  all  three  of  the  curves,  and  they  are 
the  critic  centres  of  the  involution. 

21.  More  generally  the  critic  centres  lie  on  any  curve  whatever  of  the  form 

a,        )8,        7    =0, 
S^U,    hyU,    B,U 
SxF,    SyF,    S,V 

and  any  such  curve,  viz.  any  curve  of  the  order  2(n  — 1)  passing  through  the  3(n  — ly 
critic  centres,  may  be  termed  a  diacritic  curve. 

22.  For  any  one  of  the  critic  centres  we  have 

S^U  :  ByU  :  B,U=B,V  :  SyV  :  8,F=fc  :  -1, 
which  gives  the  value  of  k  corresponding  to  the  point  in  question. 

23.  The  condition  in  order  that  the  equation  in  k  may  have  a  twofold  root  is 

Disc*.  Disc'.  (U+kV)  =  0, 
or  say 

n=o, 

where  Disc*.  Disc*.  (tT+XrF),  =0.  is  a  function  of  the  degree  2.3(n- l)«{3(n -1)«-1} 
in  regard  to  the  coefficients  of  U,  V  conjointly ;  but  it  is  separately  homogeneous,  and 
therefore  of  the  degree  3(n  — 1)*  {3(n  —  1)*  — 1}  in  regard  to  each  set  of  coefficients. 

24.  To  each  of  the  critic  centres  there  corresponds  a  value  of  k.  Hence  if  two 
of  the  critic  centres  coincide,  or  say  if  there  is  a  twofold  critic  centre,  the  equation 
in  k  will  have  a  twofold  root.  Now  first  if  the  curves  Cr=0,  F=0  touch  each 
other  (have  a  point  of  contact  or  twofold  intersection)  then  the  diacritic  curves  will 
all  touch  (have  a  point  of  twofold  intersection)  at  the  point  in  question,  which  is 
therefore  a  twofold  critic  centre.  It  may  be  remarked  in  passing  that  the  diacritic 
curves  do  not  at  the  twofold  critic  centre  touch  the  curves  tr=0,  F=0.  But 
secondly  the  diacritic  curves  may  touch  at  a  point  which  is  not  a  point  of  contact 
of  the  curves  D'  =  0,  F=0.  Such  a  point  is  a  twofold  critic  centre.  In  each  of 
these  two  cases  the  equation  in  k  has  a  twofold  root.  Moreover,  in  the  first  case 
the  curve  U-\-kV=0  corresponding  to  the  twofold  root  has  a  node  at  the  point  of 
contact  of  the  two  curves  17=0,  F=0;  in  the  second  case  the  curve  U+kV^O 
corresponding  to  the  twofold  root  has  the  twofold  centre  (not  a  mere  node  but)  a 
cusp.  And  thirdly,  without  any  twofold  critic  centre,  two  distinct  critic  centres  may 
give  by  the  equations 

the  same  value  of  k,  and  then  the  curve  f/'+A:F=0  corresponding  to  such  value  of 
k  is  a  curve  having  a  node  at  each  of  the  critic  centres  in  question,  that  is,  it  has 
two  nodes. 
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25.  First,  if  the  curves  11=0,  F=0  touch  each  other,  then,  (x,  y,  z)  being  the 
coordinates  of  the  point  of  contact,  we  have  Cr=0,  F=0, 

where  k^  denotes  the  value  given  by  the  equations 

belonging  to  the  point  of  contact.  It  at  once  follows  that  every  diacritic  curve  passes 
through  the  point  in  question.  But  it  is  somewhat  more  difficult  to  show  that  the 
diacritic  curves  touch  at  this  point. 

26.  I  represent  for  shortness  the  first  and  second  differential  coefficients  of  U  by 
(i,  M,  N),  (a,  b,  c,  /,  g,  h),  and  similarly  those  of  V  by  (i',  M\  IT),  (a\  h',  c,  f,  g\  K), 
these  values  all  belonging  to  the  point  of  contact:   we  have  therefore 


The  equation  of  the  diacritic  curve  is 


a  , 

fi  . 

7 

L, 

M. 

N 

L', 

M', 

N' 

=  0; 


to   find  the  tangent  we  must  operate  on  the  left-hand  side  with  XS^-^-YSy  +  ZSg,  where 
X,  T,  Z  are  current  coordinates.    Calling  the  foregoing  symbol  D,  this  gives 

=  0; 


or,  what  is  the  same  thing, 


a    , 

iS  , 

1 

+ 

a  ,      /8  ,       7 

L  , 

M  , 

N 

DL,    DM,    DN 

DL', 

DM", 

DN' 

L' ,     M' ,    N' 

thing, 

a  , 

ff  , 

1 

— 

a,      /3  .      7 

L  , 

M 

N 

L',     M ,     N' 

DL', 

DM', 

Dir 

DL,    DM,    DN 

=  0; 


or,  substituting  in  the  first  determinant  for  L,  M,  N  their  values  —  kL',  —  kM',  —  kN', 
and  transferring  the  factor  A;,  from  the  second  to  the  third  line,  we  obtain 


a    .      iS    .      7 
L'    ,     M  ,     N' 

k,DL',  k,DM',  hDJi 


Jl 


a  ,      /3  ,      7     =0, 
L',     M'.     N'  ' 
DL,    DM,    DN . 
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which  may  also  be  written 


a 

L' 

DL  +  k\DL' 

symmetrically,  6 

a 

L  +  6L' 

DL  +  k,DL' 

M' 
DM  +  kDAT 


7 

DN  +  k,DN 

it   18 

7 

N+eir 

DN+hDN' 

=  0 


=  0; 


=  0. 


/3 
M  +  0M' 
DM+k,DM'      , 

or,  substituting  for  D  its  value,  the  equation  of  the  tangent  is 

L+ei'        ,        M+eM'       ,        N+eir 

(a  +  ka',.^X.  Y.  Z),  (h  +  kh',.^X,  Y,  Z),  {g  +  k^,?iX,  Y,  Z) 

27.  Now  if  the  diacritics  touch,  this  equation  should  be  independent  of  a,  /3,  7- 
Putting  for  shortness  a-^-kya'  =  a,  &c.,  and  also  taking  as  we  may  do  0=^0,  the  parts 
multiplied  by  a,  /9,  7  respectively  are 

M{gX  +/Y  +  cZ)-N{hX  +  bY +fZ), 
N  (aX  +hY+gZ)-L(gX  +/Y  +  cZ), 
L  (hX  +  bY  +/Z)  -M(aX  +  hY+  gZ), 


and  we  ought  therefore  to  have 

Mff  -  Nh 
=  Na  —  Lg 
=  Lh-  Ma 


Mf-Nh 
Nh-Lf 
U  -  Mil 


Mc-Nf 
Ng-Lc 
Lf  -  Mg. 


equations    which   are    in    fact    satisfied ;    for   take   any   one    of  them,   for   example,  the 
equation 

Na-^Lg"  Nh-Lf 
this  is 

MN  (gh  -  of)  -  N'  (A«  -  ab)  -  LM(/g  -fg)  +  LN(Jh-bg)^0. 

or,  omitting  the  term  in  LM,  and  throwing  out  the  £a^tor  iV, 
But  the  equations  L-^kL'  = 


0. 

&c.,  give 

ax  +  hy  +  gz 

=  0, 

hx  +  by  -^fz 

=  0. 

gx+fy  +CZ 

=  0, 
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that  is 

X  :  y  :  z^hc  — /'  :  fg  —  ck  :  hf—bg 

—fg  —  ch  :  ca—g^  :  gh  —  af 

—  hf  —  hg  :  gh  —  af  :  ah  —  h\ 

so  that   the  above  written  equation  is  Lx'\'My  +  Nz  =  0,  which  is  true  in  virtue  of  the 
equation  Z7  =  0;  and  similarly  for  all  the  other  equations  which  were  to  be  verified. 

28.  It  is  to  be  noticed  that  the  determination  of  the  tangent  of  the  diacritics 
depends  only  on  the  second  dififerential  coefficients  (a,  b,  c,  /,  g,  h),  {a\  b\  c',  /',  g\  h% 
of  U,  V.  The  tangent  in  question  will  be  the  same  if  instead  of  the  curves,  J7  =  0, 
F  =  0  we  have  the  conies  (a,  b,  c,  /,  g,  k'^x,  y,  zf  =  0,  (a,  b\  c\  f,  ^,  A'$a?,  y,  z^  =  0 : 
these  conies  pass  through  the  point  of  contact  of  the  two  curves,  and  their  tangents 
are  coincident  with  those  of  the  two  curves  17'=  0,  F=0  respectively;  that  is,  the 
conies  touch  at  the  point  in  question.  They  consequently  intersect  in  two  more  points; 
the  chord  of  intersection  or  line  joining  the  last-mentioned  two  points,  meets  the 
common  tangent  in  a  point;  the  polars  of  this  point  in  regard  to  the  two  conies 
respectively,  pass  through  the  point  of  contact,  and  moreover  they  are  one  and  the 
same  line;  this  line  is  the  required  tangent  of  the  diacritics.  The  proof  will  be 
given,  'posty  No.  41. 

29.  Let  i2  =  0  be  the  condition  in  order  that  the  two  curves  U==0,  F=0  may 
touch  each  other,  or  say  let  R  be  the  Tactinvariant  of  U,  V,  When  the  curves 
U,  V  are  of  the  degrees  m,  n  respectively,  then  jR  is  of  the  degrees  n  (2m  +  n  —  3), 
m  (m  +  2n  —  3)  in  regard  to  the  coefficients  of  U,  V  respectively.  Hence  in  the 
present  case  where  U,  V  are  each  of  the  degree  w,  JB  is  of  the  degree  3n  (n  —  1)  in 
regard  to  each  set  of  coefficients. 

30.  Seco7idly,  if  the  functions  U,  V  are  such  that  there  exists  a  curve  U  +  kV=^0 
(say  the  curve  £7'-|-ijF=0)  which  has  a  cusp,  then  it  is  to  be  shown  that  A?  =  ii  is 
a  twofold  root  of  the  equation  in  k;  and  to  do  this  it  has  to  be  shown  that  the 
cusp  is  a  twofold  critic  centre;  or  that  the  diacritic  curves  touch  at  the  cusp:  it 
may  be  added  that  the  cuspidal  tangent  is  the  common  tangent  of  the  diacritic 
curves.  Now  the  cuspidal  curve  being  U-^kiV^O,  then  at  the  cusp  the  first  derived 
functions  L-^-k^Ly  M  +  kiM\  N+kiN'  vanish  identically;  and  moreover  the  second 
derived  functions  a  +  ia',...  are  such  that  (X,  Y,  Z)  being  any  magnitudes  whatever, 
(a  +  A?ia',...][-3r,  F,  i^'  is  a  perfect  square,  =(\Z'  +  /iF+i'^  suppose.  Now  X,  F,  Z 
being  current  coordinates,  and  D  denoting  the  operation  Z)  =  XSje+ FSy+^S,,  the 
equation  of  the  tangent  to  the  diacritic  curve  (by  an  investigation  similar  to  that  for 
this  same  tangent  in  the  case  first  above  considered)  is  found  to  be 


a  ,  y3  ,  7 

L-^-dU  ,  M  +  dM  ,  N^-dN' 

{a  +  h(i\''\X,  F,  Z),      (A-hA:,A',..$Z,  F,  Z),      (gr  +  Ar^, . .$X,  F,  Z) 


=  0, 


C.   V. 
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and  we  have 

and  similarly  the  values  of  (h  +  kji', .  .$X,  T,  Z)  and  {g  +  k^, .  .$ J,  F,  Z)  are 

=  /A  (XZ  +  /aF+  i/Z)  and  =  v  (XJT  +  /*F+  vZ)  respectively. 

Hence  the  equation  of  the  tangent  to  the  diacritic  curve  is 

XZ  +  /aF+ i^Z  =  0, 

that  is,  the  tangent  being  independent  of  the  values  of  (a,  fi,  y)  is  the  same  for  all 
the  diacritic  curves,  and  is  the  tangent  at  the  cusp  of  the  cuspidal  curve  U+kiV=0. 

31.  The  conditions  in  order  that  the  curve  Tr=»Cr+A:F=sO  may  have  a  cusp  are 
given  by  a  plexus  equivalent  to  three  relations  between  the  coefficients  a  +  kaf, . .  of 
W,  and  using  for  a  moment  ff  to  denote  the  degree  of  the  plexus  or  system,  then 
eliminating  k  between  the  equations  of  the  plexus  we  find  between  the  coefficients 
a,...  of  U  and  the  coefficients  a\  ..,  of  F  an  equation  Q=:0  of  the  degree  /3  in 
regard  to  the  two  sets  of  coefficients  respectively.  Conversely,  given  the  equation 
Q=0,  we  may  find  the  plexus  between  the  coefficients  a  +  &a^...  of  W.  The  value 
of  0,  as  will  be  shewn  post,  Annex,  is 

=  12(n-l)(n-2). 

32.  ThirMy,  vfhen  the  functions  J7,  Fare  such  that  there  exists  a  curve  J7+ifcF=0 
(suppose  the  curve  tr+A^F=0)  which  has  a  pair  of  nodes;  each  of  these  nodes  is  a 
critic  centre,  and  (by  means  of  the  equation  —k:l=8xU:BxV)  gives  the  value  ki 
of  k,  that  is,  A^i  is  a  twofold  root  of  the  equation  in  k, 

33.  The  conditions  in  order  that  the  curve  Tr=tr+fcF=0  may  have  a  pair  of 
nodes  are  given  by  a  plexus  of  the  degree  a;  then  the  coefficients  being  a  +  ka',...  if  we 
eliminate  k  between  the  equations  of  the  plexus,  we  find  between  the  coefficients  a,... 
of  U  and  a',...  of  F  an  equation  P  =  0  of  the  degree  a  in  the  two  sets  of  coefficients 
respectively.  And  conversely,  given  the  equation  P  =  0,  we  may  find  the  plexus  between 
the  coefficients  a-^ka^...  of  W.  I  have  not  succeeded  in  finding  directly  the  value 
of  a,  but  only  derive  it  firom  the  equation  D  =  -KQ'P*,  which  if  a  had  been  found 
independently,  would  have  been  verified  by  means  of  such  value  of  a ;  the  value  is 
a  =  i.3(n-l)(n-2)(3n»-3n-ll). 

34.  The  equation  D  =  0  is  satisfied  if  JB  =  0,  or  if  Q  =  0,  or  if  P  ==  0,  and  it  may 
be  seen  that  it  is  not  satisfied  in  any  other  case.  Hence  D  is  made  up  of  the  factors 
P,  Q,  R,  and  I  assume  that  its  form  is  the  same  as  in  the  case  of  a  binary  quantic, 
that  is,  that  we  have 
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35.  Comparing  the  degrees  of  the  two  sides  we  have 

3(w-l)«(3n«-6n  +  2)=       3w(n-l) 

+  86(w-l)(n-2) 
+    3(w-l)(n-2)(3n«-3n-ll); 
or,  what  is  the  same  thing, 

(n-l)(3ri»-6n  +  2)=  n 

+  12(n-2) 

+      (w-2)(3n«-3n-ll), 

which  is  true,  but,  as  just  remarked,  this  equation  itself  was  used  to  find  the  value 

a  =  i  .  8  (w  -  1)  (n  -  2)  (Sn^  -  3n  -  11). 

36.  Recapitulating,  the  equation  in  k  will  have  a  twofold  root 

1°,  if  jB  =  0,  that  is,  if  the  curves  Cr=0,  F=0  touch  each  other,  and  in  this 
case  there  is  a  twofold  critic  centre  at  the  point  of  contact : 

^  2°,  if  Q  =  0,  that  is,  if  there   be  a   curve    [7  +  ^7  =  0   having  a  cusp,  and  in  this 
case  the  cusp  is  a  twofold  critic  centre: 

3°,  if  P  =  0,  that  is,  if  there  is  a  curve  Cr+fcF=0  having  a  pair  of  nodes. 

37.  The  three  cases  may  be  geometrically  illustrated  by  supposing  that  the  curves 
U=0,  F=0  are  in  the  first  instance  nearly,  but  not  exactly,  in  the  several  relations 
in  question. 

First,  if  the  curves  17=0,  F=0  are  about  to  touch  each  other,  that  is,  if  there 
are  two  points  of  intersection  about  to  coincide  with  each  other.  There  are  here 
two  critic  centres  in  the  neighbourhood  of  the  two  points  of  intersection,  and  which, 
when  the  two  points  of  intersection  become  a  point  of  contact,  coincide  each  with  the 
point  of  contact. 


39—2 
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Secondly,    when    the    curves    are    such    that    there    are    two   critic    centres    which 
become  ultimately  a  twofold  centre. 


And,  thirdly,  when  the  curves   are  such    that  there  are    two  critic  centres  which 
remaining  distinct  from  each  other  belong  ultimately  to  the  same  critic  curve. 


38.  The  curves  1  and  2  in  the  left-hand  figures  respectively  represent  the  nodal 
curves  corresponding  to  slightly  different  values  of  k,  which  in  the  right-hand  figures 
respectively  give  the  curve  corresponding  to  a  twofold  value  of  £.  In  the  first  pair 
of  figures  the  curves  Cr=0  and  F=0,  about  to  touch  in  the  left-hand  figure,  touching 
in  the  right-hand  figure,  are  shown  by  dotted  lines.  It  will  be  observed  that  in  the 
second  case  in  the  left-hand  figure  the  two  nodes  which  give  rise  to  a  cusp  are  the 
one  of  them  an  acnode  and  the  other  a  crunode;  this  is  in  fact  the  only  mode  of 
drawing  the  figure  so  that  a  cusp  shall  present  itself  The  transition  of  form  is  one 
of  ordinary  occurrence  in  cubic  curves  and  in  curves  of  a  higher  order;  thus  if 
y9  =  (a?  —  a)  (x  —  6)  (a?  -  c),  where  a  <  6  <  c,  then  if  a  =  6,  we  have  an  acnodal  curve, 
if  6  =  c  a  crunodal  curve,  and  if  a  =  6  =  c  a  cuspidal  curve. 

39.  In  the  case  of  two  conies,  n  =  2.  We  have  here  simply  0=22,  where  12  =  0 
is  the  condition  in  order  that  the  two  conies  may  touch  each  other.  The  nodal  curves 
are  of  course  the  three  pairs  of  lines  passing  through  the  points  of  intersection  of 
the  two  conies,  and  the  nodes  of  these  curves,  or  critic  centres,  are  the  centres  of 
the  quadrangle  formed  by  the  four  points  in  question;  or,  what  is  the  same  thing, 
they  are  the  system  of  conjugate  points  common  to  the  two  conies,  viz.  the  points 
which  are  such  that  the  polar  of  one  of  them  taken  with  respect  to  either  of  the 
conies  is  the  line  joining  the  other  two  of  them.  The  diacritics  are  any  conies 
passing  through  the  three  points. 
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40.  If  the  two  conies  are 

(a,  6,  c,/,  g,  h\x,  y,  2r)»  =  0, 
(a',  h\  c\  /,  ^,  K^x,  y,  z^  =  0, 
and  if  the  determinant  formed  with  a  +  ka\  &c.,  is  denoted  by 

(z,  e,  e',  K\i,  ky, 

so  that 

K  :=:ahc     -  a/*  -65r»  -cA«  +  2fgh, 

e  =  a'  (6c  -   /«)  +  &c., 

e'  =  a(6V-  /'0  +  &C., 

Z  =  a'6V  --  a'/ '«  -  6y«  -  c'A'«  +  2/yA', 

then  the  before-mentioned  equation  D  =  JB  =  0  which  gives  the  condition  that  the 
conies  may  touch  is 

Disc'.  (K,  e,  e',  ir'$i,  ky^o, 

where  the  left-hand  side  is  of  the  order  6  in  the  coefficients  of  the  two  conies 
respectively:  this  is  a  known  formula. 

41.  If  the  equation  in  k  have  a  twofold  root  the  two  conies  will  touch:  two  of 
the  critic  centres  will  then  coincide  at  the  point  of  contact,  or  this  point  is  a 
twofold  critic  centre:  the  remaining  or  onefold  critic  centre  is  the  intersection  of  the 
common  tangent  and  of  the  line  joining  the  two  points  of  intersection  of  the  conies. 
In  virtue  of  the  general  property,  the  first-mentioned  two  centres  must  be  considered  as 
lying  on  the  line  which  is  the  polar  of  the  onefold  critic  centre  in  regard  to  either  of 
the  conies.  The  diacritics  pass  through  the  critic  centres,  that  is,  they  pass  through 
the  onefold  centre,  and  touch  the  polar  in  question  at  the  point  of  contact  of  the 
two  conies,  or  twofold  critic  centre;  this  is  in  fact  the  property  mentioned  ante,  No.  28. 

42.  The  equation 

Disc^  Disc*.  (i7  +  ifcF)  =  0, 

as  applied  to  a  conic  and  a  circle  leads  at  once  to  the  equation  of  the  curve  pcurallel 
to  a  given  conic;  such  parallel  curve  is  in  {a^ct  the  envelope  of  the  circles  of  a  given 
constant  radius  which  touch  the  given  conic.  This  method  is  in  effect  due  to 
Dr  Salmon,  who  applied  the  corresponding  theorem  in  aolido  to  the  determination  of 
the  surfistce  parallel  to  an  ellipsoid. 

Annex,  referred  to  No.  31.    Investigation  of  the  order  of  the  plexus  or  system 

for  the  existence  of  a  Cusp, 

Considering  for  a  moment  the  curve 

tr=(»$^,  y,  z)»  =  0,  let  (Z,  if,  N),   (a,  6,  c, /,  g,  h) 

be  the  first  and  second  differential  coefficients  of  U;  (A,  B,  C,  jP,  G,  H)  the  inverse 
system,  viz.  A  ^bc—f\  &c.     At  a  cusp  we  have 

Z  =  0,  if  =  0,  N=:0,  ^  =  0,  5  =  0,  (7  =  0,  jP=0,  G  =  0,  J5r=0, 
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a  system  of  equations  which  is  contained  in  the  system,  Z«0,  if«»0,  N^O,  A^O, 
But  this  system  contains  besides  the  cusp  system  the  irrelevant  system  L^O,  M^O^ 
i\r=0,  «*  =  0.     In  feet  the  equations  Z  =  0,  Jf=0,  N^O  give 

CLX'^hy  +  gz^'O, 
hx  +  by+fz^O, 

gsD  -^rfy  +  c^  =  0, 
and  thence 

a^  :  f/^  :  2^  :  yz  :  zx  :  xy  ^  A  :  B  :  C  :  F  :  0  :  H, 

Hence  the  equation  il »  0,  i{  ai^^O,  implies  the  entire  system 

A^O,  5  =  0,  (7  =  0,  F^O,  0  =  0,  H^O. 

But  if  Z  =  0,  Jlf  =  0,  2\^  =  0,  ic*  =  0,  then  these  equations  give  -4  =  0  (and  also  ir=0, 
G  =  0),  but  they  do  not  give  the  remaining  equations  B  =  0,  (7=0,  F^O.  Or  the 
same  thing  may  be  shown  in  a  less  symmetrical  form,  but  more  clearly  thus;  we 
have  identically 

—  ex  (aa  +  hy+  gz)  +  Qix  ^fz)  (Jix  +  by  +fz)  +  bz  (gx  -^fy  +  or)  —  (6c  — /*)  s^  +  (a6  '-h?)a^  =  0, 

whence  the  equations  Z  =  0,  Jf=0,  JV=0,  A  =0  give  (7ic»=0,  that  is,  (7=0,  or  a:"  =  0. 
But  the  equations  Z  =  0,  Jlf  =  0,  iV  =  0,  -4=0,  (7  =  0  give  (as  it  is  easy  to  show)  the 
entire  system  ^  =  0,  5  =  0,  (7  =  0,  jF*=0,  G  =  0,  J5r=0.    That  is,  the  system 

Z  =  0,  if«0,  ^^=0,  ^  =  0 

is  made  up  of  the  cusp  system,  and  of  the  system  (X  =  0,  if=0,  iV=0,  -4=0,  «*  =  0); 
or  since  -4  =  0  is  a  consequence  of  the  other  equations,  the  second  system  is 

(Z  =  0,  Jtf=0,  i\r=0,  a:»  =  0). 

Consider  now  the  curve  Xi7  +  /Afr  +  i/Cr'  =  0,  which  will  have  a  cusp  if  the  ratios 
X  :  /A  :  1/  are  properly  determined.  And  to  each  set  of  values  of  X  :  /i  :  i/  there  corre- 
sponds a  set  of  values  (x,  y,  z\  the  coordinates  of  a  cusp  of  the  curve;  so  that  the 
number  of  such  sets,  that  is,  the  number  of  points  each  whereof  is  the  cusp  of  a 
corresponding  curve  \U -\- fiV-V  vW^O  is  precisely  equal  to  the  number  of  sets  of 
values  of  X  :  /i  :  1/  :  or  it  is  equal  to  the  order  of  the  system  of  conditions  for  the 
existence  of  a  cusp. 

Denoting  as  before  the  first  and  second  differential  coefficients  of  U  by 

Z,  -If,  N,  a,  6,  c,  /,  g,  A, 

and  those  of  [T,  IT"  in  a  corresponding  manner,  and   taking  for  the  cusp  the  system 
before  represented  by  Z  =  0,  JT  =  0,  -ZV  =  0,  -4=0,  we  have 

XZ  +/aZ'  +vL"  =0, 

xitf+AAir+i/if''  =  o, 

XN  +  iiN'  +  vIf'^O, 

m 

QJ}  +  fib'  +  vb")  (Xc  +  /ic'  +  vc")  -  (\f+  iif  +  v/y = 0, 
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which  last  equation,  to  denote  that  it  is  of  the  second  order  in  regard  to  the  differential 
coefficients  a,  6,  &a,  a\  &c.  I  represent  by 

((a,  6,  ...)«$X,  /i,  vy^O. 

But  this  sjTstem  of  four  equations  contains  not  only  the  cusp  system,  but  the 
system  made  of  the  three  linear  equations  and  the  equation  a^^O.  Eliminating 
X,  fi,  V,  the  last-mentioned  system  is 


L,    L\    Z" 
if,    M\    M" 

N,    N\    N" 


=  0,  a;»  =  0, 


where  the  first  equation  is  that  of  a.  curve  of  the  order  3(n  — 1).  And  the  two 
equations  give  together  6  (n  —  1)  points,  viz.  the  points  of  intersection  of  the  curve  by 
the  line  a;  =  0,  each  reckoned  as  a  twofold  point. 

Returning  to  the  first-mentioned  system,  this  may  be  replaced  by 


i,    L\    L" 
M     AT     M" 


0,  ((a,  h,.:f§JJW'-L"M,  UM-'LM',  LAT^L'My^O, 


which   are   curves  of   the  orders  3  (n  —  1)   and   6n  —  8  respectively, 
curves  passes  through  the  3(n  — 1)*  points  given  by  the  equations 

z,  L\  r 


But  each   of  these 


2f,    Jf,    M" 


=  0, 


and  these  points  are  moreover  nodes  on  the  curve  of  the  order  6n  —  8 ;  hence  the 
points  in  question  reckon  as  6.(n  — 1)*  intersections  of  the  two  curves.  The  number 
of  the  remaining  intersections  is 

3(n-l)(6n-8)-6(n-l)«  =  6(n-l)(3n-4-(7i-l))  =  6(n-l)(2n-3), 

but  among    these  are    included    the    6(n  — 1)  intersections   of   the  curve  of   the   order 

3(n— 1)  by  the  twofold  line  a^=^0\  or,  subtracting  these,  the  number  of  the  remaining 

points  is 

6(n-l)(2n-3-l)  =  12(n-l)(n-2); 

which  number  is  consequently  the  order  of  the  cusp  system. 

It  may  be  remarked  that  considering  the  entire  series  of  equations  at  first  denoted 
by  (Z  =  0,  if  =  0,  N=^Ol  (il=0,  5  =  0,  0=0,  ^=0,  G  =  0,  J3'  =  0),  the  elimination  of 
X,  /i,  1/  from  the  three  linear  equations  gives  as  before 


Z,    L\    Z" 

if,    if    if' 


=  0, 
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which  is  a  curve   of  the  order  3(n— 1):  and   the  eliminating  of  X*,  fi*,  y*,  fuf,  v\\ft 
from  the  six  quadric  equations  gives 


he  -/«,  6V  -/'«,  6  V  -/">,  bY  +  6  V  -  2ff\  b"c  +  6c"  -  2ff\  b<^  +  b'c-  iff 
ca  —  ^t  &c., 


=  0, 


which  is  a  curve  of  the  order  12(n  — 2);  the  two  curves  would  intersect  in 
36(n-l)(n  — 2)  points,  but  as  this  is  precisely  three  times  the  number  12(n  — l)(n-2), 
I  infer  that  these  are  in  £a^t  the  12(n— l)Oi  — 2)  points  three  times  repeated,  that 
is,  that  each  of  these  is  a  point  of  threefold  intersection  of  the  two  curves. 

Cambridge,  7tli  November,  1863. 


349] 


313 


349. 


ON    A    CASE    OF    THE    INVOLUTION    OF    CUBIC    CURVES. 


[From  the  Transdctions  of  the  Cambridge  Philosophical  Society,  vol.  XL  Part  I, 

(1866),  pp.  39— 80.— Read  22  February,  1864.] 

The  present  memoir  relates  to  the  involution 

xyz  +  A;  (a:  +  y  +  ^)*  (Xa?  +  fty  +  vz)  =  0, 

viz.  treating  x,  y,  z  as  coordinates,  and  A;  as  a  variable  parameter,  this  equation 
represents  the  series  of  cubic  curves  passing  through  the  intersections  of  the  two  cubics 

xyz  =  0,     (x -^ y  -^  zy  (\x -\'  fiy  +  pz)=:0  ; 

or,  what  is  the  same  thing,  the  line  a?  +  y  +  ^  =  0  meets  any  cubic  of  the  series  in 
three  points  the  tangents  at  which  are  ^  =  0,  y  =  0,  ^  =  0,  and  these  tangents  again 
meet  the  cubic  in  three  points  Ijong  on  the  line  \x  +  fiy  -{'  vz^^O;  so  that  in  the 
language  which  I  have  used  elsewhere,  the  lines  x  +  y  +z  =  0,  Tus-^  fiy-i- pz=0  are  in 
regard  to  the  cubic  a  primary  and  a  satellite  line  respectively.  The  investigation  (which 
is  a  development  of  two  short  papers  already  published  in  the  Philosophical  Magazine)^) 
was  undertaken  in  order  to  applying  it  to  the  explanation  and  discussion  of  Plucker  s 
Classification  of  Curves  of  the  Third  Order;  but  such  application  will  properly  be  made 
in  a  separate  memoir.  On  the  CUissificaiion  of  Cvbic  Curves,  and  it  has  also  appeared 
to  me  convenient  to  give  therein  the  discussion  of  the  geometrical  forms  of  certain 
loci  which  present  themselves  in  the  present  memoir. 

I  remark  that  the  involution  int.ended  to  be  here  considered  is  a  case  of  the  more 
general  one  £7'+iF=0,  where  17=0,  F  =  0  are  any  two  cubic  curves  whatever.  It  appears 
from  my  memoir  On  the  Theory  of  Involution,  [348],  that  the  equation.  Disc'.  (£7'+iF)=0, 
which   determines   the   critic   values  of  4   is   in   the  general   case   of  the   order   12 ;   the 

1  On    the   Cubic   Centres    of    a    Line    with    respect    to    Three    Lines    and    a    Line. — Phil,    Mag,    t.    xx. 
pp.  41S— 423  (1S60),  [257].    Ditto,  Second  Paper,  t.  xxii.  pp.  433—486  (1861),  [315]. 

c.  V.  40 
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special  case  is  however  in  the  present  memoir  treated  irrespectively  of  the  general  one, 
and  the  equation  for  the  critic  values  of  A;  is  found  to  be  of  the  order  3;  this  of 
course  means  that  the  equation  of  the  order  12  breaks  up  into  two  equations  of  the 
orders  9  and  3  respectively,  but  I  have  not  attempted  to  show  how  the  decomposition 
and  reduction  arise.  Moreover,  in  the  general  case  the  equation,  Disc*.  Disc*.  (J7+ifeF)=0, 
which  is  the  condition  for  the  existence  of  a  twofold  critic  value,  presents  itself  in 
the  form  jRQ*P"«0,  where  jB«0  is  the  condition  that  the  two  cubics  {U^O,  F=0) 
shall  touch  each  other;  Q»0  the  condition  that  there  shall  be  in  the  involution 
U+kV^O  a  curve  having  (not  a  mere  node  but)  a  cusp;  and  P  =  0  the  condition 
that  there  shall  be  a  curve  having  two  nodes,  or  (what  is  the  same  thing)  breaking 
up  into  a  line  and  conic.  But  in  the  special  case,  which,  as  already  noticed,  is  here 
considered  irrespectively  of  the  general  one,  the  equation  Disc*.  Disc*.  (U-^kV^^O,  for 
the  existence  of  a  twofold  critic  value  presents  itself  in  the  reduced  form  Q^O,  giving 
the  condition,  that  corresponding  to  the  twofold  critic  value  there  shall  be  a  curve 
having  (not  a  mere  node  but)  a  cusp. 


Article  Nos.  1  to  18,  Explanations,  Definitions,  and  Results. 

1.  I  consider  the  involution 

xyz  +  A  («  +  y  +  -»)*  (Xac  +  /iy  +  ve)  =  0, 

where  x^O,  y^O,  z^O,  a;  +  y  +  '7='0  may  be  considered  as  representing  any  four  lines 
no  three  of  which  meet  in  a  point,  and  Xic  +  /Li^  +  i/z  » 0,  as  representing  any  fifth  line 
whatever :  ifc  is  a  variable  parameter.  The  lines  a?  +  y  +  -r  =  0,  Xa?  +  /i^y  +  i/^  =  0,  are  a  pri- 
mary line  and  a  satellite  line  of  any  cubic  of  the  series,  viz.  the  tangents  a?  =  0,  y  =  0,  -?  =  0, 
at  the  points  of  intersection  with  the  primary  line  a?  +  y  +  -?«0,  meet  the  cubic  in 
three  points  lying  on  the  satellite  line  \x  +  fiy  -^-pz^^O. 

2.  A  critic  value  of  A?  is  a  value  for  which  the  corresponding  curve 

xyz  +  i  (a:  +  y  +  ^)*  (^  -\-  fiy  +  vz)  =^  0 
has  a  node;  and  such  node,  or  say  rather  the  site  of  such  node,  is  a  critic  centre. 

3.  The  critic  values  of  k  are  in  effect  determined  by  a  cubic  equation,  and  the 
coordinates  of  the  critic  centre  are  then  given  rationally  in  terms  of  k;  there  are 
consequently  three  critic  values  of  k]  and  the  same  number  of  critic  centres,  and  of 
nodal  curves:  it  is  however  found  to  be  convenient  to  express  as  well  the  critic  value 
of  k,  as  the  coordinates  of  the  critic  centre,  rationally  in  terms  of  an  auxiliary  para- 
meter 0  which  is  given  by  a  cubic  equation. 

4  The  cubic  equation  in  A;  (or  what  is  the  same  thing,  that  in  6)  may  have  a 
twofold  root  (pair  of  equal  roots);  or,  say  rather,  it  may  have  a  twofold  root  and  a 
one-with-twofold   root:   corresponding   to  the  twofold  value  of  k  we  have  a  twofold  critic 
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centre,  which  is  not  a  mere  node  but  a  cusp  on  the  cubic,  or  instead  of  a  merely 
nodal  cubic  we  have  a  cuspidal  cubic ;  and  corresponding  to  the  one-with-twofold  value 
of  k  we  have  a  one-with-twofold  critic  centre,  being  of  course  a  mere  node  on  the  nodal 
cubic. 

5.  In  the  case  in  question  of  a  twofold  and  one-with-twofold  value  of  k,  the  line 
\x  -j-fiy  +  vz^  0,  or  say  the  satellite  line,  envelopes  a  curve  which  might  be  termed  the 
twofold  and  one-with-twofold  envelope,  but  which  is  spoken  of  simply  as  the  envelope. 

The  locus  of  the  twofold  centre  is  a  curve  which  is  called  the  twofold  centre  locus. 

The  locus  of  the  one-with-twofold  centre  is  a  curve  which  is  called  the  one-with- 
twofold  centre  locus. 

These  definitions  premised,  the  following  results  may  be  stated; 

fi.     The  equation  in  0  may  be  represented  in  the  three  equivalent  forms 

0+\   e+/i   e+v   0     ' 

$  +  \^$  +  ^,^0  +  v  ' 

0*  -0(jjLV  +  p\+\fi)-^l*v  =  O. 

7.  The  critic  value  of  k  and  the  coordinates  of  the  critic  centre  are  then  given 
by  the  equations 


Jfc  = 


{0  +  \)(0  +  /i){0  +  v)' 


x:y:z:  x+y  +  z  :  Xx  + /*y  +  w  =  ^-^-^  ;  ^_  :__:_:  1. 
8.     The  condition  for  a  twofold  and  one-with-twofold  value  of  A:  is 

or,  what  is  the  same  thing, 

(fiv  +  v\  +  XfiY  -  27XVV  =  0, 

which  equations  may  either  of  them  be  considered  as  the  line-equation  of  the  envelope. 
The  equation  in  the  coordinates  (x,  y,  z),  or  point-equation  of  the  envelope  is 

or,  in  its  rationalised  form, 

'¥6(yV  +  z^ai^-i'a^i/^)-124!(a^z  +  xy^Z'¥xyz^)^0, 

40—2 
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9.  The  equation  of  the  twofold  centre  locus  is 

or,  in  its  rationalised  form, 

«■  +  3^  +  ^ -  2yr- 2m?- iry  =  0 ; 

the  curve  is  therefore  a  conic,  and  it  may  be  spoken  of  as  the  twofold  centre  conic. 

10.  The  equation  of  the  one-with-twofold  centre  locus  is 

^  +  y*  +  ^  —  (y^  +  J^z  +  zoc^  +  2^x  +  x\^  +  ahf)  +  ^acyz  ■«  0, 

the    curve    is    therefore    a    cubic,  and    it   may  be   spoken    of   as   the   one-with-twofold 
centre  cubic. 

11.  The  before-mentioned  equation  \"*  +  fi"*  +  v"*  =  0  is  satisfied  by 

where  a  +  /3  +  7  -  0,  and  it  is  very  convenient  to  introduce  these  quantities  a,  /9,  7  into 
the  formulae. 

12.  The  equation  of  the  satellite  line  giving  a  twofold  and  one-with-twofold  centre  is 

a«^/i»^7»     ^' 
the  coordinates  of  the  point  of  contact  with  the  envelope  are  x  \  y  \  z^o^  \  P^  \  ^. 

The  equation  in  6  gives  ^1  =  ^j  =  — -r-  for  the  values  corresponding  to  the  twofold 

2 

centre;  and  ^,  =   -^  for  the  value  corresponding  to  the  one-with-twofold  centre. 

The  coordinates  of  the  twofold  centre,  or  cusp,  are  a:  :  y  :  ^  =  a*  :  /S*  :  7*. 
The  coordinates  of  the  one-with-twofold  centre,  or  node,  are 

a?  :  y  :  ^  =  a»(/9-7)  :  I3*(y-a)  :  7»(a-/9). 
The  equation  of  the  tangent  at  the  cusp  is 

The  equation  of   the  line  joining  the  cusp  and  the  node,  which   line   is  also  one  of 

the  tangents  at  the  node  is 

X     y      z     ,^ 

a     P     7 


The  equation  of  the  other  tangent  at  the  node  is 


(2^7  +  aO  ^  +  (27Ct  + /9^)  I  +  (2cty8  +  7')  -  =  0. 


349]  ON    A    CASE    OF   THE    INVOLUTION    OP   CUBIC   CURVES.  317 

13.     Considering  the  critic  centre  corresponding  to  a  root  0  of  the  cubic  equation, 
the  equation  of  the  line  joining  the  other  two  critic  centres  is 


which   is   the    polar   of    the    critic  centre   in   regard   to   the   twofold   centre    conic.     The 
critic  centres  ai'e  consequently  conjugate  poles  in  regard  to  the  twofold  centre  conic. 

14.  The  equation  of  the  tangents  at  the  critic  centre  considered  as  a  node  of  the 
corresponding  cubic  curve  is 

(«  +  4X.  d+4/t.  0  +  4...  -e-^,  -^-^-f'  -^-^■^)<^'  y-  '>'  =  <^- 

15.  The  last-mentioned  formulae  lead  to  some  which  involve  the  three  critic  centres 
viz.  if  X  =  0,  F  =  0,  ^  =  0  are  the  equations  of  the  sides  of  the  triangle  formed  by 
the  critic  centres,  then  the  equations  of  the  tangents  at  the  three  critic  centres 
respectively  are  of  the  form 

AX^-\-B7^       .    =0, 

so    that    the    tangents    in    question    are    in    fact    the    tangents    from    the    three    nodes 
respectively  to  the  conic 

the  three    nodes   or  critic   centres  being  thus  conjugate   poles   in   regard   to    the    conic, 
this  is  called  "the  three  centre  conic." 

16.  The  equation  of  a  nodal  cubic  is  also  expressible  in  a  simple  form  in  terms 
of  the  new  coordinates  X,  F,  Z,  In  the  formulae  for  these  transformations,  and  indeed 
throughout  the  memoir,  the  three  roots  of  the  equation  in  0  are  represented  by 
0ii  02y  ^3,  and  I  write  also 

&1  =  ^2  —  ^8,       ^a  =  Vs  —  ^1 ,       ts  ~  ^1  —  0^, 

17.  If  \a  +  /i  6+ i/c  =  0,  that  is,  if  (a,  6,  c)  are  the  coordinates  of  a  point  on  the 
line  \x-\-  ^y-\'vz  =  0,  then  the  critic  centres  lie  on  the  cubic 

a     h     c^2(a  +  6  +  c)_^ 
X     y     z        x-\-y-\-z         ' 

or,  what   is   the   same   thing,  this   curve   is   the  locus  of  the  critic  centres  corresponding 
to  the  several  lines  Xx-^  pLy-\-vz  —  0  through  the  point  (a,  6,  c). 


318  ON    A   CASE    OF    THE   INVOLUTION   OF   CUBIC    CURVES.  [349 

18.  In  particular,  taking  in  succession  for  the  point  (a,  b,  c)  the  point  of  inter- 
section of  the  line  Xa?  +  fty  +  vr  —  0,  with  the  lines  a? «  0,  y  «  0,  r  =  0,  a?  +  y  +  ^  =  0,  the 
critic  centres  lie  on  the  conies 


y     z     x-^y-hz 

X _ y  _  2 (X--v) 

z     X     fl?  +  y  +  r 

M     X     2(a4-X) 

«      y     x^-y^-z 


0. 


0, 


0, 


^^^^^^^^X-M^^^ 


X 


which  are  useful  for  the  construction  of  the  critic  centres  for  a  given  line  Xj^+My+^^-O- 
The  last  of  the  four  conies  passes  through  the  point  (1,  1,  1)  which  is  the  harmonic  of 
the  line  fl?  +  y+^s«0  in  regard  to  the  triangle  formed  by  the  lines  ^  =  0,  y  =  0,  z  =  0; 
and  I  call  it  the  harmonic  conic. 


Article  Nos.  19  to  21.     General  ForvitUce  for  the  Critic  Centres, 

19.  I  consider  the  involution 

xyz  -{•k{x-{-y-\-zy  (\x  -^-fiy-^-vz)  «  0. 

Writing  the  equation  in  the  form 

kiTuc^ ay  +  vz)  = , — — ^-  , 

and  differentiating  with  regard  to  x,  y,  z  respectively,  we  obtain 

-  ArX  (ar  +  y  +  ^)»  =  y-g-  (-  ar  +  y  +  z), 
-kfiix-hy-^-  zy  =  zx(  X'-y  +  z), 
-kvix^-y-^zy^xyi     x-k-y-z\ 

which   determine   the   coordinate   ratios  x  :  y  :  z  of  the   node  or   critic  centre ;   and  the 
corresponding  value  of  h 

20.  Writing  the  equations  under  the  form 

—  A:(a:  +  y4-5)'_  — a;  +  y +  ^_a:— y  +  ^_ar  +  y  — -?_  2 
xyz  \x  fiy  vz  0* 

where  ^  is  an  auxiliary  parameter  to  be  determined,  we  find 


a?(-l--^)  +  y  +  ^  =  0, 
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that  is 

a;  +  y  +  -^  =  2a?fl  +  J, 

and  consequently 

a:  +  y  +  ^  =  ar(l  +  ^)  =  2y(l+5)  =  2^^1  +  j), 

or,  what  is  the  same  thing, 

x-^ry-^z '  ^  '  y-  ^-0''  x+0''  fi^e'-  v-^^r 

and  we  have  thence 

1  1  12^ 


e-^X     0  +  fA     0  +  v     0 
an  equation  which  may  also  be  written  in  the  form 


^   +^if_+^_i  =  o. 


or  in  the  form 


and  we  then  have 


—  0  (fjLv  +  i/X  +  Xfi)  —  2\fiv  =  0 ; 


,__2       _         J /2Y 

"'     0  (0+\)(0^f,)(0^v)  '  \0)' 


i 


(0-\'\)(0^fi)(0'\-v)' 


21.  We  see  that  0  is  determined  by  a  cubic  equation,  and  that  the  ratios  x  :  y  :  z 
and  the  parameter  A;  are  rational  functions  of  0.  There  are  thus  three  nodes  or  critic 
centres,  and  the  like  number  of  nodal  curves  and  of  critic  values  of  k. 

The  form  secondly  obtained  for  the  equation  in  0  shows  that  we  may  write 
x:y:z:  x+y+z  :  ^s  +  ^y  +  vz:^-^  :  j^--  :  ^-1-  :  |  :  1, 


Article  Nos.  22  to  32,  relating  to  a  Twofold  a7id  a  One-with-Twofold  Centre. 

22.  If  k  has  a  twofold  and  a  one-with-twofold  value,  then  0  will  have  also  a 
twofold  and  a  one-with-twofold  value ;  and  conversely.  The  equation  in  0  will  have 
a  twofold  and  a  one-with-twofold  root  if 

(f«/ +  i/X  +  Xft)»  -  27  XVV  =  0 ; 
or,  what  is  the  same  thing,  if 

fu;  +  i/X  +X/A  -  3  (Xaw')*  =  0, 
or  if 
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or  finally  if 

80  that  the  condition  is  satisfied  if  X  =  ar»,  fi^ff-*,  v  =  7"*  where  a  +  )8  +  7  =  0.  In 
fact  with  these  values  the  equation  in  0  becomes 

{afiy0y^Sa0ye-i^  0, 

that  is 

{afiy0  +  iy(al3y0-2)^O, 

so    that    the    twofold    value    is    ^i  =  d,  "=  —   ^ ;    and    the    one-with-twofold     value    is 

23.  It  is   throughout   assumed    that   the   quantities    a,  0,   y  satis^*  the   conditioD 
a  +  /3  +  7  =:  0.     The  result  just  obtained  shows  that  the  line 

X      y      z     ^ 
^  +  |  +  y=0. 

is  a  twofold  and  one-with-twofold  satellite  line.  From  this  equation,  considering  a,  /9.  7 
as  variable  parameters  satisfying  the  condition  a-|-/9  +  7==0,  we  find  at  once  the 
equation  of  the  curve  enveloped  by  the  line  in  question,  which  curve  is  called  simply  the 
envelope — viz.  the  coordinates  of  the  point  of  contact  are  found  to  be  a? :  y  :  r  =  a* :  )8* :  7*, 
and  thence  the  equation  of  the  envelope  is 

or  rationalising,  it  is 

^  +  y*  +  ^  -  4?  (yz*  •\' y'z  +  zjc* '\' z*x -{-  ory*  -I-  «*y) 

+  6  (y*^  -h  z^x^  +  x^y*)  -  1 24  {a^z  -I-  ^zx  +  z^xy)  =  0. 

The  before-mentioned  equation  \~^ +  ft~*  +  i'"^  =  0,  or 

(fw;  -I-  i;X  -h  X/i )» -  27  X^V  =  0, 

may   be   considered  as   the   tangential   equati(m ;    the   envelope   is   thus   of  the  order  4, 
and  the  class  6. 

24.  It  is  easy  to  show  that  the  curve  has  three  nodes  the  coordinates  whereof 
are  (—4,  1,  1),  (1,  —4,  1),  (1,  1,  —4);  and  this  being  known,  the  equation  may  be 
transformed  so  as  to  put  the  nodes  in  evidence.  I  effect  the  transformation  syntheti- 
cally as  follows,  viz.  writing  j*  +  y  -h  ^  =  <r,  yz-¥  zx  -{-xy^q,  xyz  =  r,  the  equation  of  the 
curve  is 

(<7^  -  2(/<r*  +  25=  +  4r(r) 

-4(  9a«-29*-    ra) 

+  6  (  9«  -  tra) 

-124(  r(r)  =  0, 
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viz.  it  is 

<7*  -  ejcr*  +  16g«  -  128rcr  =  0, 

which  is 

(7<r>  +  43)»  -  16cr  (So*  +  43cr  +  8r)  =  0, 

or,  putting  for  a  moment  ^  =  —  f ,  and  therefore  5  (Z  —  2)  =  —  16, 

it  is 

.     (7cr»  +  4iqy  +  (Z  -  2)  5a  (3<r»  +  iqa  +  8r)  =  0. 

Now  writing 

a?'  =  <r+2a7        =3a?+   y+    z, 

y'  =  <r  +  2y         =    a:  +  3y  +    ^, 

/  =<r  +  2-?  =    a:+   y  +  3«, 


we  find 


y'/  +  /a?'  +  ar'y'  =  7  a»  +  45, 

a?y/  =  3<r*  +  4j<r  +  8r, 

so  that  the  equation  is 

that  is 

y  V«  +  /V»  +  a?'y«  +  Zfl/y'/  (a?'  +  y'  +  /)  =  0 ; 

or,  putting  for  /  its  value,  the  equation  is 

5  (/V  +  / V«  +  a? Y')  -  6a?y /  (a?'  +  y'  +  /)  =  0  ; 

or,  as  this  may  also  be  written, 

/I       1      IV 
(5,  5,  5,  -3,  -3,  -3)^^,,   -,,    -,j  =0; 

a  foim  which  shows  that  the  curve  has  three  nodes  at  the  angles  of  the  triangle 

a;'  =  0,    y'  =  0,    /  =  0. 

25.  It  is  easy  to  see  that  the  curve  is  touched  by  the  lines  a?  =  0,  y  =  0,  z^O 
at  their  intersections  with  the  lines  y^z  =  0,  z—x  =  0,  a:  —  y  =  0  respectively,  or  (what 
is  the  same  thing)  in  the  points  (0,  1,  1),  (1,  0,  1),  (1,  1,  0)  respectively.  It  may  be 
added  that  the  line  y— ^=0  meets  the  curve  in  the  node  (—4,  1,  1),  being  of  course 
a  point  of  twofold  intersection,  in  the  point  (0,  1,  1)  on  the  line  x  =  0,  and  besides 
in  the  point  (16,  1,  1):   and  the  like  for  the  lines  z  —  x^O  and  a?  — y  =  0. 

26.  It  may  be  noticed  that  although  any  line  passing  through  one  of  the  nodes 
is  in  a  sense  a  tangent  to  the  envelope,  yet  that  it  is  not  a  proper  tangent  and 
does  not  give  rise  to  a  twofold  centre.  It  is  in  &ct  shown  (post,  Nos.  73  and  74) 
that  the  critic  centres  for  a  line  Xa?4-fty  +  i/^  =  0  passing  through  the  point  (—4,  1,  1) 
are  three  points  lying,  one  of  them  on  the  line  y  +  -?  =  0,  and  the  other  two  on  the 
conic  a:(a;  +  y  +  -2:)  — 4y-^  =  0. 

C.   V.  41 
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27.  Assume  that  0  has  its  twofold  value  = — p-,  the  equations 

-  J_  L_         J_ 

^  •  y  •  ^-  ^+x   '-  0+fi   '-    e-^v' 

substituting  also  therein  for  X,  fA,  v  the  values  a~*,  fi"*,  Y^,  give  for  the  coordinates  of 
the  twofold  centre 

but  in  virtue  of  the  relation  a  +  /9  +  7=0  we  have 

or  the  values  are  x  :  y  :  z=^a*  :  0^  :  Y'  Hence  also  we  have  as  the  equation  of  the 
locus  of  the  twofold  centre, 

or,  what  is  the  same  thing, 

«"  +  y*  +  ^-2y^-2«c-  ixy  =  0, 

which  is  a  conic  touching  the  lines  x^O,  y  =  0,  z^^O  at  their  intersections  with  the 
lines  y  —  z  =  0,  z  —  x^O,  x^y^O  respectively,  or,  what  is  the  same  thing,  in  the  points 
<0,  1,  1),  (1.  0,  1),  (1,  1.  0)  respectively. 

2 

28.  Similarly,  if  0  has  its  one-with-twofold  value  =-^>  the  equations 

1  1  1 

substituting  also  therein  for  \  fi,  p  the  values  or*,  ff-*,  y"*,  give  for  the  coordinates  of 
the  one-with-twofold  centre 

'  ^  2a«+/97  •  2/8«  +  7a  '  27»  +  a^' 

but  in  virtue  ofa  +  /8  +  7=0we  have 

and  similarly 

and  thence  these  values  are 

x:  y  :  z  =  o?  {^^y)  :  p^{y^a)  :y^{a^  fi\ 
for  the  coordinates  of  the  one-with-twofold  centre. 
We  thence  deduce 

yH-^  =  ^-/?a  +  72a-7«^  =  (y87-a^-a7)(/8-7)=()»y  +  a»)(/9-7), 
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and  consequently 

-a:  +  y  +  ^  =  /97(/8-7), 
that  is 

X  :         y  :        z  :  —x-^-y +  z  :  x^y  +  z  :  x-^-y  —  z 

=  a»(y8-7)  :  jS'iy-a)  :  7«(a-/8)  :  ffyifi^y)  :  ya{y^a)  :  a/8(a-/8), 

and  these  give 

"  {—  X  -^-y  -{•  z)  (x  -  y  -^  z)  {x  +  y  -  z)  +  xyz  =  0 , 

or,  what  is  the  same  thing, 

^  +  y*  +  -^  —  in^  '\- y^z  A- za^ -\-  si^x -{-  xj^  +  ahf)  +  ^xyz  =  0, 

as  the  equation  of  the  locus  of  the  one-with-twofold  centre,  which  locus  is  thus  a  cubic 
curve. 

29.  The  equation 

^  +  y*  +  ^  —  (y^  -^  y^z  •¥  za^ '\-  z^x  +  xj/^  +  a^y)  +  ^^z  =  0, 

of  the  one-with-twofold  centre  locus  may  be  transformed  as  follows,  viz.  writing  for  a 
moment   x-\-y  +  z^  —  w,  we  have 

(9a?  -h  4sw)  (9y  -h  4m)  (9z  +  4m)  —  iv* 

=  729  xyz  -h  324  w  (yz  -{-zx-h  xy)  - 144  w»  +  64m;'  -  v^, 

=  81    {9xyz  -h  4'm;  (yz  -i-zx-h  xy)  —  w^]^ 

=  81    {9xyz-  I2xyz " i  (yz"  +  &c.)  +  (a;» -f- y» -f-  ^)  -h  (3y2;« -h  &c.)  -h  Gajy-g:}, 

=  81    {a^-\-y^-\'2^'-(yz^-^Scc.)-{-Sxyz}, 

so  that  the  equation  may  be  written 

(9x-{-4fw)(9y  +  4w)  (9-^  +  4w)  -«;» =  0, 

or,  what  is  the  same  thing, 

(5a:  —  4y  —  4>z)  (—  4a:  +  5y  —  4^:)  (—  4a?  —  4y  -h  5-2:)  +  (a?  -f  y  +  -?)•  =  0, 

which  shows  that  the  intersections  of  the  line  a?  +  y  -h  2?  =  0,  with  the  sides  a?=0,  y=0,  -?  =  0 
of  the  triangle  are  inflexions  on  the  curve;  and  that  the  tangents  at  these  points  are 
respectively 

5a?  —  4y  —  4?  =  0,     —  4a?  -h  5y  —  4^?  =  0,     —  4a?  —  4y  -f-  5-2:  =  0. 

30.  The  curve  passes  through  the  point  (1,  1,  1),  which  is  the  harmonic  of  a?  +  y.-h-^  =  0 
in  regard  to  the  triangle ;  and  this  point  is  moreover  a  node  on  the  curve ;  in  tact 
if  the  equation  be  represented  by  1^  =  0,  then  we  have 

4Tr  =  3a?»-  2a? (y  +2:) -  y« -h 3y-2: -  z*, 

=  0  for  the  point  in  question;  and  similarly  dyW^O,  and  d,Tr=0. 

41—2 
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31.  The  equation   for   the   twofold  centre   conic   may  also  be  obtained  as  follows: 
viz.  the  equations 

\x        "      ^y  vz  0* 

give 

(- a?  +  y -f^) (a?- y  +  ^) (a?  +  y - r) ^  8         _        8 

xyz  ^^^     O'io^T 

which  substituting  for  0  the  twofold  value  =  —    ^ , 

gives 

(— a?  +  y  +  r )  (a?  -  y  +  r )  (a?  +  y  -  ^ )  +  8«yfl? «  0, 

an  equation  which  may  be  written 

(ar  +  y  +  ^)'(a:»+y*  +  i;*-2yr-aRr-  2a;y )  =  0, 

which  is  the  former  result  affected  by  the  extraneous  fietctor  x-k-y-k-z. 

2 

If,  instead,  we  substitute  for  0  the  onefold  value  ^  -^   ,  ^e  find 

-  (- a:  + y +  2:)(«- y  +  r)  (a:  +  y  -  r)  +  ajyr  =  0, 
or,  what  is  the  same  thing, 

a:»  +  y»  +  je-(y^  +  y»^+-Rc»  +  z*a?  +  a:y«  +  a^)  +  S«y*  =  0, 
which  is  the  one-with-twofold  centre  cubic 

32.  Recollecting  that 

we  deduce  for  the  twofold  value  of  k 


hf\  —  ivj  ^ 


(/37-tf)(7«-/3')(a/8-7»)- 
and  for  the  one-with-twofold  value. 


(20"  +  fii)  (2/8'  +  7a)  (27»  +  o^) 
(/^-7>'(7-«)'(a-/3>'* 
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Article  Nos.  33  to  38,  relating  to  the  Tangents  at  a  Node  or  Critic  Centre* 

33.    I  proceed  to  investigate  the  equation  of  the  tangents  at  the  node  of  the  curve 

ocyz  +  A;  (a?  +  y  +  -8^)"  (Kx  ■}-  fiy  -{•  vz)  ^  0 ; 
it  will  be  recollected  that  if  x,  y,  z  are  the  coordinates  of  the  node,  then  we  have 

x:y:z:  x  +  y+z  :  Xa,  +  My  +  w=^  ;  ^  l_  :  _^  :  |  ..  1. 

Representing  for  a  moment  the  equation    of  the  curve  by  I/'  =  0,  then  the  second 
derived  functions  of  U  are 

k .  2  (Xa?  +  /Ay  + 1/-?)  +  4A;  (a?  +  y  +  z)  X, 

k .  2  {\x  +  fty  + 1/-?)  +  4A:  (a;  +  y  +  -^)ft, 
A; .  2  (Xa?  +  /ty  +  i/-?)  +  4A;  (a?  +  y  +  j2r)  i; , 

ar  +  A; .  2  (Xa?  +  /Ay  +  i'-^)  +  2A;  (a?  +  y  +  £:)  (/A  +  y) , 
y  +  A? .  2  (Xa?  +  fty  +  1/2:)  +  2i  (a?  +  y  +  -2^)  (v  +  X), 
-g:  +  A:.  2  (Xa?  +  /Ay  +  y-g^)  +  2A?  (a?  +  y  +  £:)  (X-f  m), 

or  calling  these  (a,  6,  c, /,  g,  h)  respectively,  and  substituting  the  values  x-  ^ — ^,  &c., 
we  find 

with  the  like  values  for  6,  c;  and 


where  the  term  in  (  )  is 


tibat  is 


=  -  2^- 2/A  -  2y  -  ?^  + ^  +  2/A  +  2i;, 
_     ^      2/11/ 


/=f(-'-T). 
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2Jfc 
with  the  like  values  for  g  and  h ;  or  omitting  the  common  factor   -g ,  we  have 

(a.  b,  c.f,  g,  h)={e+i\  0+*^,  0+iv.  -e-^,  -e~.  -<'-^). 

and  thence,   taking  now  x,  y,  z  as  current  coordinates,  the  equation  of  the  tangents  at 

the  node  is 

(a,  6,  c,  /,  g,  h^w,  y,  zf  =  0. 

34.  Substituting  for  X,  fi,  v  the   values  or^,  8"*,  7"*,  and   for  0  the  twofold  value 
— vj- ,  the  equation  of  the  tangents  at  the  twofold  centre  becomes 

(/8V(4/87-a»), .  ,  .  ,   a^ffy(fiy  +  2a%  .  ,  .j(x,  y,  zY^O, 
which  is  at  once  reduced  to 

or,  what  is  the  same  thing, 

{/97(/3-7)a:  +  7a(7-a)y+a/3(a-/8)^}«  =  0, 
which  shows  that  the  twofold  centre  is  a  cusp,  and  that  the  tangent  is 

/87(/9-7)«  +  7«(7-a)y  +  a^(a-/8)^, 
or,  what  is  the  same  thing, 

09-7)5+     (7-«)J+       («-/9)^  =  0. 

35.  Writing  in   like   manner  X,  fi,  v  =  or\  /9~»,  7~»,  and   0  for   the  one-with-twofold 

2 
value  =  —5   ,  we  find  for  the  equation  of  the  tangents  at  the  one-with-twofold  centre 

«P7 

(2/9V(2/87  +  a«), .  ,  .  ,  -  a»/97(2^7  +  «')>  •  .  )(^.  V^  ^Y^O, 

which  may  be  reduced  to 

(2/8V  (2/87 -h  a«), .  , .  ,  a»/97(27a  +  /3»+2a^  +  7«),  .,.)(a:,  y,  ^^  =  0, 

or,  what  is  the  same  thing, 

(fiyx  +  yay'\'afiz){i2fiy'¥a^)fiyx+(2ya'\'fi*)yay-h(2afi  +  y')afiz}=:0. 
Hence  at  the  one-with-twofold  centre  the  equation  of  one  of  the  tangents  is 

(2^7  -h  a»)  fiyx  +  (270  +  /S*)  yay  4-  (2a/9  +  7«)  a^^  =  0, 
or,  as  this  may  otherwise  be  written, 


a  f5  y 
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36.     The  equation  of  the  other  tangent  is 
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or,  what  is  the  same  thing, 


/87a?  +  7ay  +  OLpz  =  0, 


i  +  I  +  -  =0- 

a         P         7 


=  0; 


This  is  in  fact  equivalent  to 

a«(/9-7),    /8«(7-«),    7'(«-/8) 
for,  developing  the  determinant,  we  find 

a?.i8V(2a-/8-7)  +  y.7'a'(2/8-7-a)  +  ^.a»/8«(27-a-^)  =  0, 


or,  what  is  the  same  thing, 


hence  the  line 


W(5  *  I  +  '^-0' 


a         ^         7 


which   is  one   of  the   tangents   at  the  one-with-twofold  centre,  is  also  the  line  joining 
this  point  with  the  twofold  centre. 

37.  The  equation  of  the  tangents  at  a  critic  centre  or  node  may  be  obtained  in 
a  different  form,  involving,  instead  of  the  parameter  0,  the  coordinates  (x,  y,  z)  of  the 
node.     We  have 

(^  +  X)a:=^(    ar  +  y  +  ^), 
or,  what  is  the  same  thing, 

and  similarly 

2, 


thence  also 


and 


pz=^(    a?+y-^), 


(^  +  4X)a?=  ^(a? -  2a:  +  2y  +  2?)  =  ^ (-^  +  2y  +  2^), 


( 


0  +  ^f )  y. 


=  ^  {y^:  +  i  (a?-y  +  ^)(a?  +  y --e)}, 

^^eiiyz-ha^-iy-zy], 
=  J^(ic»-y»-^  +  4y^) 
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from  which  we  obtain 


a  :  b 


which  are  the  required  new  forms. 


38.     We  have 


c  :  /  :  g  :  h 
2yz(-  ic  +  2y+2^) 
2zx(   2a?—   y+   ^) 
2xy(  ar  +  2y-    z) 

--f(-«»-y*+    ^4-  4iry), 


6c -/^  =  4a:^r(2a?- y  +  ^)  (2a:  + 2y --^) -a:«(a;* -y» -  ^ +  4yr)« 
=  (a?  +  y+-f)'(«*+y'  +  ^—  2y  ^  —  2«c  —  2ajy ), 

which   is  =0,  if  x  +  y-^z^O,  or  if  «•— 2a?(y  +  -2:)  +  (y  — -f)'  =  0.     In   the   former  case,  viz. 
if  a?  +  y  +  -?  =  0,  we  find  a='b=c='f^g  =  h  ^  —  Gan/z,  and  therefore 

(a,  b,  c,f,  g,  h\x\  /,  /)«=:-&ry^(a?'  +  y'  +  /)«, 

but  this  corresponds  merely  to  the  value  A;  =  oo,  for  which  the  cubic  is 

{x^-y-^rzf  (T^a-^fiy  +  vz)  =  0, 

which  is  not  a  proper  cuspidal  curve.     In  the  latter  case,  or  where 

a^  +  y'  +  'S;*— 2y2:—  2^a?  — 2fljy  =  0, 

or,  what  is  the  same  thing,  Va?  +  Vy  +  V^  =  0,  we  have  a  proper  cuspidal  curve. 


Article  Nos.  39  to  43,  relating  to  the  Triangle  of  the  Critic  Centres, 


39.     The  equation 


^    +^W_  +  ^J!^^0, 


^i+X  ^1+M     ^i  +  »' 


is  satisfied  by  substituting  therein 

111  1 

^  '-  y  '  2=  a-L\   '  W^TT.  '  -a—r,.*   or  x  :  y  :  z  = 


^2  +  X  ^8+  ft     '    02  ^P 


in  fact,  for  the  first  set  of  values  the  equation  becomes 


0,  +  \  '  0^  +  fi  '  e^  +  v' 


+ 


(^i  +  X)(^,  +  \)"(^i-f/t)(^,  +  Ai)     {0,  +  v)(0,  +  v) 


=  0, 
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or  as  this  may  be  written 

/      ^        .        M        I         ^     \       (      ^         \        ^        \        ^      \^Q 

\0i  +  X     01  +  ^1     01  + pJ     V^,  +  X"^^,  +  /i^s  +  W 

that  is,  1  —  1  =  0,  and  similarly  for  the  second  set  of  values.  Hence  the  equation  in 
question  is  that  of  the  line  joining  the  critic  centres  corresponding  to  the  roots  0^  and  0^. 
Hence 

^     ,     ^y     ,     ^^    -a 

0^-\'\^0^+^'^0^'^P^''' 

^,  +  X^^,  +  /i^^,  +  i/     ''^ 
are  the  equations  of  the  sides  of  the  triangle  formed  by  the  three  critic  centres. 

40.    It  is  to  be  remarked  that  the  line 

^     ,     /^y    ,     '^^    -A 

0l  +  X'^0l'\'fJL^0,+V^''' 

is  the  polar  of  the  critic  centre  (^   .  ^  ,   -^ ,    75 ]  in  recfard  to  the  twofold  centre 

conic 

in  £su;t,  forming  the  equation  of  the  polar  in  question,  this  is, 

but  from  the  equation  in  0, 

1  1  1  2  2  2X 


0i  +  \     0i  +  fi     01  +  v      01      ^i  +  X      ^i  +  X' 

and    the   like  for  the   coefficients  of  y   and  z\    this  proves    the  theorem,   and  it  thus 
appears  that  the  critic  centres  are  conjugate  poles  in  regard  to  the  twofold  centre  conic. 


de   Noa   41   to    50.      Transformation  of  the  Eqyuxtion  of  the  Nodal   Tangents  ^ 

Three-Centre  Conic, 

41.     Writing  as  above, 

e,=  (<?,  +  X)(^, +  /.)(<?,  +  !;), 

a  V.  42 
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I  put  for  greater  convenience 


^-«  ^»/  ^    ,    My    ,    y^  \ 


80  that   X  =  0,    F=0,  J?  =  0  are  the  equations  of  the  ^ddes  of  the  trangle  fonned  hy 
the  critic  centres. 


42.     Then   X,    Y,  Z  may  if  we  please  be  considered  as  new  cooidiiiaties 
the  original  coordinates  x,  y,  z;  the  relation  between  the  two  sets  being 
equations  last   written  down;  the  values  of  x,  y,  z    in   terms  of  X,  F,  Z 
the  converse  system 


repladng 
bv  the 
given  hjT 


Z=^^^  X+,r^   Y+tA-Z. 


^.+ 


^,  +  I'  ^«  + 


43.     To  show   the    identity  of    the   two  systems,    I   start    from    the   last-mentiaDed 
4>ne ;    this  gives 


X, 


1 


1  I 

^'        ^S  +  M'        ^3+M 

1  1 


-:t    .U. 


^, 


0t  +  v'  e,  +  p  \ 


e,  +  \'  e.+\'  0t+\  .' 

1  1         1 

01+  fl'  ^5  +  ft  '  ^3  +  M 

1  1                          1 


where  the  coefficient  of  X  is 


(^_,;)(,;-X)(\-M)(^S-^,)(^,-^l)(^l-^,) 


(^,  +  X)(^,+/t)(^,+  i/)(^,+  X)(^.  +  M)(^.+  ^)(^a  +  X)(^,  +  M)(^,  +  i')' 


4jr,  what  is  the  same  thing, 


=  ^M  ""  ^'^  1?  ~X)(X~/t)fifa/, 


The  first  side  is  a  linear  fiinction  of  x,  y,  ir  which  vanishes  for 


./•  :  // 


1 


^,  +  X  *  ^5  +  M  ■   0,  +  V  * 
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and  for 

1  1  1 

and  hence  it  is  of  the  form 


and  by  comparing  the  coefficients  of  x  we  have 

^     X.     _  1  1  _  {e,-0,)(ji^-v) 


that  is 

~  xe,e, 

and  it  is  easy  to  see  that 

(0i  +  \)(et  +  \)(0t  +  \)  =  -\(v-\)(\-iJL), 

so  that 

j^_-k(n-v)(p-\)(X-fi) 

and  the  equation  becomes 

which  is  right ;   and  similarly  for  the  values  of  Y  and  Z, 

44.  The  equation  of  the  tangents  at  the  node  corresponding  to  the  root  0i  is 

(^.+4\.  ^.+4^  0,+*p,  -^.-^-.  -^.-^.  -^^-^fji'^-  V'  •^)'=o; 

and  substituting  for  x,  y,  z  their  values  in  terms  of  Xy  F,  Z,  it  appears  in   the  first 
place  that  the  coefficients  of  Z^  XY,  XZ,  YZ,  all  of  them  vanish. 

45.  In  fact 

coeff.Z.=  (^.  +  4X,...,-^.-2|',...)(^-.  _1_,   _1_), 


Fiist  term  is 


^g,  +  4\     ^       '''^   g. 


=  2^54^  +  32 


42—2 
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where    the    value    in    (|uestion   for   S  r^  -   v,  is    raoet  readily  found  from   the   identical 
equation 

by  differentiating  and  then  writing  O^Oi, 
Second  term  is 

=  - J-W+ (\  +  M  +  v)^!  +  2(m»'+ «'^'  + V)  +  ^^}- 
Whole  is  =  ^  multiplied  into 

I  »i  +  3  {3^,»  -  (jw  +  i/X  +  X/*)} 


-  2  m'(\  +  At+ v)  ^,  +  2  0ii/+i'X+ v)+ -^1 . 


=  J  {^,»  -  (/^v  +  vX  +  X/t)  ^,  -  2  V}. 


which  is  =  0. 

46.     We  have  next 


I" 


smce 


^  I    =  \  fl  T  '•/V,  .  ,  .  ,    —  Ui- 

e^"/\e,+\'  0,+f*'  e,+vj\e,+\'  0,+^ 

^         ^,  +  4X 
~"(^,  +  X)(d,  +  X) 

^ '"•  "^  ^, ;  [(0, + m) (^, + 1/) '  (^1 + 1;) (0, + x)| • 

First  term  is 

^,  +  X  '        (^,  +  X)  (^,  +  X) ' 

=  V      y       .       3_.  r/'     5^ ^    ] 

~  0,+  \^  0t-0,''\0,  +  X      0^+\J' 

2 

,,.  V      '^     _  1  _  V     '^    "i 

"6*5  • 
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Second    term,    writing    it    out    in    full    and    collecting    the    terms    which     contain 


1 

,  18 


^i  +  \ 

Bi+x  \02+M'   02+vJ       e,  ie,+\)  \d^+fi   e-,+v/' 

whereof  the  first  part  is 


•  • 


11  11 


0^+\   e,+x     '  ^i+\  e^+x' 

~     '  e^+\   e,+\^ d^-dt   \et+\   er+xj' 
=  .0,.^  .-+-^  (---),  =--+-, 

Ui       62         Vj  —  02  \02  ffi  I  0%         02 


2 


and  the  second  part  is 

= « 1  is      ^     y     ^     _  K  X«  ] 

01  t^i  +  X     ^.  +  \         («i  +  X)  (^,  +  X))' 


and  observing  that 


^  ft^  X  -  ^ '**'W''' = ^  («•*«- ^'^ + "■•S  STTx  ■ 


=  3^,  +  (\  +  A*  + 1')  -  6  ^,  +  ^,^  J , 

=  —  ^l  +  X  +  /A  +  I/, 

with  the  like  vakie  for  S  -3 — 1  ,  the  second  part  is 

2 

47.     Hence   the    whole  second    term    is  =  — g-i  and  combining   the    two   terms   we 

have 

coeflf.  ZF  =  |--|-  =  0. 

In  the  same  manner  precisely  it  appears  that 

coeff.  XZ=^  0. 
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48.     Next, 


First  term  is 


0i-0t   \0,+\   e,+\)' 


which  is 

0%  —  ^S  \^8  ^2/  ^1  -"  ^S  *  ^A 

Second  term,  writing  it  out  at  full  length  and  rearranging  the   parts,  is  easily  seen 
to  be 


where  the  first  part  is 


~    ^*r^,+x^^,+\    0,-0,^\e,+X    0,+x)\' 

0^t' 
and  the  second  part  is 

80  that  the  whole  second  term  is 

whence  combining  the  two  terms  we  have 

coeff.  rZ  =  ^-^=0. 
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49.     We  have  now  to  find  the  coe£Scient8  of  F'  and  Z^, 

—  V  ^1  ~  ^»  •*"  ^«  +  ^^  _  ov     '        *        ^1         ^«         '       ^a 
and  observing  that  the  terms 


2^^4^.-22 


only  differ  from   those  of  coeff.   X*  by  having   0^  in   the   place  of  0i  and  are  therefore 
=  0,  we  have 

coeff  7'  =  2  J^.-22  ^'        ^' 


Here 


and 


{0,  +  Xf        "      (^,  +  A*)(^.  +  '')     ' 

2    J sf         -^ ?^ +  ^-l 

=  _|2(X  +  ^  +  .)  +  -^^^-^^|, 

2    ^   /^  2fAl/        2\/LM/\ 


IK 


0^  +  \- 


01  0102  I 


2   f^^  2 (ui/ +  vX  +  Xu)      6XiM;) 
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and  hence,  substituting  for  Oi  —  O^  its  value  =/,, 

=  Q?*^  {-  ^dA* +(mv+v\+\h)  {0t + 20,) + 6 VI ; 

but  we  have  ^,  +  ^,  +  ^,  =  0,  whence  ^,  +  2^,  =  ^,-^,  =  ^,;  /*i/  +  i/X+V  =  -(^A  +  ^A+<'A). 
2\ttp  =  0i0A,  and  therefore  -3^A»  +  6Xft«'  =  -3^i^»'  +  3^i^A  =  -3^A(^,-^,)  =  -3f,(9A; 
and  hence 

that  is 

and,  by  merely  interchanging  0^  and  ^s, 

50.     Hence  the  equation  of  the  tangents  is 

e,0A       e,^A    "'"' 

or,  what  is  the  same  thing, 
or  putting 

the  equation  of  the  tangents  at  the  node  corresponding  to  ^i  is  5F'  +  (7^  =  0.  And 
hence  the  equations  of  the  tangents  at  the  three  nodes  respectively  are 

BY^  +  CZ^  =  0, 

AX^  +  BY^       .    =0; 

that  is,  the  nodes  or  critic  centres  are  conjugate  poles  in  regard  to  a  conic 

which  is   the  three-centre  conic ;  and   the   tangents  at  each  node  are  the  tangents  from 
such  node  to  the  conic  in  question. 
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Article  Nos.  51  and  52.    Special  Case  of  the  Three-Centre  Conic. 
51.     Write  for  a  moment 


so  that 

—  Tj  ^  f  ^  ^"^ FT  ^  '  ^  —  rr^' 

&2C'S  ^Jrl  *'i*'l 

the  equation  of  the  three-centre  conic  expressed  in  terms  of  {X\  Y\  Z')  is 

n^i  ^s^a  ^8^8 

say 

When  ^1  =  ^j,  we  have  C  =  x ,  A*  —  —  B,  X'  —Y  \  by  writing  the  equation  in  the 
form 

and  observing  that  in  the  limit  F'  — X''  =  2Z'(F'  — X'),  we  see  that  the  equation 
will  thus  assume  the  form 

{0,  -  $,)  X'S  +  2- -,  I?  ^'  =  0, 

Ui  —  C/j    C73 

where 

Q    _^'  -^^  yf      ^  p,  F  —  A' 

o,  =  -rt — ^  A  +  -<2i^  -s — a~  » 

ui  —  (7a  C7i  —  C/j 

is  a  finite  function ;  -3f '  =  0  is  the  line  joining  the  twofold  centre  and  the  one-with- 
twofold  centre,  S  =  0  is  the  other  tangent  at  the  one-with-twofold  centre,  Z  =  0  the 
tangent  at  the  twofold  centre  or  cusp;  the  form  X'S+oo  ^'  =  0  shows  that  the  three- 
centre  conic  reduces  itself  to  a  pair  of  points,  viz.  the  twofold  centre  or  cusp,  and 
the  point  where  the  tangent  at  the  cusp  is  met  by  the  other  tangent  (that  is  the 
tangent  not  passing  through  the  cusp)  at  the  one-with-twofold  centre. 

52.     To  verify  the  value  of  iS  I  proceed  as  follows: 


A 

e 


'+B  _    1     f     e,  e,     ) 


9«iM^i-^a) 

c.  V.  43 
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^  - 1*  -  ^,' -  ^.*  +  (X  +  A*  +  ")  (^.  -  ^,)+ '^/«' (^  -  ^)  , 
=  (^i-^.)(^,  +  ^,  +  X  +  A*  +  i'-^. 

=  (^1  -  0i) .  16^,»  +  2  (X +M  +  v)  ^,1 : 
and  thence 

Moreover 

v   y  iff    f}^\       ^        I        ^y        I    ^± I 

I       A  -^c^,      '''^  t(^.  +  X)  (^,  +  X)  ^  (d,  +  A*)  (^,  +  M)     (^,  +  v)  (^.  + 1'))' 


and  hence 


S  =  4-(3^.  +  x  +  M  +  .)(,^M_  +  ^^^_  +  J_) 


in   which   we   have   only  now   to  substitute   (X,  ^a,  i')  =  («"*,  /8"',  y""')  and    ^i  =  -p"-    ^^ 

have 

^      ,      Jlf      ^  Jtf      ^  M 

^i  +  ^  =  ^»     ^i+/*  =  ^»     ^i  +  ^  =  ~,> 

where  Jf  =-7^^087-0')= -^  ()87  + 7a +  a)8),  and  then  observing  that 

the  equation  <S  =  0  becomes 

2()87  +  7a  +  a:^)(?  +  |  +  -)  +  3(aa?  +  )8y  +  7^)  =  0, 

or,  what  is  the  same  thing, 

(2^7  +  a«)  ^  +  (27«  +  y3«)  I  +  (2a^  +  y)  ^  =  0. 

which  agrees  with  a  former  result. 
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Article  Noa  53  to  55.     Transformation  of  the  Equation  of  the  Cubic. 

53.     Let  it  be  required  to  express  the  cubic 

xyz  +  A:  (a:  +  y  +  2^)*  (Xa?  +  A^y  +  1/^)  =  0 
in  terms  of  the  coordinates  X,  Y,  Z.     We  have 

\X'\'fiy-\-vz=         Z  +     F  +     Z, 
and  the  equation  therefore  is 

where    11    denotes    the    product    of    the    three    factors    obtained    by   writing    X,   /a,    v 
successively  in  the  place  of  X. 

For  one  of  the  nodal  cubics  we  have 
and  the  eqiiation  multiplied  by  0i  is 

w^hich  it  is  clear  d  priori  must  be  of  the  form 

and  there  is  in  fiwt  no  difficulty  in  verifying  that  the  coefficients  of  J*,  X^Y,  X'Z,  XYZ 
all  of  them  vanish.     To  find  K,  comparing  the  coefficients  of  XY*  we  have 


that  is 


K.^jg='S.  (0, + \)  (0,  +  m)  (0.  + ")  -  f,  (<?.  +  2^2)  0.. 

=  2(0r  +  \){0r+fi){0,-0x  +  0x  +  v)-p^{0,  +  20,)e„ 

=  1(0.  -  00 1  +  sj  e,  -  ^,  (0, + 20,)  e„ 
^j{0x+ m  0,  -  ^  (0x + 20,)  e„ 

-  0\  ^'--0}  ^•' 
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and 

=  U  {0x*0^  -  0A  Ow + «'X + x^)  -  (^,  +  ^,)  X/w}, 


80  that  we  have 


=  U  {Oi'ff^  +  6 A  {0A + OA  +  ^.)  -  i  (^i  +  9%)  0^6 A], 

''hU0A[*eA~{ex+e,r], 


^'k*0,~A*'~^^'^'^* — ^  0,' 
that  is 

and  the  equation  of  the  nodal  cubic  is 


-nwx(^,g,^+^-4j+e.n(^^^^+^-f-J-^.«(£+fJ(F 


54.     To  complete  the  reduction  we  have 

coea.  r  -i  -  w,i  ^^^  ^  ^^  ^^-^  ^)(0,  +  v)~  ^,« "  '0A ' 


-  ©r  ^, +  x  "  i?;«d,  ^^'  +  ^^'>' 


k  ©J .  f,^.' 

80  that  substituting  for  dj»©,  -  ^,»©j  its  value  =  -  i  ^i^gi,',  the  tei-ms  in  F'  and  PZ  are 


=  -^^'^'4(^-1^'^)' 


and  in  like  manner  the  terms  in   YZ^  and  Z^  are 


^,©,  v^.. 


'S^-'S 


349]  ON    A   CASE    OF    THE   INVOLUTION    OF    CUBIC   CURVES.  341 

80  that  the  terms  in  (F,  Zf  are 

and  the  equation,  omitting  th6  factor  —  ^  l^l^,  is 
55.     But  the  term  in  [  ]  is 


which  is 


and  the  equation  of  the  nodal  cubic  is  finally 


I W  +  ft  ( r  -  ^)i  ( JA.  H-  yf^}  -  g;  YZ  [^^  -  ^13  -  0. 

Y        Z 

The   lines    F  =  0,  Z  =  0,  ^^rr  —  > v^  =  0  each   pass  through  the  node  and  meet  the  cubic 

in  a  third  point;  the  three  points  of  intersection  lie  in  the  line  ZiX  + ^i  (F— Z)  =  0. 


Article  Nos.  56  to  66,     The  Cubic  Locus,  Harmoconics  and  Harmonic  Conic. 

56.     Suppose  that  the  line  Xo?  +  /Ay  +  i/i?  =  0  passes   through   a  given   point   (a,  b,  c), 
then  we  have 

\a  +  ftft  + 1*0  =  0 ; 

and  observing  that  0  +  \  O-i-fM,  0-\-v,  0  are  proportional  to 

1      1     1  2  ^.    , 

^'   y'   z'  ^T^Tl  ""'P^'^^^'^y' 
we  find 

a     b     c     2(a  +  6  +  c)     ^ 
_  -^ 1 . . —  =  y 

X     y     z       x-^y  +  z 

the  equation  of  a  cubic  curve,  the  locus  of  the  critic  centres  corresponding  to  the 
several  lines  \x  +  fiy  +  vz  =  0  which  pass  through  the  point  (a,  6,  c).  The  cubic  curve 
passes,  it  is  clear,  through  the  six  points  which  are  the  angles  of  the  quadiilateral 

x  —  0,  y  =  0,  z  —  0,  X'\-y  +  z  =  0. 
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67.  If  we  take  for  (a,  b,  c)  the  coordinates  of  the  point  of  intersection  of  the 
line  \x-^  fiy  +  pz^O  with  any  one  of  the  lines  a?  =  0,  y  =  0,  ^  =  0,  a?  +  y  +  ^  =  0,  then  in 
each  case  the  cubic  breaks  up  into  the  same  line  and  a  conic,  viz.  we  have  the  conies 

y     z     x  +  y-^z       ' 

z     X     a-hy-j-z"    * 

^ -  ^ _  2(aa^\)  ^  Q 
X     y     ir  +  y  +  ^       ' 

X  y  z 

and  it  is  to  be  noticed  that  in  each  case  the  critic  centres  all  of  them  lie  on  the 
conic.  In  fact,  since  the  point  (0,  i/,  — /a)  is  an  arbitrary  point  on  the  line  a?  =  0,  a 
line  Xo;  +  /iy  +  i/z  =  0  passing  through  the  point  in  question  is  an  absolutely  arbitrary 
line,  and  the  corresponding  critic  centres  therefore  do  not  lie  on  the  line  x  —  Q\  that 
is,  they  lie  on  the  conic 

y     z     x+y+z       ' 
and  it  may  also  be  remarked  that  the  elimination  of  X,  0,  from  the  system 

^  +  X  :  0  +  fi  :  0  +  v  :  ^  =  -  :-:-:-  ^        , 

X     y     z     a?-hy  +  z 

or,  what  is  the  same  thing,  the  elimination  of  0  from  the  system 

11  2 


0  +  fi  :  0-\-v  :  0  = 


y  '  z  '  x  +  y-{'Z  ' 

gives  the  last-mentioned  equation,  unencumbered  by  the  factor  a?  =  0. 

We  have  thus  four  conies,  each  of  them  passing  through  the  three  critic  centres 
which  correspond  to  the  line  \x-{-fMy-{-pz  =  0;  as  to  the  signification  of  the  first  three 
of  these  conies,  I  remark  as  follows. 

58.  The  '  harmoconic '  of  a  point  il  as  to  the  line  T  in  respect  of  the  conic  6, 
may  be  defined  as  follows;  viz.  considering  the  pencil  of  lines  through  A,  the  locus 
of  the  fourth  harmonic  of  the  point  in  which  a  line  of  the  pencil  meets  f,  in 
regard  to  the  two  points  in  which  the  same  line  meets  the  conic  6,  is  a  conic 
which  is  the  harmoconic  in  question.  (In  particular,  if  the  line  T  pass  through  the 
point  A  the  harmoconic  breaks  up  into  the  line  T  and  into  the  polar  of  A,)  The 
conic  0  may  of  course  be  a  pair  of  lines. 
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Consider  any  three  lines  x,  y,  z,  a  line  8,  and  the  line  T;  then  the  harmoconics 
being  all  as  to  the  same  line  T,  we  have  the  theorem 

Harmoconic  of  intersection  of  a?,  8  in  regard  to  pair  of  lines  y,  z, 
Ditto        „  „  of  y,  8  „  „  z,  x, 

Ditto        „  „  of  z,  8  „  „  X,  y, 

all  pass  through  the  same  three  points. 

And  taking  a?  =  0,  y  —  0,  z  =  0  for  the  equations  of  the  lines  x,  y,  z\  Xx-k- fiy^-vz^O 
for  the  equation  of  the  line  8 ;  and  a?  +  y  +  2r  =  0  for  the  equation  of  the  line  T,  the 
harmoconics  just  spoken  of  are  the  above-mentioned  three  conies  respectively. 

59.  In  fact,  considering  the  harmoconic  of  intersection  of  x,  8  in  regard  to  the 
pair  y,  z\  and  taking  x\  y\  s!  as  the  coordinates  of  a  point  P  of  the  harmoconic, 
then  the  equation  of  the  line  AP  \a 

=  0, 


«.   y. 

z 

<^,   j/, 

«' 

0.     V, 

-M 

that  i& 

^ + O^y'  +  ^-^0 — ^'  (/*y  +  vz) = 0, 

and  at  the  point  of  intersection  with  the  line  T  or  a;  +  y  +  ^  =  0,  we  have 

(y  +  z)  {iLxf  +  vs!)  +  X  {fiy  +  vz)  =  0, 
or,  what  is  the  same  thing, 

y  {fix'  +  iiy'  +  vsf)  +  z  (vx  +  iiy'  +  vt!)  =  0, 

which   is   the  line   through   the  last-mentioned   point  and  the  point  (y  =  0,  -?  =  0). 
The  line  from  the  point  A  to  the  point  (y  =  0,  -8  =  0)  is 

y^  —  zy'  =  0. 

60.     By  the  definition  of  the  harmoconic,  the  last-mentioned  two  lines  are  harmonics 

in  regard  to  the  lines  y  =  0,  ^  =  0;  that  is,  we  have  for  the  equation  of  the  harmoconic 

in  question 

-y'(/«c'  +  /Ay'  +  i//)  +  /(i/«'  +  /Ay'  +  i//)  =  0; 

this  equation  may  also  be  written 

or,  what  is  the  same  thing, 

H^  -  ^  -  2  (^  ""  A^)   -.  0 
]f     z!     a^'  +  y'  +  y"    ' 

whence  writing  ar,  y,  z  in   place  of  x  ^  y\  z\  we  see  that  this  harmoconic  is  in  fact  the 
first  of  the  above-mentioned  three  conies. 
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61.  The  fourth  conic  through  the  critic  centres  is  the  conic 

X  y  z 

which  it  will  be  observed  passes  through  the  vertices  of  the  triangle  a?  =  0,  y  =  0,  «  =  0, 
and  also  through  the  point  (1,  1,  1)  which  is  the  harmonic  of  the  line  «  +  y  +  «  =  0 
in  regard  to  the  triangle:  I  call  it  the  'harmonic  conic'     Representing  the  equation  by 

^    +    2  +    ^    =0, 
X  y         z 

or,  what  is  the  same  thing, 

2fyz  +  igzx  +  2hxy  =  Q, 

we  have  /=  /a  —  i/,  g^v^\  h^\^ fi,  and  therefore  /+  flr  +  A  =  0. 

62.  It  is  easy  to  show  that  the  coordinates  of  the  pole  of  the  line  «  +  y +  -»  =  (> 
in  regard  to   the   harmonic   conic  are  x  :  y  :  z=/^  :  jr*  :  A';    these   values  satisfy  the 

condition  Va?  +  \^y  +  V^r  =  0,  that  is,  the  pole  in  question  lies  on  the  twofold  centre 
conic. 

63.  The  equation  of  the  tangents  to  the  harmonic  conic  at  its  intersection  with 
the  line  a:  +  y  +  ^  =  0  (which  tangents  meet  of  course  in  the  last-mentioned  pole,  that 
is  in  a  point  of  the  twofold  centre  conic)  is  found  to  be 

2fgh  (x-^y  +  zy+D  {2/yz  +  2gzx  +  2hxy)  =  0 ; 
if  for  shortness 

□  =     f'  +  g'  +  h'-2gh^2hf^2fg, 

or  what  is  the  same  thing 

n=-.4(5rA-hA/+/5'),  =2(p  +  g'  +  h'y 

64.  We  have  identically 

-  6/gh{a^  -^y^  +  z^-  2yz  -  2zx  -  2xy) 

=  2/gh  (x  +  y  +  zy  +  D  (2/yz  +  2gzx  +  2hxy)  -  8  (fx+gy-^-hz)  {ghx  +  hfy -^fgzl 

so  that  the  tangents  in  question  meet  the  twofold  centre  conic 

cc!^  +  f  -\-  z^  -'  2yz -2zx -  2xy  =  0, 

at  its  intersections  with  the  lines  fx-^-gy+hz^  0,  and  ghx  +  hfy  -Vfgz  =  0 :  the  latter 
of  these  is  in  fact  the  tangent  of  the  conic  at  the  point  (/*,  g^,  h*)  of  intersection 
of  the  two  tangents.  Hence  the  two  tangents  meet  at  the  point  (/*,  jr*,  A')  of  the 
twofold  centre  conic  and  they  besides  meet  the  conic  at  its  points  of  intersection  with 
the   line  fx-{-gy-{-hz  =  0. 
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65.    The  line  \x  +  /iy  +  vz  =  0  may  be  expressed  in  the  form, 

|  +  |  +  ^+A(<c+y+^)=o, 

(where,  vi  suprdt,  a  +  /8  +  7  =  0).    The  corresponding  values  of/,  g,  h  are 

/:  5r  :  A  =  a'(/9'-7»)  : /9'(7»-a')  :  7'(«»-/9'), 
or,  what  is  the  same  thing, 


f.g:  h=cfi0  -7)    :  ff'(y  -a)    :  rf^a  -yS), 


or,  again, 


/:g:  A  =  a'(y3«-7»)  :  /8'(7»-a')  :  -ficf-^). 
The  equ&tion  fx  +  gy  +  hz=:0  may  be  written 

=  0, 


x. 

y. 

z 

1, 

1. 

1 

1 

1 

1 

7* 

that   is^  the   line   in   question    is    the    line  joining   the  harmonic  point   (1,   1,   1)  with 
the  point 


W'  ^'  7*)' 


the   inverse  of  the  point  (a',  /S",  7*),  which  is  (awfe,  No.  27)  the  point  of  contact  of 
the  line 


with  the  envelope. 


66.  The  harmonic  conic  passes  through  the  vertices  of  the  triangle  a?  =  0,  y  =  0,  -^  =  0, 
through  the  harmonic  point  (1,  1,  1),  and  through  the  critic  centres.  Hence  if  one  of 
the  critic  centres  be  given,  the  harmonic  conic  passes  through  five  given  points  and 
is  thus  completely  determined.  But  a  critic  centre  being  given,  the  line  joining  the 
other  two  critic  centres  is  the  polar  of  the  given  centre  in  regard  to  the  twofold 
centre  conic  {ante.  No.  40),  and  it  is  thus  completely  determined;  and  the  other  two 
critic  centres  are  of  course  the  intersections  of  this  line  ¥dth  the  harmonic  conic. 


Article  Nos.  67  to  87.    Miscellaneous  Investigations, 

67.  I  demonstrate  by  means  of  the  last-mentioned  formulsB  a  theorem  already  in 
effect  demonstrated  by  the  investigation  which  led  to  the  three  centre  conic,  viz.  that 
the  tangents  at  a  node  or  critic  centre,  and  the  lines  drawn  to  the  other  two  critic 
centres,  form  a  harmonic  pencil. 

c.   V.  44 
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In  fSetct  the  tangents  at  the  node  or  critic  centre  are  given  by  the  equation 

the  other  two  critic  centres  are  given  as  the  intersection  of  the  line 


e-k-x   e-k-^   e-k-v 

with  the  conic 


X 


0, 


the  theorem  will  be  true  if  the  pair  of  tangents  and  the  last-mentioned  conic  are  cat 
harmonically  by  the  last-mentioned  line.  Now  in  general  the  condition  in  order  that 
the  line  (a?  +  i;y  +  (r'^  =  0,  may  cut  harmonically  the  conies  (a,  b,  c,f,  g,  hT^a,  y,  zy  and 
(a\  h\  cf,f\€f,h!){x,y,  r)»  =  0  is 

(6c' +  6'c  -  2jgr^  ...,5rA'  +  ()rA-a/'-a7,  ...$?,  17,  ty=0. 
and  if  a'  =  6'  =  c'  =  0,  then  the  condition  is 

68.  In  the  present  case  the  equations  of  the  two  conies  may  be  written 

(d+4X,... -d-^J'',...)(a?,  y,  ^)«  =  0, 

(0,  ... ,  /i-v,  ...$«?,  y,  zf^O, 
and  we  have 

=  —  d(X— /Lt  +  ft  —  v  +  v  —  X) 

2 

+  g  (—  vX*  +  v\fi  —  Xfiv  —  X*/it)  +  4X  (/It  —  v), 
and  the  condition  is 

{<,_.,(,,  V),  ...(,-„)(^'_,x),  ..]{^^.  ^^.  ^J.o. 

69.  Writing  this  in  the  form 
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then  observing  that 


d+\   e+ft,   d+v 

the  first  part  is 


^    'v^  e  j\(e+x)(0+fi)  id+xxe+vye+xj' 


which  is 


and  observing  that  the  sum  is 

=  2X(Ai-r)(^  +  2/ityd)-XfM;2(At-i')(^+-J-''), 

= ^  l,fiv(jA-v)  =  2^^  (/A  -  v)  (v  -  X)  (X  -  fi), 

the  first  part  is 

—  ^^f^^  Qi  —  y)  (y  —  X)  (X  —  /It) 
"~^(d  +  X)(d  +  At)(gTiJ)- 

The  second  part  is 

2\fAP 


in  which  the  sum  is 


20x-v)(X-2d)(X  +  d), 


=  2(At-i;)(X2-Xd-2^)=2X»(/it-y)  =  -0A-y)(i;-X)(X-/it), 

so  that  the  second  part  is 

_      2\fip  {fi  —  v)  (y  —  X)  (X  —  fi) 
0~  (f+X)(^  +  At)(^  +  y)' 

and  the  sum  of  the  two  parts  is  =  0,  which  proves  the  theorem. 

70.    Let  Xi,  ffi,  Zi  be  the  coordinates  of  a  critic  centre,  then  the  equation  of  the 
polar  in  regard  to  the  twofold  centre  conic  is 

and  the  equation  of  the  conic  through  the  five  points  is 

ai(yi-^i)    ^  yi(^i-a?i)    ^  ^1  (a?i - yi) ^ Q^ 

X  y  z  ' 

and  these  equations  together  determine  the  remaining  two  critic  centres. 
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71.  I   remark  in  passing  that  the  equation    of   the  one-with-twofold  centre  locus 
may  also  be  obtained  by  means  of  the  equations 

X  y  z  ' 

(-^  +  yi  +  2:i)«  +  (aa-yi  +  ^,)y+(«i  +  y,-i^)i^  =  0, 

which  determine  the  remaining  two  critic  centres  corresponding  to  a  given  critic  centre 
{^>  yi>  '^i);  ui  bet,  in  order  that  the  centre  (d^,  yx,  Zi)  may  be  accompanied  by  a 
twofold  centre  the  line  must  touch  the  conic;  and  the  analytical  condition,  substitutiiig 
therein  (x,  y,  z)  in  the  place  of  (xi,  yi,  Zi),  is  found  to  be 

ajyrja^  +  y'  +  ^-(y^  +  y*z  +  -wJ'  +  ^  +  a^  +  «^)  +  3«yi:j-=0, 

the  three  lines  xyz  =  0  are  not  properly  part  of  the  locus,  but  their  appearance  may 
be  accounted  for  without  difficulty. 

72.  Assume  that  the  line  \X'\' ^y'\'vz^0  passes  successively  through  the  points 

(a?  =  0,y-r  =  0)    (y  =  0. -^-a?  =  0),    (r  =  0,  «-y  =  0), 

or,  what  is  the  same  thing,  the  points  (0,  1,  1),  (1,  0,  1),  (1,  1,  0):  then  {ante.  No.  56) 
the  critic  centres  are  in  all  these  cases  respectively  on  the  conies. 


or,  as  these  may  be  written, 


1 

y 

+1- 

z 

4 
x  +  y  +  z 

=  0, 

1 

+1- 

X 

4 

=  0. 

z 

x  +  y  +  z 

1 

y 

4 

0; 

X 

x  +  y  +  z 

(y 

-zy 

+  « (y  +  z)  = 

=  0, 

(z- 

-xy  +  y{z  +  a)  = 

=  0, 

(x 

-yy  +  z(x+y)= 

=  0. 

the  first  of  which   is  a  conic  touching  the  lines  ^  =  0,  y  +  z^zQ  at  the  points  of  inter- 
section with  the  line  y  — -^  =  0;  and  similarly  for  the  other  two  conies. 

73.  Suppose  that  the  line  Xfl?-f/tty  + 1^-^  =  0  passes  through  the  point  (4,  -1,  -l)i 
or  let  4X  — /It  — 1/  =  0;  we  have  (a,  fi,  7)  =  (4,  —1,  —1);  and  the  critic  centres  lie  on 
the  curve 

4     11  *       -0 

X     y     z     x  +  y  +  z'^   ' 
that  is 

4(y  +  '^)       y  +  z 


x^x+y-^z)        yz 


=0, 
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or,  as  this  may  be  written, 


(y  +  -?)  ja?  (a?  4-  y  +  «)  -  4y^[  =  0, 


that  is 


so  that  the  cubic  locus  breaks  up  into  the  line  y  +  z  =  0  and  into  the  conic 

x(x  +  y  +  z)''  Ayz  =  0. 

74.  I   say  that  the  critic  centres  lie,  one  of  them  on  the  line,  and  the  other  two 
on  the  conic. 

In  fact,  putting  X  =  ^(/i  +  i/)  the  equation  in  0  is 

^-d(/ity  +  J(/i +  !/)»)- i/iti' 0*4-1')  =  0, 

and  we  have 

1  1        _J_ 

75.  Hence  if  d4-i(M  +  ^)  =  0,  we  obtain 

___l 1  -1 

fi  +  v 
whence  also 

(ji  +  v)x  —  (jM  —  v)z=0, 

y  +  ^  =0, 

so  that  the    corresponding    critic  centre  lies   on  the  line  y  +  2:  =  0;    the  last-mentioned 
equations,  restoring  the  value  4X  in  place  of  fi-k-v,  may  also  be  written 

4Xfl;  4-  (/A  —  v)  y  =  0, 

4s\x  —  (/A  —  y)  2:  =  0, 

y4-^  =0. 

76.  If  on  the  other  hand 

^-i(M4-y)^-/Ay  =  0, 

or,  as  this  equation  may  be  written, 

then  observing  that  in  general,  in  virtue  of  the  equation 


e-k-x   0+fi   e-k-p   e 
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we  have 

1  12        12        1 

1        1      e-k-jp     g+2/i 

and  consequently 

y  :  m-^-z^d  :  d4-2/it;        z  :  x-^-y^O  :  d  +  2y, 

the  foregoing  equation 

5^-(d  +  2/it)(d  +  2v)  =  0 
gives 

5yz  -  (a?  +  z)  (a?  +  y)  =  0, 
that  is 

«(a?  +  y4-z)-4y^  =  0; 

or  the  critic  centres  corresponding  to  the  two  values  of  d  lie  on  the  conic.  The 
line  joining  them  is  the  polar  of  the  point  (—7-  1  — 1>  1 )  ^  regard  to  the  twofold 
centre  conic;  the  equation  therefore  is 

(/i  -  v)  a?  -  (3/1*4- y)y +  (/i  +  8v)i:=  0. 

77.  Starting  with  a  critic  centre  on  the  line  y  +  ^»0,  the  other  two  critic  centres 
lie  on  the  conic  «(a?  +  y  +  -^)  — 4yz  =  0,  and  they  are  the  intersections  of  the  conic  hy 
the  polar  of  the  first  centre  in  regard  to  the  twofold  centre  conic. 

78.  Starting  with  a  critic  centre  on  the  conic  a?(a?  +  y  +  ^)  — 4yz  =  0,  the  other 
two  critic  centres  lie  one  on  the  conic,  and  the  other  on  the  line  y  +  z  =  0;  viz.  the 
polar  of  the  first  centre  in  regard  to  the  twofold  centre  conic  meets  the  line  in  one 
point,  and  the  conic  in  two  points;  of  these  one  is  the  harmonic  of  the  point  on 
the  line  in  regard  to  the  twofold  centre  conic;  this  point  on  the  conic,  and  the 
point  on  the  line,  are  the  other  two  centres. 

79.  The  point  (4,  —1,  —1)  is  of  course  one  of  a  system  of  three  points;  viz. 
these  are  (4,  —  1,  —  1)  (-  1,  4,  —  1),  (- 1,  —  1,  4) ;  and  the  corresponding  loci  of  the 
critic  centres  are 


(y  +  z)\x(x  +  y'\'Z)-  4^1  =  0, 
(Z'k'x)\y(x  +  y  +  z)-  4axl  =  0, 
(x'\'y)\z{x  +  y  +  z)-  4^1  =  0, 


the   three  points  in  question  are  (ante,  No.  24)  shown  to  be  nodes  of  the  twofold  centre 
envelope. 
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80.  The  line  3a?  +  y  +  -^  =  0  is  the  line  through  the  points  (—1,  4,  —1),  (—1,  —1,  4), 
and  as  such  the  corresponding  critic  centres  lie 

one  on  the  line  z  +  x  =  0,  two  on  the  conic  a?(aj  +  y  +  '8^)  — 4y^  =  0, 

one  on  the  line  a?  +  y  =  0,  two  on  the  conic  y  (a?  +  y  +  -?)  — 4-ga?=0. 

The  two  lines  meet  in  the  point  (1,  —  1,  —  1). 

The  two  conies  meet  in  the  points  (1,  0,  0),  (2,  3,  3);  and  touch  at  the  point 
(0,  1,  —1),  the  common  tangent  being  Bx-k-y  +  z^O:  this  appears  by  writing  the 
equations  of  the  two  conies  in  the  forms 

iy-z)(ox  +  y'\'z)'\'(y  +  z)(-Sx  +  y  +  z)=:0, 
''(i/-z){5x'k'y-\-z)'\'(y  +  z)(-'3x  +  y+z)^0, 
for  we  have  then  the  four  points  of  intersection  put  in  evidence ;  viz.  these  are 

y-z=^0,              y  +  z  =  0,  that  is  (1,  0,      0), 

y^z  =  0,^Sx  +  y  +  z  =  0,       „  (2,3,      3), 

5a?  +  y  +  -^  =  0,              y  +  z  =  0,       „  (0,  1,  -1), 

5x  +  y  +  z^0,  -3x  +  y'\'Z  =  0,       „  (0,1,-1). 

The  point  of  intersection  (1,  0,  0),  which  is  an  angle  of  the  triangle,  is  not  a  critic 
centre;  the  three  critic  centres  are  the  other  point  of  intersection  (2,  3,  3);  the  point 
of  contact  (0,  1,  —  1) ;  and  the  point  of  intersection  (1,  —  1,  —  1)  of  the  two  lines. 

81.  To  obtain  in  a  dififerent  manner  the  last-mentioned  result  it  may  be  remarked 
that  for  the  line  3a?  +  y  +  -^  =  0,  for  which  (X,  /i,  v)  =  (3,  1,  1),  the  equation  in  ^  is 

^-7d-6  =  (d  +  l)(d  +  2)(d-3)  =  0, 

so  that  the  values  of  d  +  X,  d  +  fi,  d+y  are 

for  ^  =  -1,  2,  0,  0, 
„  ^  =  -2,  1,  -1,  -1, 
„    d=     3,        6,      4,      4, 

and  the  corresponding  values  of  x  :  y  :  z  are 

=  J  :      cx>  :     cx>,  that  is,  (0,      1,  —  1), 
=  1:-1:-1,        „        (1,-1,-1), 
=  i  :       1  :      1,        „        (2,      3,       3), 
which  points  are  therefore  the  critic  centres  for  the  line  3a?+y  +  -^  =  0. 

The  last-mentioned  line,  it  is  clear,  is  one  of  the  system  of  three  lines 

3a?  +  y  +  -8^  =  0,    a:  +  3y  +  -2r  =  0,    a:  +  y  +  3-^=0. 

82.  If  X  =  0,  that  is  if  the  line  Xx  +  fiy-k-vz^O  pass  through  an  angle  y  =  0,  z  =  0 
of  the  triangle ;  then  reverting  to  the  original  equations 

—  X'\'y  +  z_^x  —  y'\'Z_x  +  y'-z 
Xa;  fiy  vz       ' 
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these  give  (y  =  0,  «  =  0)  or  else  (-iF  +  y  +  ^  =  0,  v^  — /iy*  =  0),  that  is,  one  of  the  three 
critic  centres  is  the  angle  (y  — 0,  z^^O)  of  the  triangle;  and  the  other  two  are  the 
intersections  of  the  line  — a?  +  y  +  ^  =  0  with  the  pair  of  lines  pi^  —  fij^  =  0. 

It  should  be  remarked  that,  given  the  critic  centre  y^yi^O,  z^Si  =  0,  the  re- 
maining two  centres  cannot  be  determined  as  the  intersection  of  the  polar  — ^  +  y+i^  =  0 
with  the  conic 

X  y  z  * 

inasmuch  as  the  equation  of  this  conic  becomes  the  identity  0  =  0. 

83.  The  critic  centres  for  the  case  in  question,  X«0,  may  also  be  determined  by 
means  of  the  equation  of  the  cubic  through  the  three  centres;  in  fisust,  since  X  =  0, 
the  equation  Xa  +  a^  +  V7  =  0  becomes  /it/3  +  ^7  =  0,  that  is  /3  :  7  =  y  :  —  /i ;  and  the 
equation  of  the  cubic  therefore  is 

\a     x-k-y-^-zJ      v\y     z     x-^y  +  zj 
and  since  the  ratio  a  :  )3  is  arbitrary  we  have  the  two  equations 

=  0,  ?^_e_?_(i'-A*)=o, 


X     x  +  y-k-z  y     z     x-k-y-k-z 

which    resolve    themselves    into    the    above-mentioned    two    equations,    — fl?+y  +  ^  =  0, 

VZ*  —  fJLj/^  =  0. 

84.  Consider  a  critic  centre  the  coordinates  of  which  are  (0,  yi,  Zi),  that  is,  which 
is  an  arbitrary  point  on  the  side  x=:0  of  the  triangle:  it  is  to  be  remarked  that 
there  is  not  any  position  of  the  line  \a?-|-Aty  + i/z  =  0,  which  properly  gives  rise  to  such 
a  critic  centre. 

For  writing  a?i  =  0  the  equations 

-^±yi±Ji  ^ a?i-yi4-<gi  ^  a?i  4-  yi  -  z^ 
Xa?i  fiyi  vzi 

give  fi  =  0,  v  =  0,  that  is,   the  line  Xa?  +  /tty  +  v^  =  0  is  found   to  be  x  =  0;  but  in  this 

case  the  cubic  is  x  (yz  +  A  (a:  +  y  +  zy]  =  0,  which  irrespectively  of  the  value  of  i  has 

nodes  at  the  points  a?  =  0,  y2:  +  A(y  +  ^)'  =  0,  and  which  only  for  the  value  A;  =  0  acquires 
a  third  node  at  the  point  y  =  0,  z  =  0:  the  case  is  a  singular  and  exceptional  one. 

85.  If   notwithstanding   we  assume  a    critic    centre  at  the  point  (0,  yi,  Zi),  then 

the  other  two  critic  centres  are  by  the  general  theorem  given  as   the  intersection  of  the 

line 

(Vi  +  -^i) «  -  (yi  - -2^0 (y-^)  =  0 

with  the  conic  (pair  of  lines)  x(y  —  z)=^0,  that  is,  we  have  a  twofold  centre  a?  =  0,  y  -  ^  =  0, 
or  what  is  the  same  thing  a  twofold  centre  (0,  1,  1). 
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86.  If  a  critic  centre  lie  on  the  line  y  — 2^  =  0,  then  of  the  other  two  critic 
centres,  one  lies  on  this  same  line  and  the  other  is  the  point  d?  =  0,  x  +  y  +  z  =  0,  or 
say  the  point  (0,  1,  —1).  And  in  this  case  the  line  Xx  +  fiy  +  vz^^O  passes  through 
the  last-mentioned  point;  that  is,  we  have  fi=^v.  Conversely,  starting  from  the  equation 
/*  =  !/,  so  that  the  line  7^  +  /iy'\rvz=^0  is  Xjj  +  /t  (y  +  -s^)  =  0,  a  line  through  the  inter- 
section of  the  lines  a?  =  0,  x  +  y-\-z=^0,  the  equation  in  ^  is 

(^  +  At)  (^  -  ytt^  -  2X/a)  =  0, 

where  the  factor  ff-k-fi^O  corresponds  to  the  critic  centre  a:  =  0,  x-^y  +  z^^O,  or 
(0,  1,  —  1),  (it  will  presently  be  shown  that  this  is  so),  and  the  quadric  equation 
d'  —  fi0  —  2\fjL  =  O  corresponds  to  two  critic  centres  on  the  line  y  —  z^O.     We  have 

1  1  1 

""  -y  '  ^"e  +  X  ''  0  +  ^  ''  0-hfi' 

and  thence  y  —  z^O;  and  ^  (a?  —  y)  =  —  Xa?  -h  /ly,  which  substituted  in  the  equation 
^  — /tt^  — 2X/iA  =  0  gives 

(Xa?-My){(X-|-At)a;-2yity}-2X/it(a;-y)«  =  0, 

and  the  two  critic  centres  are  given  as  the  intersections  of  this  conic  by  the  line 
y-z  =  0, 

87.  Consider  for  a  moment  the  case  v  =  /a  +  e,  where  €  is  ultimately  =  0,  the 
equation  in  0  is 

1^  1  1 2^ 

^  +  X"*"^  +  At^  +  /x-he      0"     ' 

then  if  a  root  is  d  =  — /t  +  ile,  we  have 

1  Jl4._J ^=0 

^€  +  X  — /A     Ae     (-4  +  1)6     Ac  —  fi       * 

so  that,  6  being  indefinitely  small,  we  have 

-J-  +  -i— -^  =0,  that  is,  24  + 1  =  0  or  il  =  -i, 
A     A-^-i  * 

and  then 

d  =  -/it~i€,     d  +  X  =  X-/A-i€;    ^  +  /A  =  -ie;     ^  +  v  =  +  i€, 

which  gives 

1  1  1     _         1  _2         2 

^  •  y  •  ^-^^x  '  0^-il'  d  +  r"X-At-i€  '      6  '  ■*"€' 

or,  6  being  indefinitely  small,  a?:y:2r  =  0:l:—  1,  so  that  the  &ctor  ^  +  ytt  =  0  corre- 
sponds, as  mentioned  above,  to  the  critic  centre  (0,  1,  —  1). 


C.    V. 
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350. 


ON    THE    CLASSIFICATION    OF    CUBIC    CURVES. 


[From  the  Transactions  of  the  Cambridge  Philosophical  Society,  vol.  xi.  Part  i.  (1866), 

pp.  81—128.     Read  April  18,  1864.] 

The  notion  of  a  curve  of  a  given  order  may  be  considered  as  arising  from  Descartes' 
invention  of  his  method  of  coordinates;  and  one  of  the  earliest  applications  of  the 
method  was  made  by  Sir  Isaac  Newton  in  the  Enunieraiio  lineariim  tertii  Ordinis  (1706), 
a  work  worthy  of  its  author,  and  which  opened  a  new  field  of  geometrical  science.  The 
classification  is  according  to  the  nature  of  the  infinite  branches;  there  are  fourteen 
genera  containing  together  seventy-two  species,  but  four  species  were  added  by  Stirling 
in  his  LinecB  tertii  Ordinis  Neivtoniance ;  sive  Ulustratio  <fcc.  (1717),  and  two  more  by 
Murdoch  or  Cramer  ('),  making  in  all  seventy-eight  species.  A  new  classification  was 
made  by  Pliicker  in  his  System  der  Analytischen  Gearnetrie,  1835 ;  this  is  likewise 
according  to  the  nature  of  the  infinite  branches,  but  after  his  six  head  divisions,  and 
some  subordinate  divisions  thereof,  Plucker  establishes  the  divisions  called  Groups,  which 
have  nothing  analogous  to  them  in  the  Newtonian  theory;  there  are  sixty-one  groups, 
and  the  total  number  of  species  is  219. 

The  present  Memoir  contains  an  exposition  of  the  foregoing  classifications,  and  of 
the  principles  on  which  they  are  founded,  in  so  far  as  relates  to  the  superior  divisions 
of  the  two  classifications:  and  in  particular  I  develope  more  completely  than  was  done 
by  Plticker  the  theory  of  the  division  into  groups.  I  do  not  however  consider  otherwise 
than  very  slightly  the  ultimate  division  into  species. 

The  above-mentioned  work  of  Newton  contains,  under  the  heading  "Genesis  Curva- 
rum  per  Umbras,"  the  remarkable  theorem  that  the  curves  of  the  third  order  may  all 
of  them  be  considered  as  the  shadows  of  the  five  Divergent  Parabolas;  I  reserve  for 
a  separate  Memoir  the  whole  series  of  considerations  to  which  this  theorem  gives  rise. 

■   The  two  additional  species  are,  I  believe,   first  mentioned  in  Mnrdooh's  Oeruiii  Cwrvarum  per  Umbnt 
<1746),  but  one  of  them  is  there  ascribed  to  Cramer. 


350]  ON  THE  CLASSIFICATION   OF  CUBIC   CURVES.  355 

I  commence  by  establishing  the  theory  of  the  classification  of  cubic  curves  according 
to  the  nature  of  their  infinite  branches,  in  what  appears  to  me  the  scientifically  correct 
manner  as  follows : 


The  Seven  Head  Divisions^  Article  Nos.  1  to  4. 

1.  A  line  in  general,  and  therefore  the  line  Infinity,  meets  a  cubic  curve  in  three 
points,  and  these  may  be 

Three  onefold  points, 

A  twofold  point  and  a  onefold  (or,  as  it  may  also  be  termed,  a  one-with-twofold)  point, 

A  threefold  point. 

2.  But  in  the  second  case  the  line  Infinity 

may  be  a  proper  tangent  to  the  curve, 
may  pass  through  a  node, 
may  pass  through  a  cusp; 

and  in  the  third  case  the  line  Infinity 

may  touch  the  curve  at  an  inflexion, 

may  at  a  node  touch  one  of  the  two  branches, 

may  touch  the  curve  at  a  cusp. 

3.  The  first  case,  the  three  divisions  of  the  second  case,  and  the  three  divisions 
of  the  third  case,  give  in  all  seven  divisions,  which,  as  will  appear  in  the  sequel,  &11 
in   with   Newton's  classification,  and  can  be  named  in  his  language,  viz. 

Three  onefold  points.  The  Hjrperbolas. 

A  onefold  and  a  twofold  point ; 

Infinity  a  proper  tangent,  The  Parabolic  Hyperbolas. 

Do.     through  a  node.  The  Central  Hjrperbolisms. 

Do.     through  a  cusp.  The  Parabolic  Hyperbolisms. 

A  threefold  point; 

Infinity  a  tangent  at  an  inflexion,  The  Divergent  Parabolas. 

Do.  Do.      at  a  node,  to  one  branch.  The  Trident  Curve. 

Do.  Do.      at  a  cusp,  The  Cubical  Parabola. 

4.  As  regards  the  signification  of  these  terms,  it  may  be  remarked  that  the 
Hyperbolas  have  hyperbolic  branches,  the  Parabolic  Hyperbolas,  hyperbolic  and  parabolic 
branches;   where  by  a  hyperbolic  branch  is  meant   one    having   an  asymptote,  and  by 

45—2 
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a  parabolic  branch  one  not  having  an  asymptote.  The  hjrperbolism  of  any  curve  is  the 
curve  derived  from  it  by  altering  the  ordinate  in  the  ratio  of  the  abscissa  to  any  given 
line 


(y'=^y.  or  say  y'  =  |); 


the  expression  Central  Hyperbolism  is  used  to  include  Newton's  hyperbolisms  of  the 
hjrperbola  and  ellipse ;  and  the  expression  Parabolic  Hyperbolism  to  denote  his  hyper- 
bolism of  the  parabola.  The  Divergent  Parabolas  are  curves  the  branches  of  which 
ultimately  diverge  from  each  other  as  in  the  semicubical  parabola  y*  =  d^,  which  is  in 
fact  one  of  these  curves.  The  names  Trident  Curve  and  Cubical  Para^bola  are  not 
generic  but  specific  4  it  so  happens  that  the  genera  to  which  they  respectively  belong 
contain  each  only  a  single  species.  The  names  for  the  several  kinds  of  curves  are  not 
scientifically-devised  ones,  but  it  is  convenient  to  have  them  such  as  they  are. 

The  foregoing  seven  divisions,  uniting  in  one  the    Central    Hyperbolisms    and  the 
Parabolic  Hyperbolisms,  are  the  six  head  divisions  of  Plttcker. 


Asymptotes,  Jkc.    Equdtions  for  the  Seven  Head  Divisions.    Article  Noe.  5  to  22. 

5.  For  a  Hyperbola  there  is  at  each  of  the  points  at  infinity  a  tangent,  which 
is  an  asymptote ;   and  the  hyperbola  has  thus  three  asymptotes. 

6.  For  a  Parabolic  Hyperbola  there  is  at  the  onefold  point  at  infinity  a  tangent, 
which  is  an  asymptote.  There  may  be  described  a  conic  having  with  the  curve  at 
the  twofold  point  at  infinity  a  five-pointic  intersection (^).  Such  conic,  as  having  the 
line  infinity  for  a  tangent,  is  a  parabola,  and  it  may  be  termed  the  asymptotic 
parabola :   the  Parabolic  Hyperbola  has  thus  an  asymptote  and  an  asjrmptotic  parabola. 

7.  For  a  Central  Hyperbolism  there  is  at  the  onefold  point  at  infinity  a  tangent 
which  is  an  asymptote,  and  which  for  distinction  may  be  called  the  onefold  asymptote; 
and  at  the  node  or  twofold  point  at  infinity  there  is  a  pair  of  tangents  which  are 
the  parallel  asymptotes. 

8.  For  a  Parabolic  Hjrperbolism  there  is  at  the  onefold  point  at  infinity  a 
tangent  which  is  an  asymptote,  and  which  may  be  called  the  onefold  asymptote;  and 
at  the  cusp  or  twofold  point  at  infinity  a  twofold  tangent  which  is  an  asymptote, 
and  which  may  be  called  the  twofold  asjrmptote. 

9.  For  a  Divergent  Parabola  there  is  not  any  asymptote  or  asymptotic  conic  ;  but 
we  may  consider  an  asjrmptotic  cubic,  viz.  this  will  be  a  semicubical  parabola  (y*=^), 
which  is  in  fact  one  of  the  divergent  parabolas,  the  cuspidal  divergent  parabola^  and 
which   may  be  in  general  so  determined  as  to  have  at  the  inflexion  or  threefold  point 

1   I  have  elsewhere  spoken  of  the  conic  of  five-pointic  contact:   the  expression  five-pointio  inUneetum  is 
more  aooorate. 
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at  infinity  a  seven-pointic  intersection.  For  the  asymptotic  cubic,  in  order  that  it  may 
have  a  cusp,  must  satisfy  two  conditions ;  it  may  therefore  be  made  to  satisfy  seven 
more  conditions,  or  to  have  a  seven-pointic  intersection;  and  then  the  original  curve 
having  an  inflexion  or  threefold  point  at  infinity,  the  asymptotic  cubic  will  ipso  facto 
have  the  same  point  as  an  inflexion,  or  threefold  point  at  infinity,  and  be  thus  a 
cuspidal  divergent  parabola. 

10.  For  the  Trident  Curve,  we  have  at  the  node  or  threefold  point  at  infinity, 
viz.  to  the  branch  which  is  not  touched  by  the  line  infinity,  a  tangent  which  is  an 
asymptote :  this  cuts  at  the  node  the  other  branch  of  the  curve,  and  it  is  therefore 
an  asymptote  of  three-pointic  intersection.  We  may  describe  a  conic  having  at  the 
node  a  five-pointic  intersection  with  the  other  branch  of  the  curve;  such  conic  as 
touching  the  line  infinity  is  a  parabola,  and  it  may  be  called  the  asymptotic  parabola; 
since  the  parabola  cuts  at  the  node  the  first-mentioned  branch  of  the  curve,  viz.  the 
branch  not  touched  by  the  line  infinity,  the  parabola  is  in  fact  a  parabola  of  six- 
pointic  intersection.  The  Trident  Curve  has  thus  an  asymptote  and  an  asymptotic 
parabola  of  six-pointic  intersection. 

11.  For  the  Cubical  Parabola  there  is  not  any  asymptote  or  asymptotic  conic: 
the  curve  qud  curve  having  a  cusp  (viz.  the  cusp  or  threefold  point  at  infinity)  has 
a  single  inflexion;  and  the  line  joining  the  cusp  with  the  inflexion,  regarded  as  a 
threefold  line,  has  with  the  curve  a  six-pointic  intersection  at  infinity,  and  may  be 
considered  as  an  asymptotic  cubic. 

12.  We  have  in  every  case  a  cubic  curve  V=0  having  with  the  original  curve 
an  intersection  at  infinity  which  is  at  least  six-pointic,  and  which  I  call  the  asymptotic 
aggregate :   viz.  the  asymptotic  aggregate  is 

For  the  Hyperbolas;   the  three  asymptotes,  intersection  six-pointic. 

For  the  Parabolic  Hyperbolas;  the  asymptote  and  the  asymptotic  parabola,  inter- 
section seven-pointic. 

For  the  Central  Hyperbolisms ;  the  onefold  asymptote  and  the  parallel  asymptotes, 
intersection  eight-pointic. 

For  the  Parabolic  Hyperbolisms;  the  onefold  asymptote  and  the  twofold  asjrmptote 
regarded  as  a  twofold  line;  intersection  eight-pointic. 

For  the  Divergent  Parabolas;  the  asjrmptotic  semicubical  parabola,  intersection 
seven-pointia 

For  the  Trident  Curve;  the  asymptote  and  the  asymptotic  parabola,  intersection 
nine-pointic. 

For  the  Cubical  Parabola;  the  line  joining  the  cusp  at  infinity  with  the  inflexion, 
regarded  as  a  threefold  line,  intersection  six-pointic. 

13.  I  have  said  that  the  intersection  at  infinity  is  at  least  six-pointic;  but  more 
than  this,  the  intersection   at  any   onefold  point  at  infinity  is  at  least   two-pointic;   at 
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a  twofold   point  at   infinity  it    is  at   least    four-pointic ;    and    at   a    threefold    point  at 
infinity  it  is  at  least  six-pointic. 

It  follows  that  the  intersections  at  infinity  of  the  cubic  and  the  asymptotic  aggregate 
include  the  six  intersections  of  the  cubic  by  the  line  infinity  considered  as  a  twofold 
line;  and  hence  the  remaining  three  intersections  of  the  cubic  and  the  asymptotic 
^gff^g^^  must  lie  in  a  line  «=0  (Plucker's  line  S),  which  I  call  the  satellite  line. 
And  writing  z^O  for  the  equation  of  the  line  infinity,  the  equation  of  the  cubic  is 
of  the  form  17=  F+au'«  =  0.  It  is  to  be  observed  moreover,  that  when,  as  for  the 
Hyperbolas  and  the  Cubical  Parabola,  the  intersection  at  infinity  is  six-pointic,  the  line 
8  =  0  is  an  arbitrary  line ;  when  as  for  the  Parabolic  Hyperbolas,  and  the  Divergent 
Parabolas,  the  intersection  is  seven-pointic,  the  line  8  =  0  meets  the  cubic  in  a  given 
point  at  infinity,  viz.  the  twofold  or  the  threefold  point  at  infinity ;  and  when  as  for 
the  Central  Hyperbolisms  and  the  Parabolic  Hyperbolisms  the  intersection  is  eight- 
pointic,  the  line  8  =  0  has  with  the  cubic  a  given  twofold  intersection  at  infinity; 
this  however  merely  implies  that  the  line  8=0  passes  through  the  node  or  cusp  at 
infinity,  and  so  imposes  only  one  condition  on  the  line  8  =  0,  Finally,  when  as  in  the 
Trident  Curve  the  intersection  is  nine-pointic,  the  line  8  =  0  has  with  the  curve  a 
given  threefold  intersection  at  infinity ;  that  is,  it  coincides  with  the  line  infinity,  ^  =  0. 

14.  The  preceding  considerations  in  regard  to  the  asjrmptotic  aggregate  F=0,  lead 
very  directly  to  the  best  analytical  form  of  the  function  F,  and  therefore  to  that  of 
the  equation  U=  V+fL^8  =  0,  of  the  cubic. 

15.  I*or  the  Hyperbolas;  the  equations  of  the  asymptotes  heing  p  =  0,  q  =  0,  r  =  0, 
then  we  have  V=pqr  =  0  for  the  asymptotic  aggregate;  the  satellite  line  is  arbitrary^ 
and  hence 

Ek[uation  of  the  Hyperbolas  is 

pq7*  +  fl2^8  =  0. 

16.  For  the  Parabolic  Hyperbolas.  Imagine  parallel  to  the  asymptote  a  line  jp=0 
touching  the  asymptotic  parabola ;  and  let  the  line  joining  the  point  of  contact  with 
the  twofold  point  at  infinity  have  for  its  equation  q=0;  the  equation  of  the  asymptote  is 

that  of  the  asymptotic  parabola  is  9*  +  \pz  =  0,  and  hence  the  equation  of  the  asymptotic 
aggregate  is  {p  +  kz)  (^  -{-  \pz)  =  0  ;  the  satellite  line  passes  through  the  twofold  point 
at  infinity,  or  its  equation  is  q  +  az  =  0;  hence 

Equation  of  the  Parabolic  Hyperbolas  is 

(p  4-  /cz)  (^  +  Xp2)+fjLZ^(q  +  az)  =  0. 

17.  For  the  Central  Hyperbolisms ;  the  equation  of  the  onefold  asymptote  is  taken 
to   be  2)  =  0,  and  that  of  the  parallel   asymptotes   to   be  q^-\-  ks^  =  0\  hence  the  equation 
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of   the   asymptotic    aggregate    is  p{f  +  fcz^)  =  0,    the    satellite    line    passes   through    the 
twofold  point  at  infinity,  its  equation  is  5  +  a-er  =  0 ;   hence 

Equation  of  the  Central  H3rperbolism8  is 

p  (gf»  +  KZ'^)  +  fJLZ*{q  +  <TZ)  =  0. 

18.  For  the  Parabolic  Hyperbolisms :  the  only  difference  is  that  instead  of  the 
parallel  asymptotes  g*  +  /e-g*  =  0  we  have  the  twofold  asymptote  3*  =  0 ;   hence 

Equation  of  the  Parabolic  Hjrperbolisms  is 

pg*  +  y^z^  {q  +  crz)  =  0. 

19.  For  the  Divergent  Parabolas :  the  asymptotic  aggregate  is  a  semicubical 
parabola ;  let  9  ==  0  be  the  equation  of  the  cuspidal  tangent,  j>  =  0  the  equation  of  the 
line  joining  the  cusp  with  the  inflexion  at  infinity,  then  the  equation  is  />•  +  ^z  =  0. 
The  satellite  line  passes  through  the  threefold  point  at  infinity,  its  equation  is  p  i'az=0, 
hence 

Equation  of  the  Divergent  Parabolas  is 

p^  +  \q^z  +  fiz^(p'\'az)=::0. 

20.  For  the  Trident  Curve :  let  p  =  0  be  the  equation  of  the  asymptote,  q  =  0 
that  of  the  tangent  to  the  asymptotic  parabola  at  the  point  not  at  infinity  where  it 
is  met  by  the  asymptote,  then  the  equation  of  the  parabola  is  p^  +  \qz  =  Oy  and  that 
of  the  asymptotic  aggregate  is  p(p^'\'7<>qz)^0;  the  satellite  line  is  the  line  infinity, 
z  =  0;  hence 

Equation  of  the  Trident  Curve  is 

P  (pl^  +  \qz)  + /j^  =^  0. 

21.  For  the  Cubical  Parabola :  let  p  =  0  be  the  equation  of  the  line  joining  the 
inflexion  with  the  cusp  at  infinity,  then  the  asymptotic  aggregate  is  this  line  taken 
as  a  threefold  line,  or  the  equation  is  p^  =  0'y  the  satellite  line  is  arbitrary ;    hence 

Equation  of  the  Cubical  Parabola  is 

22.  It  is  convenient  to  notice  here  that  for  the  Hyperbolas  the  line  8  =  0  is 
determined  as  follows,  viz.  the  line  infinity  meets  the  curve  in  three  points,  and  the 
tangents  at  these  points  (the  asymptotes)  again  meet  the  curve  in  three  points  Ijmsg 
in  a  line  which  is  the  line  in  question ;  in  other  words,  the  line  8=0  is  (in  the  sense 
in  which  I  have  elsewhere  used  the  term)  the  satellite  line  of  infinity.  For  the  other 
kinds  of  cubic  curves,  the  line  »  =  0  is  not,  in  the  sense  just  referred  to,  the  satellite 
line  of  infinity:  but  in  the  present  Memoir  I  shall  in  every  case  call  the  line,  «  =  0, 
the  satellite  line. 
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The  Thirteen  Divisions.     Article  No&  23  to  33. 

23.  The  characters  of  the  foregoing  seven  divisions  are  irrespective  of  reality;  and 
before  going  further  it  may  be  remarked,  that  as  to  the  Hyperbolas  and  the  Parabolic 
Hyperbolas  a  subdivision  also  irrespective  of  reality  may  be  made  as  follows. 

24.  For  a  Hyperbola,  the  three  asymptotes  may  not  meet  in  a  point,  or  they  may 
meet  in  a  point.  For  shortness  I  say  that  in  the  former  case  we  have  a  Hyperbola  A, 
in  the  latter  case  a  Hyperbola  0.  I  consider  more  particularly  {poet.  No.  41)  the 
special  case  of  a  Hjrperbola  0. 

25.  For  a  Parabolic  Hyperbola,  the  asymptote  may  meet  the  asymptotic  parabola 
in  two  onefold  points;  or  in  a  twofold  point. 

26.  I  come  now  to  the  divisions  which  depend  on  reality:  it  is  assumed  that  the 
curve  is  real 

27.  For  the  Hyperbola  the  three  points  at  infinity  may  be  all  real  or  else  one  real, 
two  imaginary.  In  the  former  case,  the  asymptotes  are  all  real,  and  we  have  the 
redundant  hyperbola;  in  the  latter  case  the  real  point  at  infinity  gives  rise  to  a  real 
asymptote,  the  imaginary  points  to  imaginary  asymptotes:  we  have  in  this  case  the 
defective  hyperbola  It  is  to  be  noticed  that  the  imaginary  asymptotes  meet  in  a  real 
point,  called  the  asymptote-point ;  and  that  such  point,  if  we  regard  it  as  an  indefinitely 
small  ellipse  given  as  to  the  position  and  ratio  of  its  axes,  determines  the  imaginary 
asymptotes.  Combining  the  division  with  the  A,  0,  we  have  four  subdivisions  of  the 
Hyperbola. 

28.  For  a  Hyperbola  A  redundant  the  three  asymptotes  form  a  triangle,  and  for 
a  Hyperbola  ©  redundant  they  meet  in  a  point.  For  a  Hyperbola  A  defective,  the 
asymptote-point  does  not  lie  on  the  real  asymptote;  for  a  Hyperbola  0  defective  it 
does  lie  on  the  real  asymptote. 

29.  For  a  Parabolic  Hjrperbola :  the  onefold  point  and  the  twofold  point  at  infinity 
are  of  necessity  real,  as  are  also  the  asymptote  and  the  asymptotic  parabola.  If  the 
asjrmptote  meets  the  asymptotic  parabola  in  two  onefold  points,  these  may  be  both  real 
or  both  imaginary :  if  it  meets  it  in  a  twofold  point,  this  is  real.  We  have  thus 
three  subdivisions  of  the  Parabolic  Hjrperbola.  For  the  Central  Hyperbolism,  the 
onefold  point,  and  the  node  or  twofold  point  at  infinity,  are  both  real ;  the  asymptote 
is  also  real  But  the  node  may  be  a  crunode  or  an  acnode ;  that  is,  the  tangents  at 
the  node,  or  parallel  asymptotes,  may  be  both  real,  or  both  imaginary:  we  have  thus 
two  subdivisions,  viz.  the  Hyperbolism  of  the  hyperbola,  and  the  Hyperbolism  of  the 
ellipse. 

30.  For  the  Parabolic  Hjrperbolism,  the  onefold  point  and  the  cusp  or  twofold 
point  at  infinity,  and  also  the  onefold  asymptote  and  the  twofold  asymptote  are  all  real 

31.  For  the  Divergent  Parabola,  the  inflexion  or  threefold  point  at  infinity  is  real 
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32.  For  the  Trident  Ciir\'^e  the  node  or  threefold  point  at  infinity  is  real,  and 
inasmuch  as  one  of  the  tangents  is  the  line  infinity,  the  node  is  a  crunode,  and  the 
other  tangent,  or  asymptote  of  the  curve,  is  also  real 

33.  For  the  Cubical  Parabola,  the  cusp  or  threefold  point  at  infinity  and  the 
tangent  at  this  point  are  each  real. 

Reckoning  the  hyperbolas  as  4,  the  parabolic  hyperbolas  as  3,  the  central  hyper- 
bolisms  as  2,  and  the  parabolic  h}rperbolisms,  the  divergent  parabolas,  the  trident  curve, 
and  the  cubical  parabola,  each  as  1,  we  have  in  all  13  divisions. 


The  Notion  of  a  Ghroup.    Article  No.  34. 

34.  I  remark  that  the  characters  as  well  of  the  7  divisions  as  of  the  13  divisions 
have  exclusive  reference  to  the  form  of  the  asymptotic  aggregate  F  =  0;  we  have  an 
ulterior  division  depending  on  the  relation  of  the  satellite  line  to  the  asymptotic 
aggregate,  and  which  I  regard  as  the  proper  origin  of  Pliickers  Groups:  viz.  for  a 
given  form  of  the  asymptotic  aggregate  F=0,  and  corresponding  to  each  characteristically 
distinct  position  in  relation  thereto  of  the  satellite  line  8  =  0,  we  have  a  Group.  The 
determination  of  the  characteristically  distinct  positions  of  the  satellite  line  cannot  be 
completely  effected  d  priori;  for  instance,  in  the  case  of  the  Hyperbolas  A  redundant, 
the  distinctions  which  immediately  present  themselves  are  that  the  satellite  line  cuts 
the  three  sides  produced,  or  two  sides  and  the  third  side  produced,  of  the  triangle 
formed  by  the  asymptotes,  or  passes  through  an  angle  of  the  triangle,  &c. ;  but  these 
are  not  all  the  distinctions  which  have  to  be  made;  to  determine  them,  taking  the 
satellite  line  as  given,  we  discuss  the  series  of  curves  represented  by  the  equation 
V-\-fiz^8=0;  for  instance  (and  it  is  on  this  that  the  discussion  chiefly  turns),  we  see 
that  the  parameter  fi  may  be  so  determined  that  the  curve  shall  have  a  node,  but 
the  reality  or  non-reality  of  the  roots  of  the  equation  in  /a,  and  therefore  the  existence 
of  a  real  nodal  curve  or  curves  will  depend  on  the  position  of  the  satellite  line  8  =  0; 
and  it  is  thus  only  by  the  discussion  of  the  group  that  we  arrive  at  an  enumeration 
of  the  different  groups. 

08culating  Asymptote8  and  other  Specialitie8.    Article  Nos.  35  to  41. 

35.  But  Pliicker  nevertheless,  prior  to  the  establishment  of  his  groups,  introduces 
certain  intermediate  divisions  as  to  osculating  asjrmptotes,  &c.,  which  have  really  reference 
to  the  position  of  the  satellite  line ;  an  osculating  asjrmptote  gives  rise  to  a  '  diameter,' 
and  the  diameter  is  a  distinctive  character  in  the  Newtonian  genera;  to  explain  how 
all  this  is,  I  proceed  as  follows. 

36.  The  parallel  asymptotes  of  a  Central  Hyperbolism,  the  twofold  asymptote  of  a 
Parabolic  H)rperbolism  and  the  asymptote  of  the  Trident  Curve  are  singular  asymptotes, 
that  is,  each  of  them  touches  the  curve  at  a  node  or  a  cusp,  and  is  thus  an  asymptote 
of  three-pointic  intersection.     Excluding  these,  and  using  the  term  asymptote  to  denote 

c.  V.  46 
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a  non-singular  asymptote,  an  asymptote  is  in  general  an  ordinary  tangent  or  asjrmptote 
of  two-pointic  intersection;  if,  however,  the  point  of  contact  is  an  inflexion,  then  the 
asymptote  is  an  asymptote  of  three-pointic  intersection,  or  osculating  asymptote.  In 
particular  for  the  H)T)erbolas,  the  asymptotes  may  be  all  ordinary,  or  they  may  be  two 
ordinary  and  one  osculating,  or  all  three  osculating;  but  they  cannot  be  only  two  of 
them  osculating;  for  the  line  through  two  inflexions  meets  a  cubic  curve  in  a  third 
point  which  is  also  an  inflexion ;  that  is,  if  two  asjmptotes  are  osculating,  the  third 
is  also  an  osculating  asjrmptote.  The  foregoing  remarks  apply  as  well  to  the  defective 
as  the  redundant  Hyperbolas;  it  is  to  be  noticed,  however,  as  regards  the  defective 
H)rperbolas  that  the  osculating  asymptote,  when  there  is  only  one,  is  necessarily  the 
real  asymptote,  and  consequently  that  the  cases  are — asymptotes  ordinary;  the  real 
asymptote  alone  osculating ;  three  osculating  asymptotea  For  the  Parabolic  Hyperbolas 
the  as}rmptote,  and  for  the  Central  Hyperbolisms  and  the  Parabolic  HyperboUsms  the 
onefold  asjrmptote,  may  be  ordinary  or  osculating. 

37.  The  distinction  of  ordinary  and  osculating  asymptotes  has  reference  to  the 
position  of  the  satellite  line;  viz.  for  the  Hyperbolas,  when  there  is  a  single  osculating 
asymptote,  the  satellite  line  passes  through  the  point  at  infinity  of  the  osculating 
asymptote,  or  what  is  the  same  thing,  the  satellite  line  is  parallel  to  the  osculatiDg 
asymptote :  and  when  there  are  three  osculating  asymptotes,  the  satellite  line  coincides 
with  the  line  infinity.  And,  conversely,  when  the  satellite  line  is  parallel  to  an 
asymptote  such  asymptote  is  an  osculating  one,  and  when  the  satellite  line  is  at  infinity 
the  three  asymptotes  are  osculating.  For  the  Parabolic  Hyperbolas  the  asymptote,  and 
for  the  Hyperbolisms  the  onefold  asymptote,  is  an  osculating  asymptote  when  the 
satellite  line  is  at  infinity;   and  conversely. 

38.  There  is  in  regard  to  the  Divergent  Parabolas  a  distinction  which  may  be 
mentioned  here;  viz.  the  satellite  line  may  disappear  altogether  (/Lt  =  0),  and  the  curve 
thus  coincide  with  the  asymptotic  semicubical  parabola.  Or,  what  is  the  general  case, 
the  satellite  line  may  be  distinct  from  the  line  infinity, — and  it  may  cut  in  two  real 
points,  touch,  or  cut  in  two  imaginary  points  the  as}^mptotic  semicubical  parabola:  or 
the  satellite  line  may  coincide  with  the  line  infinity,  the  asymptotic  semicubical  parabola 
being  in  this  case  of  nine-pointic  intersection. 

39.  The  term  "diameter**  is  used  by  Newton  in  the  Enumeratio  in  two  different 
senses;  viz.  for  any  given  direction  of  the  ordinates  there  exists  a  right  line  or 
"diameter,"  such  that  measuring  the  ordinates  from  this  line  the  sum  y  +  y'+y"  of 
the  three  ordinates  is  =0.  Such  diameter  is  in  fact  the  second  or  line  polar  in  regard 
to  the  cubic  of  an  arbitrary  point  on  the  line  infinity.  But  the  term  diameter  is 
afterwards  and  will  be  here  used  to  denote  a  diameter  absolu^  dictum^  viz.  for  a 
direction  of  the  ordinates  parallel  to  a  non-singular  asymptote  there  may  exist  a  right 
line  or  "diameter"  such  that  the  ordinates  measured  from  this  point  are  equal  and 
opposite  to  each  other,  or  what  is  the  same  thing,  such  that  the  sum  y  +  y'  of  the 
two  ordinates  is  =  0 ;  this  implies  that  the  asymptote  is  an  osculating  asymptote.  In 
fact,  the  first  or  conic  polar  of  any  inflexion  of  the  cubic  breaks  up  into  a  pair  of 
lines,  one   of  which   is   the  tangent   at  the   inflexion,  the   other  of  them,  the   *  polar '  of 
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the  inflexion,  a  line  which  cuts  harmonically  the  chords  through  the  inflexion,  and  which 
when  the  inflexion  is  at  infinity  becomes  a  diameter.  The  remarks  previously  made  as 
to  osculating  asymptotes  apply  therefore  to  diameters,  viz.  the  H)rperbolas  may  have  no 
diameter,  a  single  diameter,  or  three  diameters,  &c. 

40.  Newton  speaks  also  of  the  "centre"  of  a  cubic  curve;  viz.  there  may  be  a 
point  on  the  curve  such  that  for  any  line  through  this  point  the  two  radius  vectors 
are  equal  and  opposite  to  each  other,  or  that  the  sum  r  +  Z  of  the  two  radius  vectors 
is  =0.  The  centre  is  in  fact  a  point  of  inflexion  which  has  for  its  polar  the  line 
infinity.  The  curves  which  may  have  a  centre  are  the  Hyperbolas  (redundant  or  defective), 
the  Central  H)rperboli8ms  (of  the  hyperbola  or  ellipse)  and  the  Cubical  Parabola.  For 
the  hyperbolas,  the  three  asymptotes  and  the  satellite  line  must  meet  in  a  point  of 
the  curve,  which  point  is  then  the  centre;  for  the  central  hyperbolisms  the  onefold 
asymptote  and  the  satellite  line  must  meet  in  a  point  of  the  curve,  which  point  is 
then  a  centre ;  and  for  the  cubical  parabola  no  condition  is  required,  but  the  inflexion 
is  a  centre.  I  remark  here,  in  passing,  that  the  notion  of  a  centre  as  just  explained 
has  no  place  in  Plticker's  Classification,  and  that  the  two  Newtonian  species  68  and  69 
(h)rperboli8ms  of  the  hyperbola)  and  the  two  Newtonian  species  61  and  62  (hyperbolisms 
of  the  ellipse)  which  differ,  the  two  of  a  pair  from  each  other,  according  as  there  is 
no  centre  or  a  single  centre,  form  each  pair  a  single  species  with  Plticker;  viz.  they 
are  198  and  201  respectively. 

41.  It  has  been  already  remarked  that  the  three  as}rmptotes  of  a  Hyperbola  may 
meet  in  a  point.  As  to  this  it  is  to  be  noticed  that  from  any  point  we  may  draw 
six  tangents  to  a  cubic,  the  points  of  contact  lie  on  a  conic,  the  conic  polar  of  the 
point:  if,  however  the  point  lie  on  the  Hessian  of  the  cubic,  then  the  conic  breaks 
up  into  a  pair  of  lines,  each  of  which  is  a  tangent  to  the  Pippian ;  the  two  lines 
meet  in  a  point  of  the  Hessian,  which  point  forms  with  the  first  mentioned  point  a 
pair  of  conjugate  poles  of  the  cubic (^). 

Conversely,  any  tangent  of  the  Pippian  meets  the  cubic  in  three  points,  the 
tangents  at  which  meet  in  a  point  of  the  Hessian;  and  from  this  point  we  may  draw 
to  the  cubic  three  other  tangents  the  points  of  contact  of  which  lie  on  a  line  which 
is  also  a  tangent  of  the  Pippian,  and  the  two  tangents  of  the  Pippian  meet  in  a 
point  of  the  Hessian;  the  two  points  of  the  Hessian  being  conjugate  poles  of  the 
cubia  In  particular,  if  the  line  infinity  is  a  tangent  of  the  Pippian,  then  the  three 
asymptotes  meet  in  a  point  of  the  Hessian,  and  the  three  tangents  trota  this  point  to 
the  cubic  touch  the  cubic  in  three  points  l)dng  on  a  line  which  is  a  tangent  of  the 
Pippian,  and  which  meets  the  line  infinity  in  a  point  forming  with  the  first  mentioned 
point  a  pair  of  conjugate  poles  of  the  cubic. 

I  proceed  now  to  explain  the  classification  of  Newton  so  far  as  relates  to  the 
division  into  genera,  and  the  classification  of  Plticker  so  far  as  relates  to  the  divisions 
immediately  superior  to  the  groups. 

1  See  aa  to  this  theory  my  Memoir  on  Curves  of  the  Third  Order.    Phil.  Trans,  p.  147  (1866),  [145]. 

46—2 
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NewtorCs  Classificatioiu    Article  Nos.  42  to  46. 

42.  Newton  establishes  in  the  first  instance  the  following  four  cases;  viz.  the 
equation  of  a  cubic  curve  is  one  of  the  forms 

I.  xt^  ey  —  aa^  +  ba^'i-cx  +  d, 

II.  xy        ^aa^  +  ba^-^-cx  +  d, 

III.  y*        =cwB*  +  Zwc*-|-ca?  +  d, 

IV.  y  =  aa^  +  ba:^  +  cx  +  d. 

It  is  not,  I  think,  necessary  to  reproduce  here  the  very  interesting  reasoning  by 
means  of  which  this  most  important  step  in  the  classification  was  e£Fected. 

43.  Starting  from  the  four  cases,  Newton  obtains  his  14  genera,  viz.  Case  I  gives 
11  genera,  and  Cases  II,  III,  IV  give  each  a  single  genus.  But  these  genera  group 
themselves  as  follows,  viz.  1,  2,  3,  4,  5,  6  are  Hyperbolas ;  7  and  8,  Parabolic  Hyper- 
bolas; 9  and  10,  Central  Hyperbolisms ;  11,  Parabolic  Hyperbolisms ;  12,  the  Trident 
Curve ;  13,  the  Divergent  Parabolas ;  and  14,  the  Cubical  Parabola.  And  the  equations 
are  as  follows : 

the  Hyperbolas  xi/*  +  ey  =  aa^  +  &r*  +  ca?  +  d, 

the  Parabolic  Hyperbolas     xi^  +  ^y  =  ba^  +  cx  -^-d, 

the  Central  Hyperbolisms    xy*  +  ey=  ca:  +  d, 

the  Parabolic  Hyperbolisms  xy^  +  ey=  d, 

the  Divergent  Parabolas         y*         ^aa^  +  ba^  +  cx  +  d, 
the  Trident  Curve  xy  =  aa^  +  ba^  +  cx-h  d, 

the  Cubical  Parabola  y  =  cue*  +  6j^  -H  ca?  +  d, 

where  it  is  to  be  understood  that  the  highest  expressed  power  on  the  right-hand  side 
of  each  equation  does  not  vanish. 

44.  In  these  equations  the  axes  x  =  0,  y  =  0  are  not  for  the  most  part  lines 
precisely  determined  in  relation  to  the  curve,  but  it  is  easy  to  see  as  well  analytically 
as  geometrically  how  by  a  proper  transformation  of  the  equations  they  may  be  brought 
into  forms  such  as  those  previously  obtained,  in  which  the  several  lines  p  =  0,  &c., 
stand    in    a    determinate    relation    to    the    curve.     Thus,   taking    the    equation    of  the 

Cubical   Parabola,  this  may  be   written  y=a  f^+s-)  +c'«-!-d';  or,   what  is   the  same 

thing,  y*—aa!^.  Or  geometrically,  we  see  that  a?  =  0  is  a  line  completely  determined 
as  to  its  direction,  it  is  in  fact  a  line  through  the  cusp  at  infinity ;  but  that  y  =  0  is 
an  arbitrary  line  in  regard  to  the  curve;  taking  for  y  =  0  the  tangent  at  the  inflexion, 
and  for  a?  =  0  the  line  from  the  inflexion  to  the  cusp  at  infinity,  then  the  curve  must 
pass  through  the  point  (a?  =  0,  y  =  0),  and  y  =  0  must  give  a  threefold  value  of  x\  the 
equation  thus  is  y  =  (jux^.     And  so  in  other  cases. 
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45.  In  the  division  into  genera,  Newton  distinguishes  the  Hyperbolas  into  the 
redundant  and  defective,  and  the  redundant  h)rperbolas  into  those  for  which  the 
asymptotes  form  a  triangle,  and  those  for  which  the  asymptotes  meet  in  a  point.  The 
redundant  hyperbolas  with  asymptotes  forming  a  triangle  are  distinguished  according  as 
they  have  no  diameter,  a  single  diameter,  or  three  diameters.  The  like  distinction 
might  have  been,  but  is  not,  made  as  to  the  redundant  hyperbolas  with  asjonptotes 
meeting  in  a  point ;  these  are  in  fact  included  in  a  single  genus ;  but  the  distinction 
presents  itself  in  the  species  of  that  genus.  As  to  the  defective  hyperbolas,  Newton 
attends  only  to  the  real  asymptote;  and  the  only  distinction  is  according  as  they  have 
no  diameter  or  a  real  diameter.  The  Parabolic  Hyperbolas  are  in  like  manner  divided 
according  as  they  have  no  diameter  or  a  diameter.  The  Central  Hyperbolisms,  according 
as  the  parallel  asymptotes  are  real  or  imaginary,  are  the  hyperbolisms  of  the  h)T)erbola 
or  of  the  ellipse.  The  hyperbolisms  of  the  hyperbola  form  a  single  genus.  Each  of 
the  Hyperbolisms  might  have  been  distinguished  according  as  there  is  no  diameter  or 
a  single  diameter;  this  distinction  appears  in  the  species.  The  Trident  Curve,  the 
Divergent  Parabolas,  and  the  Cubical  Parabola,  form  each  a  single  genus. 

46.  We  have  thus  the  following  Table  of  the  Newtonian  genera:  I  show  in  it 
the  species  in  each  genus,  retaining  Newton's  numbers,  and  distinguishing  by  the 
numbers  10',  13',  22',  22"  the  four  species  added  by  Stirling,  and  by  56'  and  56"  the 
two  species  added  by  Murdoch  or  Cramer :  I  show  also  the  division  of  genus  4, 
according  to  the  number  of  diameters ;  and  I  also  show  the  five  species  of  curves 
having  a  centre. 

Table  of  the  Newtonian  Genera. 

1.  Redundant  Hyperbolas  with  asymptotes  forming  a  triangle,  and  without  a 
diameter. 

Sp.  1,  2,  3,  4,  5,  6,  7,  8,  9. 

2.  Redundant  Hyperbolas  with  asymptotes  forming  a  triangle,  and  with  a  single 
diameter. 

Sp.  10,  10',  11,  12,  13,  13',  14,  15,  16,  17,  18,  19,  20,  21. 

3.  Redundant  H)T)erbolas  with  asymptotes  forming  a  triangle,  and  with  three 
diameters. 

Sp.  22,  22',  22",  23. 

4.  Redundant  Hyperbola  with  asymptotes  meeting  in  a  point. 

Without  a  diameter,  Sp.  24,  25,  26,  27.  With  one  diameter,  Sp.  28,  29,  30,  31. 
With  three  diameters,  Sp.  32.     Sp.  27  has  a  centre. 

5.  Defective  Hyperbolas  without  a  diameter. 
Sp.  33,  34,  35,  36,  37,  38.    Sp.  38  has  a  centre. 
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totes;  and  each  of  these  according  as  the  asymptotes  form  a  triangle  or  meet  in  a 
point ;  that  is^  according  as  the  asjrmptote-point  does  not,  or  does,  lie  on  the  real 
asymptote. 

The  Parabolic  Hyperbolas  are  distinguished  according  as  the  asymptote  is  ordinary 
and  the  asymptotic  parabola  one  of  five-pointic  intersection ;  or,  as  the  asymptote  is 
osculating  and  the  parabola  one  of  six-pointic  intersection ;  and  each  of  these  according 
as  the  as}rmptote  cuts,  touches,  or  does  not  cut,  the  parabola.  The  H)rperboli8ms  are 
distinguished  into  those  of  the  hyperbola,  ellipse,  and  parabola,  and  each  of  these 
according  as  the  asymptote  is  ordinary  or  osculating.  The  Divergent  Parabolas  are 
distinguished  in  the  manner  already  mentioned;  viz.  according  as  the  curve  is  the 
semicubical  parabola ;  or,  as  there  is  a  satellite  line  not  at  infinity,  and  an  asymptotic 
semicubical  parabola  of  seven-pointic  intersection,  and  which  is  cut,  touched,  or  not 
cut,  by  the  satellite  line;  or,  as  the  satellite  line  is  at  infinity,  and  the  semicubical 
parabola  is  of  nine-pointic  intersection.  The  Trident  Cui-ve  and  the  Cubical  Parabola  are 
not  divided. 

49.  I  annex  the  following  Table  showing  the  Groups  included  in  each  division : 
for  shortness  I  use  the  before-mentioned  symbols  A,  0  to  denote  that  the  asymptotes 
form  a  triangle  or  meet  in  a  point  respectively. 


Table  of  Hie  Plilckerian  Divisions, 

H3rperbolas : 

Redundant ; 

No  osculating  asjrmptote, 

A    I,  II,  ni,  IV,  V,  VI 
©   VII,  vm 

One  osculating  asjrmptote, 

A    IX,  X,  XI,  XII,  XIII,  XIV 

©     XV 

Three  osculating  asymptotes, 

A    XVI 

©     XVII 

Defective ; 

No  osculating  asymptote, 

A      XVIII,   XIX,  XX,  XXI,   XXII,   XXIII 
©     XXIV,   XXV,   XXVI,  XXVII 

Real  osculating  asymptote, 

A    XXVIII,  XXIX,  XXX,  XXXI,  xxxn,  xxxui 

©     XXXIV 
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Three  osculating  asymptotes, 

A  XXXV 

©  XXXVI 

Parabolic  Hyperbolas : 

Ordinary'  asymptote  and  five-pointic  parabola. 

asymptote  cuts  parabola  xxxvii,  xxxvin,  xxxix,  XL,  xii 

does  not  cut  „  XLii 

touches  „  XLiii,  XLiv 

Osculating  asymptote  and  six-pointic  parabola, 
asymptote  cuts  parabola  XLV 


does  not  cut          „ 

XLVI 

touches                   „ 

XLVII 

HyperboliHnis : 

Of  hyperbola ; 

as}rmptote  ordinar}' 

XLVIII,  XLIX 

f,          osculating 

L 

Of  ellipse; 

asymptote  ordinary 

LI 

„          osculating 

LII 

Of  parabola ; 

asymptote  ordinary 

LIII 

„          osculating 

LIV 

Divergent  Parabolas : 

Semicubical  Parabola 

LV 

Asymptotic  ditto,  seven -pointic. 

satellite  line  cuts  semic.  parab. 

LVI 

does  not  cut                  „ 

LVII 

touches  (i.e.  passes  through 

the  vertex 

of)  LVIII 

Asymptotic  ditto,  nine-pointic 

LIX 

Trident  Curve 

LX 

Cubical  Parabola 

LXI 

As  to  the  Theory  of  Groups,     Article  No.  50. 

50.  It  has  been  already  remarked  that  the  division  into  groups  depends  on  the 
diflferent  positions  of  the  satellite  line  in  regard  to  the  asymptotic  aggregate,  and  that 
the   investigation   relates   in  a  great   measure   to    the    discussion   of    the   values   of  the 
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parameter  fi  in  the  equation  V-\- fiz^s^Q,  which  are  such  as  to  give  rise  to  a  nodal 
curve.  It  is  to  be  noticed  that  except  for  the  Hyperbolas  and  for  the  Cubical 
Parabola,  the  satellite  «  =  0  is  either  a  line  passing  through  a  given  point  at  infinity 
(determinate,  that  is,  as  regards  its  direction),  or  in  the  case  of  the  Trident  Curve 
it  is  the  given  line  infinity;  there  is  at  most  only  a  single  series  of  positions  to  be 
considered,  and  the  theory  is  a  short  and  easy  one;  and  for  the  Cubical  Parabola, 
although  the  satellite  line  «  =  0  is  here  an  arbitrary  line,  yet  on  account  of  the  cusp 
at  infinity,  there  is  not  any  critic  value  of  /a,  or  in  fact  any  distinction  of  cases. 
The  only  other  case  where  the  satellite  line  « =  0  is  an  arbitrary  line,  admitting 
therefore  of  a  double  series  of  positions,  is  that  of  the  Hyperbolas;  and  the  division 
into  groups  constitutes  an  extensive  and  interesting  theory,  which  is  insuflSciently 
discussed  by  Pllicker;  and  it  was  with  a  view  to  the  development  of  this  theory 
that  my  Memoir,  On  a  Case  of  the  InvoltUion  of  two  Cvhic  Curves,  (ante,  pp.  39  to  81), 
referred  to  in  the  sequel  as  Memoir  on  Involution,  [349],  was  written.  I  remark  that 
of  the  three  curves  there  established  as  material  to  the  theory,  and  which  are  further 
spoken  of  in  the  sequel  of  the  present  memoir,  viz.  the  envelope,  the  twofold  centre 
locus,  and  the  one-with-twofold  centre  locus,  Pllicker  considers  only  the  twofold  centre 
locus.     I  proceed  to  apply  the  results  of  that  Memoir  to  the  present  theory. 


As  to  the  Oroups  of  the  Hyperbolas  A.     Article  Nos.  51  to  53. 

51.  The  assumed  form  of  equation  was  pqr  +  fiz^s  =  0,  but  using  now 

x  =  0,  y  =  0,  z=^0 

(instead  of  p  =  0,  ^  =  0,  r  =  0)  for  the  equations  of  the  asjrmptotes,  we  may  imagine 
the  implicit  constants  so  determined  that  the  line  infinity  (before  represented  by 
^  =  0)  shall  have  for  its  equation  x  +  y  +  2=^0;  writing  moreover  Xa?  +  /ty  +  vz  =  0  for 
the  satellite  line  « =  0,  and  k  in  the  place  of  fi,  the  equation  becomes 

ayz  -\-k(x  +  y-\-zy  (Xa?  +  fiy  +  vz)  =  0, 

which  is  the  form  considered  in  the  Memoir  just  referred  to. 

52.  It  is  there  shown  that  for  an  arbitrary  position  of  the  satellite  line,  the 
parameter  k,  or,  what  is  the  same  thing,  the  auxiliary  parameter  6,  may  be  determined 
by  a  cubic  equation  in  such  manner  that  the  curve  shall  have  a  node;  the  node,  or 
rather  the  site  of  the  node  is  termed  a  critic  centre;  and  there  are  consequently 
three  critic  centres  (all  real  or  else  one  real,  two  imaginary).  If  however  the  satellite 
line  touches  a  certain  curve  called  the  envelope,  then  two  of  the  critic  centres  unite 
together,  forming  a  twofold  centre  which  is  (not  a  mere  node  but)  a  cusp  on  the 
corresponding  cubic  curve;   the  other  critic  centre  is  termed  a  one-with-twofold  centre; 

c.  V.  47 
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59.     The  equation  of  the  harmonic  conic  corresponding  to  the  satellite  line  Xa:  +  ^ty  +  pz=0, 


18 


X  y  z 

or  say 

2fyz-¥  2gzx  +  ihxy  =  0, 

where  /+  <;  +  A  =  0. 

It  is  a  hyperbola  passing  through  the  angles  of  the  triangle,  and  through  the  harmonic 
point  (1,  1,  1)  or  Q,  ^,  ^).  Observing  that  the  points  in  question  are  the  intersections 
of  the  two  rectangular  hyperbolas  (pairs  of  lines)  x(y  —  z)  —  0,  y (5  —  a?)  =  0,  it  follows 
that  the  harmonic  conic  is  a  rectangular  hyperbola. 

60.  The  coordinates  of  the  centre  are  /*,  gr",  A'  and  the  centre  is  consequently  a 
point  on  the  circle  which  is  the  twofold  centre  locus. 

The  asymptotes  of  course  meet  in  the  centre,  and  they  again  meet  the  circle  in 
two  points  which  are  the  intersections  of  the  circle  with  the  line  fx-hgy-i-  hz^O, 

61.  The  Harmonic  Conic  is  the  same  for  the  satellite  lines  which  have  a  given 
direction,  and  we  may  to  determine  it  take  a  satellite  line  which  touches  the  envelope. 
If   the  constants  a,  )8,  7  satisfy   the   condition   a  +  )8  +  7  =  0;    then   the  equation  of  a 

X        u       z 

satellite   line   tangent  to   the   envelope   is   "i  +  ^  +  _a~^-   ^^^  coordinates  of  the  point 

of  contact  with  the  envelope  are  as  ce*  :  ^*  :  y;  the  coordinates  of  the  twofold  centre 
as  a-  :  /S*  :  7*;   the  coordinates  of  the  one  with  twofold  centre  as 

The  values  of/,  g,  h  are  as  o^i^  —  'f)  :  /S'Cy  — «*)  :  y(«*— /8*),  or  what  is  the  same 
thing,  as  a»(i8-7)  :  /3»(7-a)  :  'fia-ff),  or  as  o^{k-'f)  :  /8«(y-a')  :  7*(flt*-)8»):  the 
last-mentioned   values  show   that   the   line  fx-^-  gy  +  hz^O  passes  through  the   harmonic 

point  (1,   1,    1)   or  (J,   ^,   ^),   and    also    through    the   point   (  — ,   ^,   ~j,  the  inverse  of 

the  point  (fit*,  ^,  y*)  which  is  the  twofold  centre. 

62.  On  account  of  the  symmetry  of  the  figure  in  regard  to  the  three  asymptotes, 
it  is  suflScient  to  construct  the  harmonic  conic  for  a  direction  of  the  satellite  line 
inclined  to  the  base  at  an  angle  not  >  30",  and  this  is  what  is  accordingly  done :  it 
may  however  be  remarked  that  for  the  limiting  inclination  =0*",  that  is,  when  the 
satellite  line  is  parallel  to  the  base,  the  harmonic  conic  becomes  a  pair  of  right  lines, 
the  lysse  and  perpendicular ;  but  that  for  the  other  limiting  inclination  =  30°,  that  is. 
when  the  satellite  line  is  perpendicular  to  one  of  the  legs  of  the  triangle,  the 
harmonic  conic  is  still  a  proper  hyperbola,  and  is  situate  symmetrically  in  regard  to 
the  leg  in  question ;  the  two  limiting  cases  will  be  readily  understood  by  means  of 
the  general  case  shown  in  the  figure. 
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63.  Imagine  now  the  satellite  line  moving  parallel  to  itself  through  the  series 
of  positions  ABCMDEA' \  to  simplify  the  figure  these  are  not  delineated  in  their 
proper  positions  (but  they  are  merely  indicated  according  to  their  order  of  succession), 
and  it  is  to  be  understood  that  they  have  the  following  positions,  viz. 

A,  at  infinity(*), 

B,  through  the  vertex  B, 
(7,  touching  the  envelope, 
M,  through  the  vertex  if,, 
i),  through  the  vertex  2)i» 

E,  through  node  X  of  the  envelope, 
A\  at  infinity(^); 

then  the  corresponding  positions  of  the  critic  centres  are 


On  one  branch  of  the  hyperbola, 
Ai,  at  infinity, 

C,,  a  one- with- twofold  centre, 

M„ 

(7/,  a  one-with-twofold  centre, 

A, 

Ai\  at  infinity. 


On  the  other  branch, 

Ai,  at  infinity:  -4a,  the  harmonic  point, 

Bi,  -Bj, 

(7ij,  a  twofold  centre. 

Ml,  Jfs  are  imaginary, 

(7,/,  a  twofold  centre, 

A,  A, 

El,    i?2, 

Ai,  at  infinity;  A^,  the  harmonic  point. 


64.  For  the  further  explanation  of  the  figure  it  is  to  be  observed  that  A,  A 
lie  on  the  line  joining  the  midpoints  of  two  sides;  and  in  like  manner  A,  A  on 
the  line  joining  the  midpoints  of  two  sides;  (the  imaginary  points  Jlf,,  M^  are  in 
like  manner  on  the  line  joining  the  midpoints  of  two  sides):  these  relations  depend 
on  the  theorem.  No.  81,  of  the  Memoir  on  Involution,  viz.  that  for  the  satellite  lines 
which  pass  through  a  vertex  (1,  0,  0)  of  the  triangle,  one  of  the  critic  centres  is  the 
vertex  (1,  0,  0),  and  the  other  two  critic  centres  are  points  on  the  line  — a:  +  y  +  2r  =  0, 
or,  what  is  the  same  thing,  a?=J. 

65.  Again,  the  point  E^  is  on  the  line  (a:=l)  through  the  vertex  A  parallel  to 
the  base,  and  the  points  Ei,  E^  are  on  the  hyperbola  (indicated  by  a  dotted  line  in 
the   figure)  (y  ■!-  i)  (-^  +  i)  =  i^ ;    this  depends  on   the  theorem   Nos.   73   and   74  of   the 


1  Strictly  speaking  a  line  at  infinity  is  the  line  infinity,  and  as  such  has  no  definite  direction ;  but  we 
may  of  coarse  consider  a  line  which  moves  parallel  to  itself  in  opposite  senses  as  having  for  its  limit  the 
line  infinity. 
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Memoir   ou   Involution,  viz.   the  critic  centres  corresponding  to  the  satellite  lines  through 
the  point 

(-4,  1,  1)  or  (2,  -i,  -i) 

lie  one  of  them  on  the  line  y  +  z^O,  and  the  other  two  on  the  conic  ar(ic-|-y +  5)  — 4yz  =  0; 
reducing  by  the  condition  a? +  y +  -?=!,  these  equations  become  respectively  x=l,  and 

(y+i)(^+i)--ft=o. 

66.  The  foregoing  positions  of  the  satellite  line,  and  the  critic  centres,  as  exhibited 
in  the  figure,  were  selected  partly  for  facility  of  delineation;  I  wished  however  to 
examine  the  effect  of  the  passage  of  the  satellite  line  through  a  node  of  the  envelope; 
and  it  appears  that  such  passage  does  not  give  rise  to  any  marked  peculiarity  in 
regard  to  the  critic  centrea  The  selected  positions  are  sufficient  to  indicate  the 
circumstances  of  the  critic  centres  as  the  satellite  line  passes  from  the  position  A  at 
infinity  continuously  to  the  position  A'  at  infinity;  in  particular  we  see  that  as  the 
line  passes  fix)m  A  to  (7,  or  from  C  to  A\  there  are  three  real  centres ;  but  that  as 
the  line  passes  firom  C  to  C  there  is  only  one  real  centre. 

67.  The  case  of  the  satellite  line  parallel  to  the  asymptote  x  =  0,  is  included  (as 
already  mentioned)  as  a  limiting  case  in  the  foregoing  one;  the  harmonic  conic  is 
here  the  pair  of  lines  x(y  —  z)^0;  and  we  have  two  critic  centres  on  the  line 
y  — ^  =  0,  (the  perpendicular),  and  the  third  (not  properly  a  critic  centre)  at  infinity  on 
the  asymptote  a;  =  0 ;  in  fact,  starting  with  a  critic  centre  on  the  line  y  —  2r  =  0,  the 
polar  of  the  centre  in  regard  to  the  twofold  centre  conic  or  circle  is  a  line  parallel 
to  the  asymptote  a;  =  0,  and  which  therefore  meets  the  harmonic  conic  a?(y  — z)=Oin 
a  second  centre  on  the  line  y  — ^:  =  0,  and  in  the  point  at  infinity  on  the  line  x  =  0. 
But  the  analytical  theory  of  the  case  is  peculiar  and  may  be  specially  considered. 

68.  Writing    fi  =  Vy    the    equation    of    the    satellite    line    is    \x-{-  /jL(y  +  z)  =  0,   or 


No.   20)  becomes 


Urn  

putting  a;  +  y  +  ^  =  0   this   is  a;  =        _  .     The   equation   in   0  (see  Memoir  on  Involution, 

LL  ~~  \ 


(0  +  /t)  (^  -  5/i  -  2\fi)  =  0 ; 

or,   disregarding  the   factor   0  +  fi=  0,   which   corresponds   to   the   centre  at   infinity,  the 

equation  Ls 

^  -  5|i  -  2\fi  =  0, 

which  is  a  quadratic  equation,  giving  therefore  two  values  of  0,  and  the  corresponding 
critic  centres  lie  on  the  perpendicular  y  —  z  =  0,  the  x  coordinate  being  given  by  the 
equation 

We  have  therefore  conversely 

yl  \x 

e  =  .—- , 
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and  thence 

or,  what  is  the  same  thing, 

(X - /a)^;*  +  f /i^  -  J^/A  =  0, 

so  that  putting  for  shortness  ^.^  =  «r,  («r  denotes  the  distance  of  the  satellite  line  from 

the  asymptote  a?  =  0)  then  the  equation  which  determines  the  distance  of  the  critic  centres 
from  the  asymptote  is 

or  we  have 

^  =  i  (3«^  ±  V9isr«  -~8t!r). 

The  condition  for  a  twofold  centre  is  (w  =  0,  which  may  be  disregarded,  or  else)  w  =  |, 
or,  what  is  the  same  thing,  8X  +  /t  =  0. 

69.  If  Xiy  X.2  are  the  coordinates  of  the  two  centres,  we  have 

2xj^  =  isr  (3a?i  -  1), 

2a?,2  =  tar  {3x^  -  1), 
and  thence 

^  _  3a?i  - 1 

*Cf      3a?8  —  1 
or,  reducing, 

*lr|   "I"  iV^  "~   ijXyXe^  -—  V, 

a  relation  connecting  the  two  values  x^,  x^\  this  equation  however  only  expresses  the 
known  relation  that  the  two  centres  are  harmonics  of  each  other  in  regard  to  the 
twofold  centre  conic  or  circle. 

70.  The  foregoing  examination  of  the  form  of  the  envelope  shows  very  readily 
what  are  the  positions  of  the  satellite  line  which  give  rise  to  Pliicker's  groups  for 
the  Hyperbolas  A  Redundant. 

We  have  in  fact  first, 

Hyperbolas  A  Redundant,  no  osculating  asymptote. 

The  satellite  line  is  not  parallel  to  a  side  of  the  triangle;  and  the  different 
positions  give  the  following  six  of  Plticker's  groups,  viz. 

I.  Satellite  line  cuts  three  sides  produced. 

II.  „  passes  through  a  vertex  and  cuts  opposite  side  produced. 

III.  „  passes  through  a  vertex  and  cuts  opposite  side. 

IV.  „  cuts  two  sides  and  a  side  produced,  but  does  not  cut  the  envelope. 

V.  „  touches  the  envelope. 

VI.  „  cuts  the  envelope. 
Next, 

Hyperbolas  A  Redundant,  one  osculating  asymptote. 
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The  satellite  line   is  parallel   to  the  osculating  asymptote,   say  to   the   base  of  the 
triangle;   and  the  different  positions  give  the  following  six  of  PlUcker's  groups,  viz. 

IX.  Satellite  line  above  the  vertex. 

X.  „  through  the  vertex. 

XI.  „  below  the  vertex,  but  not  cutting  envelope. 

XII.  „  touches  envelope. 

XIII.  „  cuts  envelope. 

XIV.  „  lies  below  the  base. 
And  finally, 

Hyperbolas  A  Redundant,  three  osculating  asymptotes. 

The    position    of    the    satellite    line   is    here    completely  determined,   giving  one  of 
PlUcker's  groups,  viz. 

XVL     Satellite  line  at  infinity. 

71.  It  may  be  remarked  that  in  this  enumeration  no  account  is  taken  of  the 
nodes  of  the  envelope:  the  enumeration  was  in  fact  made  by  Pllicker  by  considerations 
relating  to  the  critic  centres,  but  without  arriving  at  or  making  use  of  the  envelope 
at  all:  if  account  were  taken  of  the  nodes  of  the  envelope  several  of  the  foregoing 
groups  would  have  to  be  subdivided  according  to  the  different  positions  of  the 
satellite  line  in  regard  to  these  nodes:  but  the  effect  produced  by  the  passage 
of  the  satellite  line  through  a  node  of  the  envelope  is  so  slight,  that  I  am  inclined 
to  think  that  the  enumeration  may  be  properly  effected  in  the  foregoing  manner, 
without  any  account  being  taken  of  these  nodes. 


The  Hyperbolas  A  Defective  (See  fig.  2).    Article  Nos.  72  to  101. 

72.     If  in  the  formulae  for  the  H}T)erboIa8  A  Redundant  we  write 

J(a;4-yi)  for  x, 

X  —  fii     „    X, 
X  +  fii     „    /x, 

then  the  equation  of  the  satellite  line  is 

J  (X  -  fii)  (x  +  yi)  +  H^  +  /**)  (^  -  y*)  +  I'-s^  =  0, 

which   is  Xx^-  fiy-¥vz  =  0  as  before ;    the   equation  of  the  line   infinity  is  a?  +  r  =  0,  and 
the  equation  of  the  curve  is 

i  (^  +  y-)  z-\-k  {x  -f  zf  {Xx-^fiy-V  vz)  =  0. 
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We  may  fix    the  absolute   magnitudes  of  the  coordinates  by  writing  x  +  z  =  l\  and  the 
equation  then  becomes 

(^  +  y*) (l'-x)  +  4fc  {(X -v)x  +  fjLy  +  v}=:0. 

The  origin  is  at  the  asymptote-point,  or  intersection  of  the  imaginary  asymptotes;  the 
equation  of  the  real  asymptote  is  a?  =  1 ;   that  of  the  imaginary  asymptotes  is  aj*  +  y*  =  0. 

If  X  and  y  are  ordinary  rectangular  coordinates  then  the  pair  of  lines  represented 
by  this  equation  will  be  an  indefinitely  small  circle,  and  conversely,  if  the  Asymptote- 
Point  be  an  indefinitely  small  circle,  then  x  and  y  will  be  rectangular  coordinates; 
and  we  may  without  loss  of  generality  assume  that  this  is  so. 

73.  The  equation  of  the  envelope  is 

this  gives  successively 

V| (x  +  y%)  +  Vj(a;-yi)  -  \/^  =  -  \/2  v^^+y», 

(x  +  zy  +  aP  +  y^  -2(x  +  z)'^^  +  ^  =  4a  (x  +  ^a^  -ff), 

(x-zy-^af'  +  f   =2(x'^Sz)^af+f, 

{(x-zy+a^+fY^^ix-^-Szyiaf^-^y^); 

that  is 

(X'-zy  +  2{af^  +  f){(x''zy-2(x-h3zy]  +  (ai'  +  y'y^0. 

Putting  z  —  l-x,  and  therefore  x  —  z  =  2x-l,  and  a?  +  3^  =  3  — 2a?,  this  becomes 

(2a?-l)*  +  2(a^  +  y«){(2a:-l)*-2(2a:-3)»}+(a^  +  j^)»  =  0, 

that  is 

(a?  +  y7-2(aj»-hy«)(4»»-20a?  +  17)  +  (2a?-l)*  =  0, 

which  may  also  be  written 

y*  -  2y«  (3iB»  -  20a?  +  17)  +  9a?*  +  8a?»  -  lOa?"  -  8ar  +  1  =  0, 

or,  what  is  the  same  thing, 

y*-2j^(a?-l)(3a?-l7)  +  (a?-l)(9a?-l)(a?+l)«=0, 

for  the  equation  of  the  envelope.    The  solution  of  the  equation  in  y  gives 

y»  =  (a? - 1 ) (3a? - 1 7 )  ±  (2a? -  3)  V-32(a?-l). 

74.  The  original  curve  v^^+v^+v^i=0  had  the  three  nodes 

(2,  -i,  -i),    (-i  2,  -i),    (-i-i,  2); 


C,   V. 


48 
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and  thence  writing 

i(«  +  yO»  i(^-yO»  ^»  for  X,  y,  z, 
we  find  the  nodes 

(a?  =  f.  y«4t),    (a?»f,  y  =  --4t),    («=-!»  y  =  0); 

the  first  and  second  of  these  are  acnodes,  or  the  curve  has  a  pair  of  imaginai; 
acnodes;  the  third  is  a  crunode;  and  to  find  the  directions  at  this  point,  if  in  tbe 
equation  of  the  curve  we  write  x  —  X  for  x,  the  equation  becomes 

y*- 2y«(a;- 2)(ac- 20) +  («- 2)(9a;  -  10)a!«  =  0 ; 

the  lowest  terms  therefore  are  20  (—  4y'  +  a:*)  as  0 ;  and  we  have  y  =  i  ^  (d?  +  1)  f<Nr  the 
equation  of  the  tangents  at  the  crunode. 

y  =  0   gives  d?  =  l,   x^\  and   (as  a  twofold    value)  x^  —  X^  which   belongs  to  the 
crunode, 

^  =  1  gives  y*  =  0,  or  the  line  ic « 1  is  a  tangent  of  four-pointic  intersection. 
a;  =  0  gives  y*-34y»+l  -0,  that  is  y»  =  17±12V2,  or  y=±(3±2V2X 

75.    The  curve  has  a  pair  of  as3nnptotic  parabolas,  and  taking  for  the  equation  of 
one  of  them 

(y-^V3  +  /8)>^ A?(«  +  a), 

this  gives 

y  =a?>/3-/8  +  V-^(a;+a), 
and  thence 

y*  =  3a:»-2/8a;V3  +  /8» 

"^ K"^ ■"  ^3)  ^"^^2(^+^), 

which  agrees  with   the  value  of    \f   in   the  envelope  as    to    the  terms  ai?,  of,  and  by 
properly  determining  a,  /3,  it  may  be  made  to  agree  as  to  the  terms  x  and  a^. 

We  have  in  the  parabola 

f  =  Sa^-2/3x^fS^\^^ 


+  V-32{2a:V«+(a-^Va:l 


and  in  the  curve 


y2=ar>-20a;  +  l7 

+  V~-T2  {ac  Vi  -  4  Vi}. 


J 
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We  have  therefore 

-2/8V3-iyi  =  -20,  a-^  =  -4, 

giving 

^       14       14V3     ^         g 

SO  that  the  equation  of  the  parabola  is 

that  of  the  other  parabola  is  of  course  obtained  by  merely  changing  the  sign  of  V3. 

76.  From  the  foregoing  results  we  may  trace  the  curve,  but  this  may  be  done 
somewhat  more  easily  by  means  of  polar  coordinates,  viz.  writing  a?=rcos^,  y  =  r8in^, 
and  therefore  <?  =  1  —  r  cos  6y  we  have 


that  is 


or  since 


we  have 


v^Jr.2co8i^  +  v^  1  -  r  cos  ^  =  0, 
r(cos^+8cos«i^)  =  l; 

cos  ^=  1  -  8sin4  ^  COS'  \  0, 
=  l-8cos4^  +  8cos*i^, 

cos  ^  +  8  COS*  i  ^  =  ( 1  -  4  cos«  i  5)« 

=  (-l-2cosJ5)», 


and  the  equation  is 

r  = 


(1  +  2  cos  i  ey ' 

0  =  0°  gives  r  =  4,     5  =  180°  gives  r  =  1,     0  =  240°  gives  r  =  oo,     ^  =  360°  gives  r  =  1, 
values  which  agree  with  the  results  obtained  by  rectangular  coordinates. 

77.  The  form  is  shown  in  the  figure;  we  see  that  the  curve  consists  of  a  lower 
branch  without  any  singularity;  and  of  an  upper  branch  which  cuts  itself  in  the 
crunode. 

78.  The  equation  of  the  twofold  centre  locus  (making  in.  the  form  V«  +  Vy  +  V-?  =  0, 
the  foregoing  transformation)  is 


Vi (a;  +  yi)  + Vj (a? - yi)  +  Vl  -a?  =  0, 

that  is  

a  +  ^/a^  +  y*  =  1  —  a:, 
or 

VaM^  =  1  -  2a:, 

48—2 
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which  is 

or 

or  finally 

9(^-})»-3y«=l. 

which  is  a  hyperbola  having  its  centre  at  the  harmonic  point  ^^f,  y^O;  having 
x=:^,  x  =  l  for  the  extremities  of  the  transverse  axis,  and  such  that  the  asymptoteB 
are  inclined  to  the  axis  of  x  at  an  angle  =  60"^ ;  this  curve  is  also  shown  in  the  figure. 

79.  Similarly  making  the  transformation  in  the  equation  of  the  one-with-twofold 
centre  locus  written  under  the  form  — (— a?  +  y +  i:)(«  — y+«)(«  +  y  —  i^)  +  «y«  =  0,  thiB 
becomes 

-(-yi  +  i:)(yt  +  ^)(«-^)  +  H«  +  yO(«-yO^  =  0. 
that  is 

-4(y»  +  ^)(a?-i:)  +  (a!«  +  y«)«=r0, 
which  is 

-  4^  (a?  ~  i:)  +  a:»i:  +  y»  (oz-^)  =  0, 

or,  what  is  the  same  thing, 

z(x-2zy  +  f(oz-ix)=:  0, 

or,  putting  for  z  its  value  =1  —x,  this  is 

( 1  -  a?)  (&c  -  2)«  +  y«  ( 5  -  9a;)  =  0, 


that  is 


^  9a:- 5 


which  is  the  equation  of  the  one-with-twofold  centre  locus. 

80.     The  curve  is  symmetrical  in  regard  to  the  axis  of  x.     And  moreover 

a;  <  ^,  y  is  impossible, 

a?  =  f,  y*=oo,  or  the  line  a;  =  {  is  an  asymptote, 

a:  =  §,  y'  =  0,  which  is  a  crunode, 

x^l,  y«  =  0, 
and 

a;  >  1,  y  is  impossible. 

The  equation  of  the  tangents  at  the  crunode  are  y'  =  3(a;  — |),  or  the  tangents  are 
inclined  to  the  axis  of  x  at  angles  =  60"".  The  curve  consists,  as  shown  in  the  figure, 
of  a  single  branch  cutting  itself  in  the  crunode,  and  tending  on  each  side  towards  the 
asymptote. 
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84.  The  asymptotes  of  the  harmonic  conic  meet  at  the  centre;  and  they  again 
cut  the  twofold  centre  conic  in  two  points,  the  intersections  of  the  last-mentioned 
conic  with  the  line 

(#c  +  /xi)JKa?  +  yi)+(-iic  +  ^f)J(a?-yi)-2f*ii  =  0 
that  in 

or,  what  is  the  same  thing, 

Sfix  +  #cy  —  2/Lfr  =  0. 

85.  I  remark  that  the  equation  of  the  asymptotes  of  the  harmonic  conic  is 

and  that  the  theorem  for  the  construction  of  the  asymptotes  depends  on  the  identical 
equation 

=  -2[-(3/x»-/e»)ir  +  2/i/ey  +  /x»  +  ic*](3/ia?+iey-2/x), 
which  is  easily  verified;  and  where 

-(3fi«-ic»)a:+2/xicy  +  /x*  +  ic»  =  0 

is  the  equation  of  the  tangent  of  the  twofold  centre  conic  3«*  —  y*  —  4a:  + 1  =  0  at  the 
centre  of  the  harmonic  conic. 

80.  On  account  of  the  symmetiy  in  regard  to  the  axis  of  x.  it  will  be  sufficient 
to  attend  to  the  series  of  curves  corresponding  to  a  direction  y  = x  of  the  satellite 

line,  for  which  the  ratio  —  has  a  given  sign ;  and  the  inclination  of  the  satellite 
line  to  the  asymptote  will  pass  from  90°  to  0°  according  as  the  value  of  the  ratio 
—  passes  from  0  to  « . 

87.  First,  if  —  is  =  0,  that  is,  if  the  satellite  line  be  perpendicular  to  the 
asymptote,  then  the  harmonic  conic  is  the  ellipse 

ar^+y=-2a?  =  0, 
or,  as  it  may  also  be  written, 

9(^-i)»  +  3y»=l. 

As  —   increases  from  0  to   ^/3,  that    is,  as  the    inclination    of   the  satellite  line 

diminishes  from  90°  to  30°,  the  harmonic  conic  becomes  an  ellipse  of  greater  and 
greater  excentricity,  and  ultimately  a  parabola. 
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88.  I    notice    the    particular    case    —  =  J,    which    coiTCsponds    to    the    direction 

parallel  to  one  of  the  nodal  tangents  of  the  envelope:  the  harmonic  conic  is  in  this 
case  the  ellipse 

which,  it  will  be  observed,  passes  through  the  point  (a?  =  0,  y  =  l)  which  is  one  of  the 
points  of  intersection  of  the  twofold  centre  locus  or  hyperbola  3aj*  —  4«c  —  y*  =  —  1  by 
the  line  a;  =  0. 

89.  For  the  value  —  =  V^  corresponding  to  a  direction  inclined  at  an  angle  =  30° 

to  the  asymptote,  the  harmonic  conic  becomes   the  parabola  (a?  VS  — y)*— 2(a;--y>/3)  =  0: 

this  equation  may  also  be  written  (a?  — iy  +  y'  =  i(a?  +  y  V3  — 1)",  a  form  which  puts  in 
evidence  the  focus  and  directrix  of  the  parabola. 

90.  For   a    value >  V3,   that    is,   when    the    satellite    line    is    inclined    to    the 

asymptote  at  an  angle  <  30°,  the  harmonic  conic  is  a  hyperbola,  and  ultimately  when 
—  =  00 ,  or  the  satellite  line  is  parallel  to  the  asymptote,  the  harmonic  conic  becomes 
the  pair  of  lines  y  (1  —  a?)  =  0. 

91.  I  have  in  the  figure  shown  the  following  forms  of  the  harmonic  conic ;  viz. 

hyperbola,  corresponding  to  inclination  <  30""  of  satellite  line  to  asymptote, 
parabola,  to  inclination  =30°. 

ellipse  "I  <  ( 

ellipse  ^to  inclination  =-1  inclination  (=tan~*2)  of  a  nodal  tangent  of  the  envelope, 

ellipse  J  >  [ 

and  for  these  forms  respectively  the  successive  positions  of  the  satellite  line  are  indicated 
as  follows : 

92.  For  the  inclination  <30°,  the  positions  are  AGMG'DEA\  viz. 
A^  at  infinity, 

C,   touching  lower  branch  of  envelope, 
Jf,  between  C  and  C\ 
C\  touching  upper  branch  of  envelope, 
Dy  passing  through  asymptote  point  D,, 
E,  passing  through  crunode  of  envelope, 
A',  at  infinity. 


384  ON  THE  CLASSIFICATION   OF  CUBIC  CUEVB8. 

The  corresponding  positions  of  the  critic  centres  on  the  hyperbola  are 
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On  one  branch  of  hyperbola. 
Ai,  -4,,  each  at  infinity, 

Oa,  a  twofold  centre, 


{ 
{ 


On  the  other  branch. 

A^,  the  harmonic  point, 

5.. 

Ct,  a  one-with-twofold  centre, 

Jfs,  a  real  centre, 

C\,  a  one-with-twofold  centre  and 

C'ut  a  twofold  centre, 

D,  and 

^  (Asymptote-PointX  A> 
E^  and  J?i,  E^, 
A\f  at  infinity,  and 
A\,  at  infinity,  il,,  harmonic  point. 


93.     For  inclination  =30^  the  positions  are  (AC)MC'DE{A'C),  viz. 

AC,  at  infinity,  touches  envelope  at  infinity, 

ilf,  between  {AC)  and  C", 

C\  touching  upper  branch  of  envelope, 

D,  passing  through  asymptote  point  Di, 

E,  passing  through  crunodc  of  envelope, 
A'C,  at  infinity  touches  envelope  at  infinity. 

The  corresponding  positions  of  the  critic  centres  on  the  parabola  are 

ilj,  (harmonic  point)  a  one-with-twofold  centre;  Ai^^  A'^  at  infinity,  a  twofold 

centre, 
jlfa,  real  centre,  the  other  two  centres  being  imaginary, 
C"i„  a  twofold  centre,  C'^  a  one-with-twofold  centre, 
Du  (asymptote  point),  A;   A> 
Eu  E^i    -ffj. 
A^y  =-4'i3,  at  infinity,  a  one-with-twofold  centre;  -4,  (harmonic  point)  a  twofold 

centre. 

94.     For  inclination  =tan->2,  the  positions  are  AMC'D{EC")NA\  viz. 

Ay  at  infinity, 

M,  between  A  and  C\ 

C\  touching  upper  branch  of  envelope, 

D,  through  asjrmptote  point  A» 

EC'\,  touching  upper  branch  of  envelope  at  crunode  N  between  EC"  and  A', 

A\  at  infinity. 
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And  the  corresponding  positions  of  the  critic  centres  on  the  ellipse  are 

Ai,  (harmonic  point),  the  other  two  centres  imaginary, 

Mi,  real  centre,  the  other  two  centres  imaginary, 

(7'i2,  a  twofold  centre,  (7',  a  one- with- twofold  centre, 

A>  (asymptote  point),  A  :  A, 

C'^is,  twofold  centre,  C'^j,  one-with-twofold  centre, 

N^,  real  centre,  the  other  two  centres  imaginary, 

-4  2,  harmonic  point ;   the  other  two  centres  imaginary. 

95.  And  for  the  inclinations  <  and  >  tan"*  2,  the  only  difference  is  that  the 
positions  are  AC  DEC"  A' y  viz. 

Ay  at  infinity. 

My  between  A  and  C'\ 

C\  touching  upper  branch  of  envelope, 

D,  through  asymptote  point  i),, 

E,  through  crunode, 

C",  touching  upper  branch  of  envelope, 
N,  between  C"  and  A\ 
A\  at  infinity, 

and  that   instead  of  the  points  C'^u  and  C"  jEj  we  have  separately  the  points  C'u,  C'\ 
and  J?,,  J?3,  i?2  as  shown  in  the  figure. 

96.  For  the  better  understanding  of  the  figure  it  is  to  be  observed  that  the 
points  Di  and  D3  lie  on  the  line  a?  =  J:  this  depends  on  the  theorem  No.  81  of  the 
Memoir  on  Involution,  viz.  of  the  critic  centres  which  belong  to  a  satellite  line 
through  the  vertex  (0,  0,  1),  one  is  the  vertex  itself,  the  other  two  lie  on  the  line 
a:  +  y~2:=0;  or  making  the  transformation  J  (a?  +  iy),  i  (^  —  »y),  z  for  a?,  y,  2  and 
writing  iv  +  z  =  l,  of  the  critic  centres  which  pass  through  the  vertex  (0,  0,  1)  (the 
asymptote  point),  one  is  this  point  itself,  the  other  two  lie  on  the  line  x^z  =  Oy  that  i& 

97.  Again  it  is  to  be  observed  that  the  centre  E^  lies  on  the  line  a:  =  0,  and  the 
centres  E^,  E^  on  the  circle  (indicated  by  a  dotted  line  in  the  figure)  (a:-l- i)'  +  y'  =  f : 
this  depends  on  the  theorem  Noa  73  and  74  of  the  Memoir  on  Involution,  viz.  of  the 
critic  centres  for  satellite  lines  through  the  node  (acnode)  (1,  1,  —4),  one  lies  on  the 
line  a:  +  y  =  0,  and  the  other  two  lie  on  the  conic  <?  (a?  +  y  +  2:)  —  4ajy  =  0  ;  making  the 
substitution 

i(a?  +  y»),    i(a?-yO>    ^    for  ^>  y,  z> 

C.  V.  49 
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and  writing  also  d?  +  ^=l,  we  find  that,  for  the  satellite  lines  which  pass  through  the 
crunode  (1,  0,  2),  the  critic  centres  lie  one  on  the  line  j:  =  0,  the  other  two  on  the 
conic 

that  is,  on  the  circle  a:"  +  y*+  a? -  1  =  0,  or  («  +  J)*  +  y'  =  }. 

98.  The  circle   in  question   cuts  the   twofold  centre  conic   3fic*  —  4a?  —  y'  =  --l  at  its 
intersections   with   the  line  x^O,  viz.   in    the    points   a?  =  0,   y  =  ±  1 ;    and    it    moreover 

touches  the   one-with-twofold  centre  locus  y'=    ^o  ^  ^^ *^  *   point  where   this 

same  circle  meets  the  ellipse  Sof +  ^  +  y^— 2a;  —  y  =  0,  which  is  the  harmonic  conic 
corresponding  to  the  inclination  tan"'  2.     In  fact,  writing  down  the  three  equations, 

a:»  +  y«  +  a?-l  =0, 

3^*  +  «y +  y'~  2a:- y  =  0, 

,. (a;-l)(3a:-2)' 

^  9x^0 

the  first  and  third  equations  give 

9x-5         -1     -^     *". 
that  is 

-(j?-l)(ac-2)«  +  (9a?-5)(a:»+j:-l)=0, 
or,  reducing, 

{5x  -  sy  =  0, 

that  is  a;  =  f,  and  then  from  the  first  or  third  equation  y'  =  ^,  or  y=±^;  hence  the 
circle  touches  the  one-with-twofold  centre  locus  at  the  points 

and  by  means  of  the  second  equation  we  see  that  the  first  of  these  points,  viz.  the 
point  x  =  ^,  y  =  — i,  is  a  point  of  the  ellipse  or  harmonic  conic  Sa^'  +  ary  +  y'- 2a;  — y  =  0. 

99.  I  consider  the  analytical  theory  of  the  case  where  the  satellite  line  is  parallel 
to  the  asymptote ;  this  is  in  fact  similar  to  the  theory  ante  Nos.  67 — 69 ;   writing 

^{x  +  yi\    i(a?-yi),  z,  X-/xt\  X  +  /xt,  v 

in  the  place  of  x,  y,  z,  X,  /x,  v,  and  putting  afterwards  /x  =  0,  that  is,  in  the  transformed 
equation  \x  +  fjLy  +  vz  =  0  writing  /Lt  =  0,  we  find  for  the  satellite  line  Xa?H- i/(l  —  iF)  =  0; 
the  equation  in  0  (the  factor  ^-|-X  =  0  being  disregarded)  is 

^-  X5-2Xi/  =  0, 

and   the    corresponding  critic  centres  lie   on   the    line  y  =  0,  at   the  distances  given  by 
the  equation 
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we  have  then 

and  the  values  of  z  are  given  by  the  equation 

X  (1  -2:)2  -  X^  (1  -  ^)  -  2i/^«  =  0, 
that   is 

2(X-i/)^-3X^  +  X  =  0, 

which,   putting =  1  —  w,  or  w  =  ^ (w   is   the   distance  of  the  satellite  line  from 

^  V —X  \—v 

the  asymptote  «  =  0),  becomes 

22^  -  Stj-z:  +  tsr  =  0, 
or  we  have 

^  =  i  {3tsr  ±  Vtj(9tsr  ^8)}. 

The  condition  for  a  twofold  centre  is  (0-=  0  which  may  be  disregarded,  or  else) 

9t!x-8=0; 
or,  what  is  the  same  thing,  X  +  8i^  =  0. 

100.  If  -2^1,  z^  are  the  coordinates  of  the  two  critic  centres,  then  we  have 

2z^  =  tsr  (3-^1  -  1), 
22ra2=tj(32:,-l), 

and  thence 

^^3^_-l. 

-^2*"  3^2-1' 

or,  reducing, 

3-^1-2^2  —  ^1  —  ^2  =  0, 
or  in  terms  of  the  a:-coordinates 

^x^x^  —  2  (a?i  +  a?2)  +  1  =  0> 

which  equation  however  merely  expresses  that  the  two  centres  are  harmonics  to  each 
other  in  regard  to  the  twofold  centre  conic  3a^  —  4a?  —  y'  4- 1  =  0.  It  is  right  to  remark 
that  the  formulae,  although  referring  to  a  different  system  of  coordinates,  are  absolutely 
identical  with  those  given  Nos.  67 — 69,  writing  therein  v  for  /x,  and  z  for  x. 

101.  An  inspection  of  the  form  of  the  envelope  shows  what  are  the  positions  of 
the  satellite  line  which  gives  rise  to  PlUcker*s  Groups  for  the  Hyperbolas  A  Defective. 
We  have  in  fact. 

Hyperbolas  A  Defective,  asymptote  not  osculating. 

49—2 
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The  satellite   line   is  not  parallel   to   the  asymptote,  and  the  different  positions  give 
the  following  six  of  PlUcker's  Groups,  viz. 

XVIII.  Satellite  line  cuts  upper,  cuts  lower,  branch  of  envelope. 

XX.  „  „  ,,  ,,  and  passes  throuj^ 
asymptote  point. 

XIX.  Satellite  line  touches  upper,  cuts  lower,  branch. 

XXI.  „             does  not  cut  upper,  cuts  lower,  branch. 
XXni.  „                      „            „          ,  touches  lower  branch. 

XXII.  „                      „            „          ,  does  not  cut  lower  branch. 
Hyperbolas  A  Defective,  asymptote  osculating. 

The  satellite  line  is  parallel  to  the  asymptote,  and  we  have  the  six  groups, 

XXVIII.  Satellite  line  cuts  upper  branch,  cuts   lower  branch   of  envelope,  viz.  it 
lies  above  the   asymptote   point. 

XXIX.  Do,  Do,  but  it  passes  through  the  asymptote  point. 

XXX.  Do,  Do,  but  it  lies  below  the  asymptote  point. 

XXXI.  Satellite  line  touches  upper  branch,  cuts  lower  branch. 

XXXII.  ,,  does  not  cut  upper  branch,  cuts  lower  branch. 

XXXIII.  „  „  „  ,  does  not  cut  lower  branch,  viz.  it 
lies  below  the  asymptote. 

And  finally. 

Hyperbolas  A  Defective,  three  osculating  asymptotes. 

Satellite  line  at  infinity,  giving  the  single  group 

XXXV. 

But  the  division  gives  rise  to  a  remark  such  as  is  made  ante  No.  71. 


As  to  the  Cfroups  of  the  Hyperbolas  ©.     Article  Nos.  102  to  104. 

102.  Taking  z=0  as  the  ecjuation  of  the  line  infinity,  and  « =  0,  y  =  0  as  the 
equation  of  any  two  lines  through  the  point  of  intersection  of  the  asymptotes,  or 
*  asymptote  point,*  then  the  equation  of  the  cubic  may  be  taken  to  be 

J  (a,  6,  c,  d\x,  yy-¥kz^(\x-¥fxi/  +  vz)=0. 

103.  To  determine  the  critic  centres  we  have 

(a,  6,  c$a:,  yY  -f  i-^^  =  0, 

(6,  c,  d^x,  yy -^^  kz^fjL  =^  0 

2z  (\x  +  fiy-^vz)-\-zhf  =  0. 
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and   thence 

ti  (a,  6,  c\x,  yf-X  (6,  c,  d$a?,  yf  =  0, 

or  as  it  may  also  be  written 

(/xa  —  X6,  /x6  —  Xc,  /iC  —  Xdja:,  y)'  =  0, 
and  also 

2  (\a'  +  fiy)  -  3i/2r  =  0, 

which  two  equations  determine  the  critic  centres  for  a  given  position  of  the  satellite 
line ;  the  first  of  them  gives  a  pair  of  lines  through  the  asymptote  point ;  the  latter 
is  a  line  parallel  to  the  satellite  line  :   there  are  thus  two  critic  centres. 

104.     The  condition  for  a  twofold  centre  is 

{ac-h^,  he- ad,  bd-d'^X,  /a)«  =  0, 

so  that  there  are  a  pair  of  twofold  centres  which  will  be  real  if 

(6c  -  arf)2  -  4  (ac  -  6«)  (6(i  -  c^)  =  +, 
imaginary  if 

(bc-ady  -  4  (oc  -  6^)  (bd  -  c«)  =  -, 

that  is,  the  twofold  centres  will  be  real  or  imaginary,  according  as  the  equation 

(a,  6,  c,  d^x,  yf^O 

has  its  roots  one  real  and  two  imaginary,  or  all  three  real ;  viz.  the  twofold  centres 
are  real  for  the  Hyperbolas  ©  Defective ;  imaginary  for  the  Hyperbolas  ©  Redundant. 
And  we  see  also  that  for  the  Hyperbolas  ©  Redundant  the  critic  centres  are  always 
real;  but  that  for  the  Hyperbolas  ©  Defective,  they  may  be  both  real,  or  both 
imaginary,  or  may  coincide  together,  giving  a  twofold  centre.  But  the  two  cases  are 
best  studied  by  assuming  difierent  special  forms  for  the  equation. 


The  Hyperbolas  ©  Redmidant,    Article  Nos.  105  to  107. 

105.     The  equation  may  be  taken  to  be 

xy{x  —  y)'\-k2^ {\x  +  /iy-¥  vz)  =  0, 

or  writing  ^r  =  1,  then  the  equation  is 

xy{x  —  y)'\-k  (Kx  ■¥fiy'¥  vz)  =  0. 

We  may,  to  fix  the  ideas,  consider  the  case  where  the  three  asymptotes  are 
parallel  to  the  sides  of  an  equilateral  triangle;  a:,  y,  and  x  —  y  will  then  denote  the 
perpendicular  distances  of  the  point  from  the  three  asymptotes  respectively. 
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106.  The  critic  centres  are  given  by  the  equations 

\:r»-2(X  +  /i)ay  +  /iy«  =  0; 

or,  what  is  the  same  thing,  they  are  the  intersections  of  the  line 

2(Xa?  +  /xy)-3i/  =  0 
by  the  two  real  lines 

Xa?  =  [(\  +  /a)  ±  Vx«  +  \/A  +  /i«]  y. 

107.  The  groups  are 

Hyperbolas  ©  Redundant.     No  osculating  asymptote. 

The  satellite  line  not  parallel  to  any  asymptote,  that  is  X.  =  0,  fi^O,  X+Ai  =  0.  We 
have  the  two  groups 

VII.     Satellite  line  does  not  pass  through  asymptote  point  (v  not  =  0). 

VIIL     Satellite  line  passes  through  jisjinptote  point  (i/  =  0). 

Hyperbolas  ©  Redundant.  One  osculating  asymptote.  Satellite  line  is  parallel  to 
an  asymptote,  suppose  to  the  susymptote  x=^0;  that  is,  /x  =  0,  or  the  satellite  line  is 
\a;-l-i;  =  0.     We  have  only  the  group 

XV. 

Hyperbolas  ©  Redundant.  Three  osculating  asymptotes.  Satellite  line  lies  at 
infinity,  that  is,  X  =  0,  /i  =  0.     We  have  only  the  group 

XVII. 

The  Hyperbolas  ©  Defective.     Article  Nos.  108  to  110. 

108.  The  equation  may  be  taken  to  be 

ix(x^'\'i/)-\- kz^  (\x-^fiy  -f  vz)  =  0, 

or  writing  z=l,  then  it  is 

^  ^  (a-  +  y-)  + 1  (Xr  +  /xy  +  I')  =  0, 

and  if  to  fix  the  ideas  we  take  the  case  where  the  two  imaginary  asymptotes  are 
the  asymptotes  of  a  circle,  then  x,  y  will  be  ordinary  rectangular  coordinates. 

109.  The  critic  centres  are  given  by  the  equations 

2  (Xr -f /xj/)  -  3i;  =  0. 
3/iar^  -  2\xy  -f  fiy'  =  0, 

that  is  they  are  the  intersections  of  the  line  2  (Xc  +  fiy)  —  3i/  =  0  (which  is  a  line 
parallel  to  the  satellite  line,  on  the  other  side  of  the  asymptote  point  and  at  a 
distance  from  it  =  f  distance  of  satellite  line)  by  the  pair  of  lines 

3/AA'  =  {\±  Vx-^  -  3/^8) y. 
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Hence  the  critic  centres  are  real  if  \^  >  Sfi^,  that  is,  if  the  satellite  line  is 
inclined  to  the  asymptote  at  an  angle  >  60° ;  imaginary  if  V  <  3/x.',  that  is,  if  the 
satellite  line  is  inclined  to  the  asymptote  at  an  angle  <  60"" :  and  there  is  a  twofold 
centre  if  \'  =  Sfi\  that  is,  if  the  inclination  is  =  60°.  This  assumes,  however,  that  v 
is  not  =  0,  that  is  that  the  satellite  line  does  not  pass  through  the  asymptote  point ; 
when  it  does  the  distinction  of  the  cases  disappears.     Hence  the  groups  are 

110.  Hyperbolas  ©  Defective.  No  osculating  asymptote.  The  Satellite  line  is 
not  parallel  to  the  asymptote,  and  the  groups  are, 

Satellite  line  not  passing  through  asymptote  point. 

XXIV.  Satellite  line  inclined  to  asymptote  at  angle  >  60°. 

XXV.  „  „  „  „        =  60  . 

XXVI.  „  „  „  „       <60°. 

Satellite  line  passes  through  asymptote  point,  the  single  group 

XXVII. 

Hyperbolas   ©   Defective.     Real   osculating  asymptote.     The    satellite    line    is 
parallel  to  the  asymptote,  and  we  have  the  single  group 

XXXIV. 

Hjrperbolas   ©   Defective.    Three   osculating   asymptotes.     Satellite    line   is  at 
infinity  and  we  have  the  single  group 

XXXVI. 

The  foregoing  theory  of  the  hyperbolas  A  and  ©  completes  the  enumeration  of 
the  groups  I.  to  XXXVI. 


As  to  the  groups  of  the  paracolic  hyperbolas.     Article  Nos.  Ill  to  115. 

111.  I  consider  the  equation  in  the  form 

^x(by^  H-  cz^  H-  2gzx)  -h  kz^  (jiy  -h  vz)  =  0, 

viz.  the  cubic  x(by^'\-cz^-\-2,gzx)  =  0  is  made  up  of  a  conic  hj^  +  cs^+^gzx^i^,  and  a 
line  a;  =  0 ;  the  other  cubic  z^  (fiy  +  vz)  =  0  is  made  up  of  a  tangent  of  the  conic, 
regarded  as  a  twofold  line,  z^  =  0,  and  of  a  line  fiy  +  vz  =  0  through  the  point  of 
contact  of  such  tangent. 

112.  To  determine  the  critic  centres  we  have 

x.gz+^  (by^  +  cz^  +  2gzx)  =  0, 
x.by+  kz ,  fjLZ  =0, 

X  (cz  H-  gz)  +  kz  (2/Lty  H-  Svz)  =  0  ; 
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climiDating  k  from  the  second  and  third  equations 

fiz  {cz  +  gx)  —  by  (2/Lty  +  3vz)  =  0, 
that  is 

—  ibfjLif  +  CfjLZ^  +  fffizx  —  Sbvyz  =  0  ; 

or  reducing  by  means  of  the  fii-st  equation  written  under  the  form 

b^  +  cz^  +  ^zx  =  0, 
we  find 

3c/A^  +  dgfizx  —  libvyz  =  0, 

that  is  2r  =  (),  which  may  be  rejected,  or  else 

Cfiz  H-  SgfjLX  —  bi'y  =  0, 
or,  as  it  may  be  written, 

M  (3<7^  +  cz)  —  vby  =  0. 

Hence  the  entire  series  of  critic  centres  lie  on  the  conic 

t y'  4-  cz*  H-  4fgzx  =  0, 

and  corresponding  to  the  satellite  line  fLy'\-pz  =  0,  we  have  the  two  critic  centres 
which  are  the  intersections  of  the  conic  by  the  line 

fL(iigx'\-cz)''vby  =  0, 

the  lines  pass  through  the  fixed  point  tigx'\-cz  =  0,  y  =  0,  and  form  a  pencil  homographic 
with  the  satellite  lines  iiy  -\-vz  —  0. 

113.  We   have   a   twofold   centre    if    the    line   touches   the   conic,   the   condition  for 
this  is 

(6c,  -^g\  0,  0,  -26(7,  Op/7M,  "hv.  CfjLy  =  0, 

that  is  Si^r^  (8c/x=  +  46i/»)  =  0,  or  simply, 

Scfi^  +  46i/«  =  0, 
and  from  this  and  the  equation  fiy  +  vz  =  0,  eliminating  ^  and  v  we  find 

46/  +  Sc2^  =  0, 

for  the  equation  of  the  satellite  lines  which  respectively  give  rise  to  a  twofold 
centre;  the  lines  in  question  are  real  or  imaginaiy  according  as  the  lines  6y*  +  c^  =  0 
are  real  or  imaginary,  that  is,  according  as  the  line  x  =  0  cut*  the  conic  by' +  cz^  +  2gzx  =  0 
in  two  real,  or  in  two  imaginary,  points. 

114.  Writing    now    6=1,    c^  —  rtmy   2g  =  7i    and    x-\-viz    in    the    place    of   z,   the 
equation  is 

(x  +  7m)  (y-  H-  nzx)  +  2kz-  {fiy  +  vz)  =  0, 
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and  we  may  consider  z  =  0  os  the  equation  of  the  line  infinity :   writing  in  the  formulae 
z  =  l,  the   critic  centres  are  given  as  the  intersection  of  the  parabola 

y'  +  2nx  +  mn  =  0, 
with  the  line 

vy=^^fin(3x  +  m); 

and  the  condition  for  a  two-fold  centre  is 

4i/*  —  Smn/jL^  =  0 ; 

the  equation  of  the  satellite  lines  corresponding  respectively  to  a  two-fold  centre  is 

4y*  —  Smn  =  0 ; 

the  lines  are  real  or  imaginary  according  as  mn  is  positive  or  negative,  or  (observing 
that  the  equations  «-l-m  =  0,  y^+nx  =  0  give  y*  —  mn  =  0),  according  as  the  line 
x  +  m  =  0  cuts  or  does  not  cut  the  parabola  y"  -h  wa?  =  0.  Suppose  for  a  moment  that 
the  line  does  cut  the  parabola  and  that  yi  is  the  corresponding  value  of  y,  then 
yi*  =  mn ;  and  the  equation  4y'  —  Smn  =0  of  the  satellite  lines  which  correspond 
respectively  to  the  case  of  a  two-fold  centre  is  y"  = }  yi\    We  have  thus  y  =  ±  yi  and 

y=^±'s/^yi  as  special  positions  of  the  satellite  line  fiy  +  P  =  0.  In  the  case  where  the 
line  a?  +  m  =  0  touches  the  parabola  y^  +  nx  =  0,  the  value  of  yi  is  =  0,  and  we  have 
only  the  special  position  y  =  0;  finally,  when  the  line  does  not  cut  the  parabola  there 
is  no  special  position. 

115.     Pltickers  groups  are  consequently  as  follows: 

Parabolic  H}rperbolas;  ordinary  asymptote  and  five-pointic  asymptotic  parabola,  that 
is  the  line  fiy  +  v  =  0  is  not  at  infinity. 

Asymptote  cuts  parabola,  mn  =  +, 

XXXVII.  Satellite   line  lies  outside  the   lines  y  =  ±  yi  which  belong  to  the  points 
of  intersection. 

XXXVIII.  Satellite   line   passes   through  a  point  of  intersection,  that  is,  coincides 
with  one  of  the  lines  y  =  ±  yi. 

XXXIX.  Satellite  line  lies  between  the  lines  y=±y^  and  y=±^y. 

XL.     Satellite   line  coincides  with  one   of  the  lines  y^±*>/iyi,  which  give  respec- 
tively a  two-fold  centre. 

XLI.     Satellite  line  lies  between  the  lines  y  =  ±  ^f  yi. 

Asymptote  touches  parabola,  viz.  m  =  0. 

XLIII.     Satellite  line  does  not  pass  through  the  point  of  contact. 

XLIV.     Satellite  line  passes  through  point  of  contact  or  its  equation  is  y  =  0. 

Asymptote  does  not  cut  parabola,  viz.  mn  =  — .     This  gives  the  single  group 

XLII. 
c.  V.  50 
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Parabolic  h}rperbolas.  Osculating  asymptote  and  six-pointic  asymptotic  parabola. 
The  satellite  line  is  here  at  infinity,  and  there  is  no  new  distinction  of  groups.  The 
groups  therefore  are 

Asymptote  cuts  parabola, 

XLV. 

Asymptote  does  not  cut  parabola, 

XLVI. 

Asymptote  touches  parabola, 

XLVII. 


A8  to  the  Groups  of  the  Central  and  Parabolic  Hyperholisme.    Article  Na  116. 

116.  For  the  Hyperbolisms,  Central  and  Pai'abolic,  since  these  have  a  node  or  a 
cusp  at  infinity,  they  cannot  acquire  a  new  node,  and  the  theory  of  critic  centres  does 
not  arise.  There  is,  however,  as  regards  the  Hjrperbolisms  of  the  Hjrperbola  a  dis- 
tinction in  the  position  of  the  satellite  line,  viz.  this  may  lie  outside,  or  between,  the 
parallel  asymptotes.    The  groups  are 

Hyperbolisms  of  the  Hyperbola.  Ordinary  asymptote.  The  satellite  line  is  not  at 
infinity,  and  it  may  lie  in  either  of  the  positions  just  mentioned.     We  have  therefore 

XL VIII.     Satellite  line  lies  between  the  parallel  asymptotes. 

XLIX.  „  „  outside  „  „ 

Osculating  asymptote;  the  satellite  line  is  at  infinity.     We  have 

L. 

Hyperbolisms  of  the  Ellipse.  Ordinary  asymptote.  The  satellite  line  is  not  at 
infinity,  and  we  have 

LI. 

Osculating  asymptote.     Satellite  line  is  at  infinity, 
UI. 

Hyperbolisms  of  the  Parabola.     Ordinary  asymptote.     Satellite  line  is  not  at  infinity 
we  have 

LIII. 

Osculating  asymptote:   satellite  line  is  at  infinity:   we  have 
LIV. 
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As  to  the  Groups  of  the  Divergent  Parabolas.     Article  Nos.  117  and  118. 

117.  Taking  the  equation  under  the  form 

flwj*  +  by^z  +  kz^  (\x  -r  vz)  =  0, 

we  find  for  a  critic  centre 

^aa^  +  kz.\z  =0, 

2byz  =  0, 

by^  +  kz  (2Kx  +  3vz)  =  0 ; 

hence    there    is    a   single    critic    centre   y  =  0,    2\x+Svz  =  0f    the    critic    value   of   k    is 

—  27ai/* 
k  =  — A\T~  »  ^^^  ^^^  ^^^^  value  of  k  the  equation  in  feet  is 

4V  {oaf"  +  by^z)  -  27  av^  (\a  -\-vz)fi?^  0, 
that  is 

a  (4W  -  27\hnx?z  -  27i/«^)  +  ^Vhy'^z  =  0, 

or,  as  it  may  be  written, 

a  {2\x  +  Zvzy  (\a:  -  3vz)  +  4iVhfz  =  0, 

which   puts  in  evidence  the  critic  centre  or  node  of  the   curve.     But,  as  there  is  here 
only  a  single  critic  centre,  there  is  of  course  no  further  theory  of  the  two-fold  centre,  &c. 

118.  The  groups  are  as  given  d  priori  by  the  relation  of  the  satellite  line  \x-\-vz=^0, 
to  the  semicubical  parabola  a^ H- h/^z  =  0,  viz.  writing  z=l  and  changing  the  constants, 

Divergent  Parabolas,  the  semicubical  parabola  'tf^—a?,  which  is 

LV. 

Divergent  Parabolas,  Asymptotic  Semicubical  Parabola  of  seven-pointic  contact, 
viz.  equation  of  the  asymptotic  parabola  being  y^-~a^  =  0,  and  writing  for  convenience 
k('\x+v)  =  ''Sax-\-2b=0  for  the  equation  of  the  satellite  line,  the  equation  of  the  curve 
is  y^  —  a^  —  Sax  +  26.     And  the  groups  are 

LVI.     Satellite  line  cuts  asymptotic  parabola. 

LVII.         „  does  not  cut      „        „     . 

LVIII.       „  passes  through  vertex  of  parabola. 

And  further 

Divergent  Parabolas.  Asymptotic  Semicubical  Parabola  of  nine-pointic  intersection. 
The  satellite  line  is  at  infinity,  and  the  equation  is  r^  =  oc^  +  2b.    This  is  group 

LIX. 

As  to  the  Trident  Curve  and  the  Cubical  Parabola.     Article  Nos.  119  and  120. 

119.  For  the  Trident  Curve,  equation  is  a?  (a^  +  \y)  4-^^  =  0,  or  the  satellite  line  is 
at  infinity,  and  there  is  no  distinction  of  groups ;  we  have  only  group 

LX. 

120.  For  the  Cubical  Parabola  this  is  a^  +  fiy  =  0,  there  is  no  distinction  of  groups, 
and  the  curve  is  group 

LXI. 

50—2 
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As  to  the  Division  into  Species :    Comparison  of  Newton  and  PkLcker. 

Article  Noa  121  and  122. 

121.  The  division  into  species  is  obtained  without  difficulty  when  the  groups  are 
once  established ;  in  fact  it  only  remains  to  trace  for  each  given  form  of  V  and  s  the 
series  of  curves  V+  ^  =  0,  as  fi  passes  from  x  to  —  x  through  the  value  0  and  the 
critic  values  which  correspond  to  nodal  curves:  I  have  nothing  to  add  to  what  has 
been  done  by  Plticker,  and  it  is  unnecessary  to  reproduce  the  investigation*  It  may  be 
remarked  that  the  mere  inspection  of  PlUcker's  figures  is  sufficient  to  show  which  of 
his  species  correspond  to  the  same  Newtonian  species;  the  species  which  do  so  belong 
to  the  same  Newtonian  species  in  some  instances  closely  resemble  each  other  in  form, 
although  in  others  the  difference  of  form  is  apparent  enough:  but  the  PlUckerian  species 
which  correspond  to  the  same  Newtonian  species  belong  for  the  most  part  to  different 
groups  and  are  thus  distinguished  from  each  other  by  the  characters  which  distinguish 
the  groups  to  which  they  respectively  belong:  thus  for  instance  Newton's  Species  1 
(a  h}rperbola  A  Redundant)  is  characterised  as  consisting  of  three  hyperbolic  branches, 
one  inscribed,  one  circumscribed,  and  one  ambigeue,  with  an  ovaL  Such  a  curve  may 
exist  with  three  different  positions  of  the  satellite  line  in  regard  to  the  asymptotes, 
viz.  the  satellite  line  may  cut  the  three  sides  produced,  or  it  may  pass  through  a 
vertex,  cutting  the  opposite  side  produced,  or  it  may  cut  two  sides  and  the  third 
side  produced,  not  cutting  the  envelope — which  are  the  characters  of  Plticker  s  groups 
I,  II,  IV,  respectively,  and  there  belongs  to  the  Newtonian  species  1,  a  species  out  of 
each  of  these  groups,  viz.  they  are  I.  1 ;    II.  9,  and  IV.  18, 

122.  The  correspondence  of  the  Pltickerian  Species  with  those  of  Newton  is  shown 
in  the  following  Table. 

Newton's  Genus  1,  contains  9  Species,  viz. 

1234  5*678  9 

corresponding  to  Plticker*s  Species 


I. 

1 

2 

3 

8 

7 

4 

5,   6 

II. 

9 

10 

11 

12 

13,  14 

(IL 

15 

IV. 

18 

17 

19 

16,  20 

21 

22,  23 

V. 

25 

24,  26 

27 

28,  29 

VI. 

t 

30 

1 

!  31 

32,  33 

Part  of  Newton's  Genus  4,  contains  3  Species,  viz. 
24       25       26 

corresponding  to  Plticker's  Species 


VII. 
VIII. 


34 

35 
37 

36 
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Newton's  Genus  2,  contains  14  Species,  viz. 
10    10'    11     12     13     13'        14       16     16    17     18     19     20    21 

corresponding  to  Pliicker's  Species 


IX. 

38 

39 

40 

43 

42 

41 

X. 

44 

45 

46 

• 

47 

XI. 

50 

49 

51 

48,  52 

53 

XIL 

55 

54,  56 

57 

XIII. 

58 

■ 

59 

XIV. 

60 

61 

62 

1 

65 

63 

64 

Further  part  of  Newton's  Genus  4,  contains  4  Species,  viz. 
28     29     30     31 

corresponding  to  Pliicker's  Species 

XV. 


69 

66 

67 

68 

Newton's  Genus  3,  contains  4  Species,  viz. 
22     22'    22^'   23 

corresponding  to  Pliicker's  Species 


72 

70 

71   73 

XVI. 


Residue  of  Newton's  Genus  4,  contains  1  Species,  viz. 
32 

corresponding  to  Pliicker's  Species 

XVII. 


Newton's  Genus  5,  contains  6  Species,  viz. 

33  34  35      36  37  38 

corresponding  to  Pliicker's  Species 


XVIII. 

XIX. 

XX, 

XXL 

XXII. 

XXIII. 

XXIV. 

XXV. 

XXVI. 

XXVII. 


77,  82 

78,  81 

76 

75,  79,  80 

88 

87 

84 

83,  85,  86 

89 

90 

91 

92 

93 

94,  95 

96,  100 

97, 101 

99 

98,  102,  103 

104 

105  . 

107 

106,  108,  109 

112 

113 

117 

111 

110,  114,  115 

116,  118,  119 

120 

121 

1 
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Newton's  Genus  6,  contains  7  species,  viz. 
39       40      41       42      43       44  45 

corresponding  to  Pllicker's  Species 


XXVIII. 

122 

125  i  123  ; 

126  ;  124,    127 

XXIX. 

128 

131  ;  129 

. 

130 

XXX. 

134 

137      135 

133             1  132,    136 

XXXI. 

141 

139                          138,    140 

XXXII. 

143 

142 

XXXIII. 

144 

148     145 

146,    149 

XXXIV. 

152 

150,    153 

XXXV. 

154 

155 

1 

156,    157  1 

XXXVI. 

158 

1 

Newton's  Genus  7,  contains  7  Species,  viz. 
46       47       48       49  50  51       52 

corresponding  to  Pllicker's  Species 


XXXVII. 

159                       ,  160 

161,    162 

163 

164 

XXXVIII. 

165  ,           . 

166 

167,    168 

XXXIX. 

171  1  170 

172 

169,  173,  174 

XL. 

176 

175,  177,  178 

XLI. 

179 

XLII. 

182 

181 

180 

XLIII. 

1 

185,    186 

184 

183 

XLIV. 

^  , 

187 

Newton's  Genus  8,  contains  6  Species,  \iz. 
53       54       55       56      56'       56" 
corresponding  to  Pllicker's  Species 


XLV. 

XLVI. 

XLVII. 


190 

194 

193 

192 

196 

191 
195 
197 


188  '  189 


XLVIII. 

XLIX. 

L. 


Newton's  Genus  9,  contains  4  Species,  viz. 
57       58       59       60 

corresponding  to  Pllicker's  Species 


199 


198 


200 
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Newton's  Genus  10,  contains  3  Species,  viz. 
61        62      63 


N , / 


corresponding  to  PlUcker's  Species 


LI. 
UI. 


Newton's  Genus  11,  contains  2  Species,  viz. 
64  65 

corresponding  to  PlUcker's  Species 


LIIL 
LIV. 


203 


204  ! 


LX. 


Newton's  Genus  12,  contains  1  Species,  viz. 
66 
corresponding  to  PlUcker's  Species 

218 


Newton's  Gtenus  13,  contains  5  Species,  viz. 
67       68       69       70  71 

corresponding  to  PlUcker's  Species 


LV. 

LVI. 

208 

LVIL 

212 

LVI  II. 

214 

LIX. 

205 

207 

206,    209 

211 

210,    213 

215 
216,    217 

Newton's  Genus  14,  contains  1  Species,  viz. 
72 
corresponding  to  PlUcker's  Species 

LXL       219 

It  is  to  be  noticed  that  (as  appears  by  the  Table)  PlUcker  enumerates  13  species 
of  the  Divergent  Parabola,  viz.  corresponding  to  the  Parabola  Pura  of  Newton  we  have 
five  species,  and  to  the  Parabola  cum  Ovali  three  species ;  but  to  each  of  the  other 
three  Newtonian  species  {Nodata^  Puncta;ta,  CiLspidata)  only  a  single  species.  The 
difference  in  nowise  affects  Newton's  before-mentioned  theorem,  that  every  cubic  curve 
is  the  shadow  of  a  Divergent  Parabola;  but  (the  characters  of  PlUcker's  species  being 
unaffected  by  projection)  the  number  of  resulting  kinds  of  cubic  curves  (or  cones)  will 
be  five  or  thirteen  according  as  the  one  or  the  other  classification  is  adopted ;  but 
this  is  a  subject  which  I  do  not  enter  upon  in  the  present  Memoir. 

Cambridge,  February  8,  1864. 


Plate  HI. 


/f 


/     3 


/// 


•i 


// 
•*'•• 


X. 


\ 


\ 
I 


i.r.f> 


k}-^  tare   "ti,.  ^v.:--=  ■ 


Plate  IIL 


/f 


/    3 


'/:. 


V 


\ 


/// 


7^ 


./  • 


.  J 


J 


I   . 


-  I 


351] 


401 


351. 


ON    CUBIC    CONES    AND    CURVES. 


[From   the   Transactions  of  the  Cambridge  Philosophical  Society,  vol   XL   Part  i.  (1866), 

pp.  129— 144.     Read  April  18,  1864.] 

There  is  contained  in  Sir  Isaac's  Newton's  Enumeratio  Linearum  tertii  Ordinis 
(1706),  under  the  heading  Genesis  Gurvarum  per  Umbrae,  the  remarkable  theorem  that, 
in  the  same  way  as  the  several  curves  of  the  second  order  may  be  considered  as  the 
shadows  of  a  circle,  that  is,  the  sections  of  a  cone  having  a  circular  base,  so  the 
several  curves  of  the  third  order,  or  cubic  curves,  may  be  considered  as  the  shadows 
of  the  five  Divergent  Parabolas.  It  was  remarked  by  Chasles,  Note  xx.  to  the  Aperfu 
Historique  (1837),  that  they  may  also  be  considered  as  the  shadows  of  the  five  curves 
having  a  centre  (the  Newtonian  Species  27,  38,  59,  62,  72),  and  that  the  theorem  may 
be  stated  as  follows,  viz.  (in  the  same  way  that  all  the  curves  of  the  second  order 
are  the  sections  of  a  single  kind  of  cone  of  the  second  order,  so)  all  the  curves  of 
the  third  order  may  be  considered  as  the  sections  of  five  kinds  of  cones  of  the  third 
order — and  that  cutting  these  in  one  way  we  have  the  five  Divergent  Parabolas,  cutting 
them  in  another  way  the  five  curves  with  a  centre.  The  nature  of  these  five  kinds 
of  cones,  or,  what  is  the  same  thing,  that  of  the  spherical  curves  in  which  they  are 
intersected  by  a  concentric  sphere,  was  first  pointed  out  by  Mobius  in  his  most 
interesting  Memoir,  "  Grundformen  der  Linien  dritter  Ordnung,"  Abh,  der  K.  Sachs,  Oes, 
zu  Leipzig,  1853.  I  reproduce  in  the  present  memoir  the  characterisation  of  these  five 
kinds  of  cones — which  I  call  the  simplex,  the  complex,  the  acnodai,  the  crunodal,  and 
the  cuspidal — and  I  further  develope  the  geometrical  and  analytical  theory;  in  particular 
I  arrive  at  a  division  of  the  simplex  cones  into  three  subkinds,  the  simplex  trilateral, 
neutral,  and  quadrilateral,  I  have  throughout  spoken  of  cones  rather  than  of  plane 
curves,  using  however,  as  far  as  may  be,  language  which  is  also  applicable  to  a  plane 
curve,  thus,  instead  of  lines  of  inflexion,  tangent  planes,  of  a  cone,  I  say  inflexions, 
tangents,  &c.  But  the  theory  of  the  cone  is  of  course  that  of  the  projective  properties 
C.  V.  51 
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of  the  curves  which  are  the  sections  of  such  cone;  it  appears  to  me  that  the  true 
classification  of  curves  is  to  divide  them  according  to  the  cones  which  give  rise  to 
them ;  and  I  consider  the  present  memoir  as  a£fording  in  part  the  materials  for  such  a 
classification  of  cubic  curves,  viz.  it  seems  to  me  that  after,  in  the  first  instance, 
dividing  them  into  the  simplex,  the  complex,  the  acnodal,  the  crunodal,  and  the  cuspidal 
kinds,  the  simplex  kind  should  be  further  divided  in  the  above-mentioned  manner;  and 
that  we  should  establish,  lastly,  the  divisions  which  relate  to  the  particular  mode  in 
which  the  cone  is  to  be  cut,  in  order  to  obtain  such  and  such  a  curve:  in  effect, 
that  the  principle  of  classification,  according  to  the  nature  of  the  infinite  branches 
adopted  by  Newton  in  the  work  above  referred  to,  and  by  Pltlcker  in  his  System  der 
Analytischen  Oeametrie  (Berlin,  1835),  and  to  which  has  reference  my  Memoir  On  the 
Classification  of  Cubic  Curves,  [350],  should  be  not  the  primary,  but  a  secondary  principle 
of  classification.  I  remark  that  as  regards  the  division  into  five  kinds,  Murdoch,  in 
his  highly  interesting  work,  NewUrni  Genesis  Curvarum  per  Umbras,  [Lond.  1746],  has 
not  only  distinguished  the  Newtonian  species  which  arise  from  each  of  the  Divergent 
Parabolas,  or,  what  is  the  same  thing,  from  each  of  the  five  kinds  of  cones  (it  will 
presently  appear  how  the  mere  inspection  of  Newton's  figures  is  sufficient  to  enable 
this),  but  that  he  has  also  shown  how  the  cone  must  in  each  case  be  cut  in  order  to 
obtain  the  particular  cubic  curve.  Murdoch  also  distinguishes  the  three  forms  ampullate, 
campaniform  and  intermediate,  of  the  simplex  Divergent  Parabola,  which  correspond  to 
the  simplex  quadrilateral,  trilateral,  and  neutral. 

I  remark  also  that  PlUcker  in  his  work  above  referred  to,  Dritter  Abschnitt,  98, 
has  considered  the  equation  of  a  cubic  curve  in  the  form  pqr -{• /jls^  =  0,  which  is  in 
fiewt  equivalent  to  the  form  (X -{•¥-{•  Zy+6kXYZ  =  0  used  in  the  sequel,  but  without 
arriving  at  the  results  obtained  in  the  present  Memoir. 


The  five  kinds  of  Cubic  Cones.    Nos.  1  to  7. 

1.  A  cone  of  any  order  may  comprise  two  distinct  forms  of  sheet,  viz.  (1)  a  twin- 
pair  sheet,  or  sheet  which  meets  a  concentric  sphere  in  a  pair  of  closed  curves  such 
that  each  point  of  the  one  curve  is  opposite  to  a  point  of  the  other  curve  (a  cone  of 
the  second  order  affords  an  example  of  such  a  sheet) ;  the  twin-pair  sheet  may  be 
considered  as  consisting  of  two  sheets,  each  of  which  may  be  called  a  twin  sheet: 
and  (2)  a  single  sheet,  viz.  a  sheet  which  meets  a  concentric  sphere  in  a  closed  curve 
such  that  each  point  of  the  curve  is  opposite  to  another  point  of  the  curve:  the 
plane  affords  an  example  of  such  a  curve.  We  have  five  kinds  of  cubic  cones,  viz.  the 
simplex,  the  complex,  the  acnodal,  the  crunodal,  and  the  cuspidal.  The  cone  may 
consist  of  a  single  sheet ;  it  is  then  of  the  simplex  kind.  Or  it  may  consist  of  a  single 
sheet  and  a  twin-pair  sheet,  it  is  then  of  the  complex  kind :  these  are  the  non-singular 
kinds.  The  remaining  kinds  ai-e  singular  ones,  which  are  most  easily  explained  by 
considering  them  as  limiting  forms  of  the  complex  kind;  the  twin-pair  sheet  may  come 
to  unite  itself  with  the  single  sheet  giving  rise  to  a  crunodal  line,  or  say  a  crunode; 
the   cone   is   then   of   the    crunodcil   kind.     Or  the   twin-pair  sheet   may   dwindle   into  a 
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mere  line  which  is  an  acnodal  line,  or  say  an  acnode;  the  cone  is  then  of  the 
acnodal  kind.  Or  the  two  things  may  happen  together,  viz.  the  twin- pair  sheet  at  the 
instant  that  it  unites  itself  with  the  single  sheet  may  dwindle  into  a  mere  line,  which 
is  then  a  cuspidal  line,  or  say  a  cusp;  and  the  cone  is  then  of  the  cuspidal  kind. 
I  remark,  as  regards  the  crunodal  kind,  that  the  cone  may  be  considered  as  consisting 
of  two  portions,  one  of  them  corresponding  to  the  single  sheet  of  a  complex  cone,  and 
which  I  call  the  quasi-single  sheet ;  the  other  of  them  corresponding  to  the  twin-pair 
sheet,  and  which  I  call  the  loop-sheet. 

2.  It  is  to  be  added  that  a  cubic  cone  has  in  general  9  lines  of  inflexion,  or 
say  inflexions,  but  of  these  6  are  always  imaginary ;  the  remaining  3,  which  are  real, 
belong  to  the  single  sheet.  The  plane  through  any  two  inflexions  meets  the  cone  in 
a  line  which  is  also  an  inflexion.    In  particular  the  three  real  inflexions  lie  in  a  plane. 

3.  When  the  cone  is  acnodal  the  six  imaginary  inflexions  unite  at  the  acnode; 
and  the  single  sheet  has  still  3  real  inflexions  lying  in  a  plane.  But  if  the  cone 
is  crunodal,  then  4  imaginary  inflexions  and  2  real  inflexions  unite  in  the  crunode; 
and  the  cone  has  1  real  inflexion;  there  are  besides  2  imaginary  inflexions,  the  3 
inflexions  lie  in  a  real  plane.  Finally,  if  the  cone  is  cuspidal,  then  2  of  the  real 
inflexions,  and  the  6  imaginary  inflexions  unite  together  in  the  cusp ;  the  cone  has  besides 
1  real  inflexion,  but  there  are  not  any  imaginary  inflexions. 

4.  Suppose  that  the  cone  is  of  one  of  the  non-singular  kinds;  that  is,  let  it  be 
simplex  or  complex.  From  any  line  of  the  cone  we  may  draw  four  tangent  planes  to 
the  cone — the  anharmonic  ratio  of  the  four  planes  is  the  same  whatever  may  be  the  line 
on  the  cone.  As  regards  reality,  the  following  distinction  exists,  viz.  for  the  complex 
kind  of  cone,  the  planes  are  all  real  or  all  imaginary;  for  the  simplex  kind  they  are 
two  real  and  two  imaginary.  First,  as  regaixls  the  complex  kind,  if  the  line  be  taken  on 
the  twin-pair  sheet,  the  four  tangent  planes  are  all  imaginary ;  but  if  it  be  taken  on  the 
single  sheet,  then  there  are  two  real  tangent  planes  to  the  single  sheet  and  two  real 
tangent  planes  to  the  twin-pair  sheet,  together  four  real  tangent  planes.  Secondly,  as 
regards  the  simplex  kind,  there  is  only  the  single  sheet,  and  the  line  being  taken  on 
it,  there  are  two  real  tangent  planes  and  no  more. 

5.  As  regards  the  singular  kinds,  assuming  always  that  the  line  on  the  cone  does 
not  coincide  with  the  node  or  the  cusp  (for  when  it  does  there  are  no  tangent 
planes),  it  may  be  noticed  that  for  the  crunodal  kind  there  are  two  tcmgent  planes 
which  are  real  or  imaginary  according  as  the  line  lies  on  the  part  corresponding  to 
the  single  sheet  or  on  the  part  corresponding  to  the  twin-pair  sheet.  For  the  acnodal 
kind  there  are  two  tangent  planes  which  are  always  real;  and  for  the  cuspidal  kind 
there  is  a  single  tangent  plane  which  is  alwajns  real. 

6.  The  foregoing  properties  of  cubic  cones  apply  to  the  curves  which  are  the 
sections  of  these  cones ;  thus  a  cubic  curve  is  of  the  simplex,  the  complex,  the  crunodal, 
the  acnodal,  or  the  cuspidal  kind.  As  regards  the  last-mentioned  three  kinds,  or  singular 
kinds,  it  is  of  course  to  be  borne  in  mind  that  the  crunode,  acnode,  or  cusp,  may 
be  at  infinity;  and  consequently  that  all  the  ciirves  in  Newton's  genus  9  (the  hyper- 
bolisms  of  the  hyperbola)  and  the  curve  in  his  genus  12  (the  trident  curve)  belong 
to   the   crunodal   kind;   the   curves  in  genus  10  (the  hyperbolisms  of  the  ellipse)  to  the 
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acnodal  kind;  and  those  of  genus  11  (the  hyperbolisms  of  the  parabola)  and  the  carve 
in  genus  14  (the  cubical  parabola)  to  the  cuspidal  kind. 

7.  In  the  other  genera  such  of  the  species  as  are  without  a  node  or  a  cusp, 
belong  to  the  simplex  or  the  complex  kind:  and  the  mere  inspection  of  the  figure 
(Newton's  or  Plticker's)  is  sufficient  to  show  to  which  of  the  two  kinds  the  curve 
belongs;  in  fact,  when  from  any  point  of  the  curve  there  are  fo\ir  real  tangents,  or 
there  is  else  no  real  tangent,  the  curve  is  of  the  complex  kind,  but  if  there  are  two 
and  only  two  real  tangents  the  curve  is  of  the  simplex  kind.  And  in  the  former  case 
we  see  whether  a  branch  arises  from  the  single  sheet  or  the  twin-pair  sheet  of  the 
cone,  viz.  if  from  a  point  on  the  branch  there  can  be  drawn  four  real  tangents  to 
the  curve,  the  branch  arises  from  the  single  sheet,  but  if  no  real  tangent  can  be 
drawn,  the  branch  arises  from  the  twin-pair  sheet.  And  in  the  crunodal  kind  we  see 
which  part  of  the  curve  arises  from  the  quasi-single  sheet,  and  which  part  from  the 
loop  sheet. 


Ulterior  Theory  leading  to  the  Svhkinds  of  the  Simplex  Cones.     Nos.  8  to  35. 

(Several  Subheadings.) 

8.  But  the  division  of  cubic  cones  may  be  carried  further:  we  may  in  fiujt  sub- 
divide the  simplex  kind.  To  show  how  this  is,  I  consider  a  cone  complex  or  simplex, 
but  I  attend  for  the  moment  only  to  the  single  sheet.  The  cone  has  on  the  single 
sheet  three  (real)  inflexions  l}ang  in  a  plane.  I  call  this  the  equator,  and  I  call  the 
tangent  planes  at  the  inflexions  simply  the  tangents;  the  three  tangents  do  not  in 
general  meet  in  a  line,  and  they  divide  space  into  eight  regions;  of  these  there  are 
two  not  divided  by  the  equator,  and  which  remain  trilateral ;  the  other  six  regions  are 
divided  by  the  equator  each  of  them  into  a  trilateral  and  a  quadrilateral  region,  this 
gives  six  trilateral  regions  and  six  quadrilateral  regions ;  there  are  thus  in  all  2  -f-  6  =  8 
trilateral  regions  (I  distinguish  them  as  the  2  and  the  G  such  regions)  and  6  quadri- 
lateral regions. 

9.  It  is  easy  to  see  that  for  a  complex  cone  the  single  sheet  lies  wholly  in  the 
6  trilateral  regions,  and  the  twin-pair  sheet  wholly  in  the  2  trilateral  regions.  Imagine 
the  twin-pair  sheet  to  dwindle  into  a  line  and  then  disappear,  that  is,  let  the  cone 
pass  from  the  complex,  through  the  acnodal,  into  the  simplex  kind ;  the  single  sheet 
of  the  simplex  cone  will  lie  wholly  in  the  6  trilateral  regions;  this  is  one  form  of 
the  simplex  cone;  I  call  it  the  simplex  trilateral.  But  there  is  a  diflFerent  form,  viz. 
the  cone  may  lie  wholly  in  the  6  quadrilateral  regions;  this  is  the  simplex  quadri- 
lateral. And  there  is  an  intermediate  form,  viz.  the  three  tangent  planes  at  the 
inflexions  may  meet  in  a  line,  the  2  trilateral  regions  then  disappear,  and  there  are 
only  12  regions,  all  of  them  trilateral,  which  may  be  considered  as  forming  two  systems, 
ea,ch  of  6  regions,  viz.  each  system  consists  of  three  non-contiguous  regions  on  one  side 
of  the  equator,  and  (alternating  therewith)  three  non-contiguous  regions  on  the  other 
side  of  the  equator:  the  cone  lies  wholly  in  the  one  6  regions  or  in  the  other  6  regions 
and  I  say  that  the  cone  is  simplex  neutral. 
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10.  A   non-singular    cubic   cone   (simplex   or    complex)   may   be    represented    by  an 

equation  of  the  canonical  form 

a?  +  .y»  +  <2»  +  6try^  =  0, 

where  the  coordinates  x^  y,  z  and  the  parameter  I  are  all  real ;  the  invariants  of  the 
form  are  fi»=  —  Z  +  Z*,  jr=l  —  20Z'  —  %l\  It  is  to  be  noticed  that  the  form  in  question 
cannot  represent  a  singular  cone;   we  find  as  the  condition  that  it  may  do  so 

iJ  =  64/S'»-r«  =  -(H-8Z»)»  =  0, 

but  when  this  condition  is  satisfied,  the  cone  breaks  up  into  a  system  of  three  planes; 
thus  for  the  real  root  Z=—  J,  we  have 

a?  +  y*  +  ^  —  ^xyz  =  {x-\-y-\-z){x  +  toy-\-  od^z)  (x  +  o)*y  +  (oz), 

where  co  is  an  imaginary  cube  root  of  unity;  and  by  merely  writing  tax,  to^x  successively 
in  place  of  x^  we  see  that  the  like  decomposition  occurs  from  the  imaginary  roots 

11.  The  equation  a^-\-i^-^2^ -\- %lxyz  =  0  is  in  general  transformable  into  the  form 

(Z+F+^)»  +  6JfcZFZ  =  0, 

where  X,  Y,  Z  are  linear  functions  of  the  original  coordinates,  such  that  X=0,  F=0,  Z  =  0 
are  the  equations  of  the  tangent  planes  at  three  inflexions  in  the  plane  X+  F4-^=0; 
if  however  the  three  tangent  planes  meet  in  a  line,  then  X,  Y,  Z  will  satisfy  identi- 
cally a  certain  linear  equation,  and  it  is  clear  d  priori  that  the  transformation  must 
fail.     The   condition   for   the  three   tangent   planes   meeting   in   a  line  is  S  =  —  Z  +  i*  =  0, 

that  is,  we  have 

Z  =  0,  1,  ft),  or  co^; 

and  attending  only  to  the  real  roots  l—O,  Z  =  l,  it  will  be  presently  seen  that  for 
1  =  0  the  tangent  planes  at  the  three  real  inflexions  do  not,  for  Z  =  1,  they  do  meet 
in  a  line.  Hence  the  simplex  neutral  cone  corresponds  to  the  value  1  =  1,  that  is,  the 
equation  is 

a^-hy^  +  z^-^  &xyz  =  0, 

and  this  equation  is  not  transformable  into  the  form  (X  +  Y+Z^  +  6kXYZ  =  0,  which 
is  that  employed  in  the  sequel  for  the  general  discussion  of  the  simplex  and  complex 
cones.     The  theory  on  which  the  foregoing  conclusion  depends  is  as  follows. 

On  the  condition  8  =  0.     Nos.  12  to  17. 

12.  A  cubic  has  in  general  nine   inflexions,  which  lie  by  threes  on  twelve  planes, 
viz.  denoting  the  inflexions  by  1,  2,  3,  4,  5,  6,  7,  8,  9,  the  planes  may  be  taken  to  be 

123,  456,  789, 

147,  258,  369, 

159,  267,  348, 

168,  249,  357, 

that  is,  we  have  four  systems,  each  of  three  planes  passing  through  the  nine  inflexiona 
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The  tangent  planes,  or,  say  the  tangents  at  the  inflexions  in  piano,  for  instance, 
at  the  inflexions  1,  2,  3,  form  a  trilateral,  and  we  have  thus  corresponding  to  each  of 
the  three  planes  a  trilateral  formed  by  the  tangents  at  the  inflexions  on  such  plane; 
and  there  are  of  course  four  systems,  each  of  three  trilateral  formed  by  the  tangents 
at  the  nine  inflexions. 

13.  I  say  that  if  8=^0,  then  in  one  of  the  four  systems  the  trilaterals  become 
each  of  them  a  line,  that  is,  the  tangents  at  the  nine  inflexions  meet  by  threes  in  three 
line& 

14.  This  may  be  shown  by  means  of  the  before-mentioned  canonical  form 

0^  +  y»  +  ^  +  6lxyz  =  0 

of   the   equation  of   a  cubic    cone,  for    then    the   notation    of   the   inflexions    being   in 
accordance  with  the  foregoing  scheme,  the  coordinates  may  be  taken  to  be 

(1)  a?  =  0,    y  +  -?  =  0,        (4)    a?  =  0,     y  +  o)^  =  0,         (7)    x  =  0,    y+a>»5  =  0, 

(2)  y  =  0,    <^  +  a?  =  0,        (5)    y  =  0,    -?  +  ««=0,        (8)    y  =  0,    ^  +  ««a?  =  0, 

(3)  -^  =  0,    a?  +  y  =  0,        (6)    z  =  0,    a?+«y  =  l,         (9)    -^  =  0,    a?  +  «»y  =  0, 

where  oi  denotes  an  imaginary  cubic  root  of  imity,  and  the  equations  of  the  tangents  are 

(1)  -2Za?+    y+     z=0,        (4)     -  2ia?+ «y  +  ««2r  =  0,        (7)     -  2ia:  +  ai^  +  «^=:0, 

(2)  a?-2Zy+    z=0,        (5)        co»a?- 2Zy +  «z  =  0,        (8)         ®ar- 2iy  +  ft)*^  =  0, 

(3)  a?+    y-2Za:  =  0,        (6)         oKr  +  o>«y  - 2Z^=0,        (9)        «^+  ttiy-2/<^  =  0. 

15.  The  value  of  iSf  is  =— Z  +  Z*,  and  for  each  of  the  values  1,  0,  «,  «*,  of  I,  which 
give  8  =  0,  we  have  a  system  of  the  nine  tangents  meeting  by  threes  in  three  lines, 
viz.  the  systems  are 

for    Z  =  1  ,     123,     456,     789. 

„  Z  =  0,  147,  258,  369, 
„  Z  =  a>,  159,  267,  348, 
„     Z=a)^     168,     249,     357. 

16.  It  is  proper  to  notice  that  starting  with  the  systems  in  question,  or  what  ii^ 
the  same  thing,  with  a  single  set  of  each  system,  say  the  sets  123,  147,  159,  168,  we 
obtain  as  the  condition  to  be  satisfied  by  I,  the  equation 

or,  as  it  may  otherwise  be  written, 

Z(2Z-l)«(Z-l)(2ZG>-l)»(ZG>-l)(2ZG>«-l)«(/a)«-l)  =  0,  that  is,  (- Z+ Z*)(1  +  8P)«  =  0; 
it  is  clear  that  a  factor  has  dropped  out,  and  that  the  true  form  of  the  condition  is 

(-Z  +  Z0(1  +  8Z»)'=0; 
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that  is,  S  (64S*  -  2^)  =  0 ;  where  the  equation  64iS*  -  T"  =  0  would  denote  the  existence 
of  a  nodal  line,  and  consequent  coincidence  therewith  of  6  of  the  9  inflexions;  the 
equation  8  =  0  being  left  as  the  proper  condition  for  the  intersection  by  threes  of  the 
tangents  at  the  inflexions  in  three  lines. 

17.  The  investigation  shows  that  the  four  systems  correspond  respectively  to  the 
four  values  of  I  which  give  5  =  0;  and  that  (reality  being  disregarded)  there  is  no 
distinction  between  the  four  systems,  or  the  corresponding  values  of  Z;  if  however  we 
assume  that  x,  y,  z,  I  are  all  of  them  real,  then  the  cone  has  only  the  three  real 
inflexions  1,  2,  3,  l}dng  in  the  real  plane  123 ;  and  there  is  an  essential  distinction  between 
the  real  roots  Z=l,  1  =  0  of  the  equation  flf  =  -i4.Z*  =  0,  viz.  for  Z  =  l,  the  tangents 
at  the  three  real  inflexions  meet  in  a  line ;  whereas  for  1  =  0  there  is  not  any  relation 
between  the  tangents  at  the  real  inflexions,  and  there  is  consequently  no  visible 
peculiarity  in  the  form  of  the  cone. 

18.  I  return  to  the  analytical  theory  of  the  general  case,  as  depending  on  the 
representation  of  the  equation  of  the  cone  in  the  form 

(Z+F  +  Z)>  +  6JfcXFZ  =  0, 

where  the  coordinates  are  real,  viz.  X  =  0,  Y=0,  Z  =  0  represent  the  tangent  planes 
at  the  three  (real)  inflexions,  or,  as  they  have  before  been  called,  the  tangents ;  and 
X  -\'Y+Z=0  represents  the  plane  through  the  three  inflexions,  or,  as  it  has  before 
been  called,  the  equator.  And  we  may  assume  the  signs  to  be  such  that  in  one  of 
the  2  trilateral  regions  the  coordinates  X,  F,  Z  shall  be  each  of  them  positive:  this 
being  so  the  14  regions  will  correspond  to  the  following  combinations  of  signs 


X     Y   Z 


+    +    + 


+ 
+ 
+ 


+    — 
-    + 


-  +    + 

-  +    - 

-  -    + 


X+Y+Z 


+ 

+ 


1 


^  the  2  trilateral  regions, 


>■    the  6  trilateral  regions, 


-     +     +  + 

+     -     +  + 

+     +     -  + 


^ 


^    the  6  quadrilateral  regions. 
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where  it   may  be   noted  that   the   equator  X-k-  Y+Z=0  does  not  cut  the  two  trilateral 

regions  (+  +  +  +)  and  ( ) ;  and  further  that  the   line  X  =  Y=Z  which  is  the 

harmonic  of  the  equator  X -{-  Y-^Z^O  in  regard  to  the  system  of  the  three  tangents 
XYZ=0,  lies  wholly  in  the  two  trilateral  regions  (+  +  +  +)  and  ( ), 

19.     The  equation  in  question, 

(Z+r+Z)>  +  6itZFZ=0, 

shows  that,  as  above  stated,  the  cone  lies  wholly  in  the  8  trilateral  regions,  or  in  the 
6  quadrilateral  regions,  viz.  if  k  be  negative,  it  lies  wholly  in  the  8  trilateral  regions, 
and   if  Ar  be  positive,  it  lies  wholly  in  the  6  quadrilateral  regions.     Let  k  be  negative, 

then  the  positive  quantity  —  ^^  ,  which  is 

XYZ 


(Z+F+Z)*' 


if  we  attend  only  to  the  values  of  X,  F,  Z  which  have  the  same  sign  (that  is,  to 
points   in   one   of  the   two   trilateral   regions),  has  a   maximum  value  =^  corresponding 

to  XszY=^Z,     And  if   —  ^   exceeds  this   value,  that  is,  if   —  Ar<|,  or,  what    is   the 

1  XYZ 

same  thing,  if  k  lie  between  the  values  0  and  —  |,  then  the  equation  —  ^,=  7y^ — p- — ^ 

cannot  be  satisfied  in  the  assumed  manner,  that  is,  by  values  of  X,  Y,  Z  having  the 
same  sign ;  and  thus  no  portion  of  the  cone  lies  in  the  two  trilateral  regions :  in  the 
contrary  case,  that  is,  if  k  lie  between  the  values  —  oo ,  —  J ,  the  equation  can  be  so 
satisfied,  and  a  portion  of  the  cone  lies  in  the  two  trilateral  regions. 

Hence  k  being  negative,  we  have  as  follows: 

k  between  —  x  and  —  |,  the  cone  is  complex, 

t'  =  — |,  the  cone  is  acnodal, 
k  between  —  J  and  0,  the  cone  is  simplex  trilateral ; 

and  k  being  positive,  or  say 

k  between  0,  oo ,  the  cone  is  simplex  quadrilateral 

20.  It  is  to  be  remarked  that  for  A  =  0,  the  cone  as  represented  by  the  foregoing 
equation  degenerates  into  the  threefold  plane  (X  +  Y  +  Zf  =  0.  The  value  jfc  =  0 
corresponds  however  to  the  value  i  =  1  of  the  parameter  I  in  the  equation 
a:"  +  y*  +  ^  4-  &lxyz  =  0,  that  is,  it  corresponds  to  the  simplex  neutral  cone,  represented 
by  the  equation 

a^  4-  y*  +  ^  +  ^xyz  =  0, 

which,  as  already  remarked,  is  not  transformable  into  the  form  (Z  +  Y •¥ Zf'\-  QkXYZ^O: 
this  leads  to  the  consideration  of  the  transformation  in  question. 
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On  the  rdatUm  of  the  two  farms  a;»+y»  +  ^  +  6Za:y-?  =  0,  and  (Z+ F+Z)»+6ArZFZ  =  0. 

Noa  21  to  24. 

21.     Starting  with  the  form  a^-^y^-k-t^-^-Qlxyz^O,  and  writing 

X  =  —  2lx  +  y  +  -2^, 
F  =  a;  -  2Zy  +  z, 
Z  =        a?  +    y-2lz, 


then  we  have 


ZFZ=-2Z(a^  +  y»  +  ^) 

+  (1  -  2Z  +  4Z«)  (y«^  +  y^  +  ^a?  +  ^a:*  +  a^  +  a^O 
+  2(l-3Z-4P)a^^, 


and  thence 


(Z+F  +  Z)>=       8(l-i)»(a^  +  y»  +  ^) 

+  24  (1  -  Z)»  (y*^  +  y^  4-  ^a?  +  -8^a:»  +  a;^  +  ajy*) 
+  48(1-Z)»a;y^, 
and  we  thus  obtain 

(l-2Z  +  4P)(Z+F+^  +  24(i-l)»ZFZ 

=  8(2i  +  l)»(Z-l)»(a;»  +  y»  +  ^  +  6£ry^); 

or,  what  is  the  same  thing, 
if 

_Hi-iy_ 

22.     For  the  form 

(X  +  T+Zy+  6kXYZ  =  0, 


we  find 


S=        (1+ky,  r  =  -      8(l+A:)' 

-6(1+*)'  +    72(1+ Ay 

+  8(1 +A:)  -I28(l  +  ky 

-3  +    72(l+jfc)« 

-      8 
=     k'ii  +  k)  =  -  8k* (6  +  6k  +  k*). 


C.   V. 
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and  thence 

=       64h>  (-  8ib  -  86), 
=  -  256A*  (2*  +  9). 

It  may  be  right  to  remark  that  from  the  value  A  =  ^  -—g,     .T  we  deduce 

*^*~   l-2i  +  4P   • 


and  that  thence 


if 


23.    The  equation 


or  as  it  may  also  be  written 


P       7*4 

S=a*S',     r-a^T',     'at^ffi' 

r  =  1  -  20P  -  8i«, 

4(1 -fy         k_ 
'  ~l-2i  +  4i»~i-l' 


4^-2f+"l' 

_L6^-1)!_ 

"~16(i-J)'  +  3' 


gives  without  difficulty 

and 

16(i  +  i)> 


*  +  S  = 


7 


16(Z-i)»-h3* 


24.  Hence  treating  /,  Ar  as  coordinates,  we  see  that  the  locus  is  a  cubic  curve, 
viz.  a  hyperbolism  of  the  ellipse,  having  a  centre  (Newton's  species  62),  the  coordinates 
of  the  centre  being  l  =  \,  A:  =  — f,  and  the  equation  of  the  asymptote  being 
£  +  1  =  2  —  ^,  (that  is  the  asymptote  passes  through  the  centre  and  is  inclined  at  an 
angle  =45°  to  the  axis  of  I).  The  centre  is  of  course  an  inflexion,  the  equation  of 
the  tangent  at  this  point  is  A:  +  $  =  9  (^  —  ^),  and  for  the  other  two  inflexions  we  have 
Z  =  l,  &  =  0,  and  i  =  — i,  &  =  — |,  the  tangents  at  the  two  inflexions  respectively  being 
A;  =  0  and  &  =  — |,  that  is  the  tangents  at  the  inflexions  are  parallel  to  the  axis  of  I 
The  curve  consists  of  a  single  branch  lying  below  the  asymptote  for  large  negative 
values  of  I,  k,  crossing  the  asymptote  at  the  centre  and  Ij^ng  above  it  for  large 
positive  values  of  k,  L  For  each  value  of  I  there  is  consequently  a  single  value  of  k 
and  reciprocally ;  and  I,  k  pass  together  from  —  x  to  +  oo .  There  are  certain  critical 
values  of  k  and  I,  the  meaning  of  which  will  appear  from  the  following  article. 


351]  ON   CUBIC   CONES    AND    CURVES.  411 

On  the  Anharmonic  Property  of  a  Cubic  Gone.    Nos.  25  to  29. 

25.  The  property  in  question  is  the  one  ahready  referred  to,  viz.  the  four  tangent 
planes,  or  say  the  four  tangents,  to  the  cone  from  any  line  of  the  cone  form  a 
system  the  anharmonic  ratios  of  which  are  constant.  Taking  the  equations  of  the 
tangents  to  be 

and  writing  for  shortness  m  =  64  —  -^ ,  then  the  functions 

(a-5)(c-rf),  (a-c)(rf-6),  (a-(i)(5-c), 
or  say  a,  fi,  y,  on  which  the  anharmonic  ratios  depend,  are  the  roots  of  the   equation 
^  — 12^  +  2 Vm  =  0.    The    anharmonic    ratios    are    -3,  -,   -,  -,   — ,   ^;    hence    forming 

the  equation  (^  — ^)  (^~)  =  0,  and  reducing  by  the  conditions, 

a  +/8  +7  =  0, 
/87  +  7a  +  a/8  =  -12, 
a^7  =  -  2  Vm, 

this  is  found  to  be  (^ +  ^  +  l)4--^^  =  0,   or  we   have  7  =  —  -^       —  -  ,  and  sub- 

stituting  this  value  in  the  equation  7*  — 127  -f  2  Vm  =  0,  we  find 

(y+a  +  i)'-(a^+^+i)~— -^^^  =  0, 

^      ^  mm 

which  is 

7n(a«  +  ^  +  l)»-432y(^  +  l)»  =  0, 


or, 

what 

is 

the 

same 

thing, 

(y+^  +  l)» 

432 

m 

432 
-          7*' 
64  — 

ths 

kt  is 

(a«  +  ^  +  \f 
^(^  +  1)* 

27 

^      • 

46 

ya 

V 

and  as  a  verification  it  may  be  remarked  that,  6  being  a  root,  the  six  roots  are 

^^  Q>     ^^■^^>''  1  +  ^'     1  +  ^'       0    ' 

of  course  the  roots  are  all  real  or  else  all  imaginary. 
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26.  If  T=0,  the  equation  becomes 

(y  +  a  +  l)»-yy(^  +  l)«  =  0; 
or  reducing,  this  is 

{(^-l)(a  +  i)(a  +  2)}«-0. 

that  is  the   six   roots  are  1,  —  ^,  —2,  each  twice:  and  the  four  tangents  form  therefore 
a  harmonic  pencil,  which  is  the  geometrical  interpretation  of  the  condition  T=0. 

27.  The   function  ^^  .^ — y^  is  constantly  positive  and  it  has  three  equal  minima 

values  corresponding  to  the  last-mentioned  values   1,-^,-2  of  ^,  viz.  this   minimum 
value  is  =^.    Hence  we  see  that  the  equation  in  ^  will  have  its  six   roots  all  real 

if  1  —  ^^  is  positive    and    less   than   unity,   that    is,  if   S  and   64S*  —  T*  are   each  of 

them  positive:  but   when  these   conditions  are  not  satisfied   the  six  roots  are  imaginary: 

the    limiting    case    1— ^^^-^  =  1    or   jr=0  gives,  as  already   mentioned,   the    three    roots 

1,  —  J,  —  2,  each  twice. 

28.  The  quantities  a,  b,  c,  d  which  determine  the  four  tangents  may  be  all  real, 
or  two  real  and  two  imaginary,  or  all  four  imaginary;  but  the  imaginary  values 
appear  as  usual  as  a  conjugate  pair  or  conjugate  pairs;  and  this  being  so,  it  is  easy 
to  see  that  in  general  if  ^  be  real  the  quantities  a,  6,  c,  d  are  all  real  or  else  all 
imaginary;  but  if  ^  is  imaginary  then  a,  b,  c,  d  are  two  of  them  real,  two  imaginary: 
in  fact  if  a,  b  are  real  and  c  and  d  are  conjugate  imaginaries  y  ±  St,  then  we  have 
for  one  of  the  six  values  of  S^, 

(a-b).2S% 

which  is  in  general  imaginary. 

29.  But,  as  might  have  been  foreseen,  the  limiting  values  S-^l,  —J,  —2,  are  an 
exception,  viz.  for  these   values    a,  5,   c,  d   may  be  two  of   them    real    the    other  two 

imaginary :    in   (Act   the    last-mentioned   value   of  ^   is   real   and    ==  /    _l\'  t^  ,  =  2,  if 

(a  — 7)(6— 7)  +  5*  =  0,  that  is   a6  +  7'  +  5*  =  7(a  +  6)i  or,  as    the    condition    may  also  be 
written, 

2a6  +  2(7  +  Si)(7-Si)  =  (7  +  Si  +  7-Si)(a  +  6), 
that  is  2  (at  +  cd)  =  (a  -f  6)  (c  +  d),  or  if  a,  6,  c,  d  form  a  harmonic  system. 
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Tlie    two  forms    a^  +  y»  +  2^  +  6tey-?  =  0,    (Z+ F+^)*  +  6ifcZFZ=0;    Enumeration    of  the 

Cones  comprised  therein,    Nos.  30  and  31. 

30.     I  form  the  following  Table: 


I 

k 

s 

T 

64iS»-2'« 

1-       ^' 

645" 

-  00 

-  00 

+  00 

-00 

+  00 

0   ^ 

-i(l  +  ^^3) 

-3-V3 

f(3  +  2\/3) 

0 

81  (45  +  26  V3) 

1 

>-  complex, 

— 

— 

+ 

+ 

+ 

+   > 

-i 

0 

0 

27 

0 

0        acnodal, 

— 

- 

+ 

+ 

— 

\ 

0 

-4 

0 

1 

-1 

+  00 

i 

_  0 

351 
512 

_  729 
412 

512 
313 

>  simplex  trilateral, 

J  (V3  - 1) 

-3  +  V3 

-f(-3  +  2V3) 

0 

-  81  (-  45  +  26  V3) 

1 

+ 

- 

— 

— 

— 

+  ) 

1 

0 

0 

-27 

-729 

00        simplex  neutral, 

+ 

+ 

+ 

— 

— 

'  simplex  quadrilateral. 

00  00  30  —  00  00 


And  I  further  describe  as  follows  the  nature  of  the  cones  which  correspond  to 
the  several  values  of  k  and  I, 

31.    I  between  —  oo   and  —  i,  or  A  between  —  x   and  —  |. 

The  cone  is  complex.  In  the  series,  viz.  corresponding  to  i  =  —  J  (1  +  V3)  or  A;  =  —  3  —  V3, 
there  is  a  special  form  which  may  be  called  the  complex  harmonic,  viz.  the  four 
tangents  from  any  line  of  the  cone  form  a  harmonic  system:  but  observe,  qudb  complex 
cone,  the  tangents  are  all  real  or  all  imaginary.  l^^\  (form  fSsdls),  £  =  — |,  the  cone 
is  acnodaL  I  between  —  ^  and  1,  or  k  between  —  |  and  0;  the  cone  is  simplex 
trilateral.  In  the  series,  viz.  corresponding  to  Z  =  0  or  A;  =  —  4,  there  is  a  special 
form  which  might  be  called  the  quasi-neutral,  the  speciality  having  however  reference 
to  the  imaginary  inflexions,  viz.  corresponding  to  each  real  inflexion  we  have  two 
imaginary  inflexions  such  that  the  three  tangents  meet  in  a  line. 

There  is  also  corresponding  to  Z  =  ^,  or  &  =  — f,  a  form  which  seems  to  be  a  special 
one,  though  I  have  not  ascertained  wherein  that  speciality  consists. 
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34.     But  we  have 

4(l-2r  +  4n  =  (4i'-l)'  +  3  =  p|(2  +  3P+4P)'  +  27z4  =  ^(l  +  i  +  Z')»(l-2/  +  4i«). 

and  thence 

(1  +  61*  +  2l*y 


k'  =  -i 


P(l  +  i  +  ?)'(l-2i  +  4i»)" 
But  the  equation 

*ii-iy 

i-2/  +  4?' 

gives 

U(l  +  l  +  l^)  2(1  +  6P  +  2P) 

*  +  *"   l-2i  +  4?  '    *"^''~     l-2i  +  4P     ' 

and  we  thence  have 

which  determines  A'  in  terms  of  A. 

35.  It  may  be  observed  that  the  value  A  =  —  6  corresponds  to  Z'  =  l,  that  is,  the 
Hessian  is  here  a^  +  y^-^z^-^-Qxyz  —  O,  a  simplex  neutral  form  not  transformable  into 
(X'+ F  +  Z')*  +  6A'X'FZ'  =  0;  the  corresponding  value  of  Z  is  of  course  given  by  the 
equation  1  +  6Z*  +  2P  =  0;  the  only  speciality  of  the  cone  a;'  +  y*  +  ^  +  6iry^  =  0,  or 
(X+  Y+Zy  —  SGXYZ^^O,  consequently  is  that  the  Hessian  is  a  simplex  neutral  cone. 

The  value  A  =  —  4  corresponds  to  i  =  0,  Z'  =  oo ,  A'  =  oo  ;  hence  X' :  Y  :  Z'  =  x  :  y  :  z 
and  the  transformation  of  the  Hessian  oj*  +  y*  +  ^  +  6l'xyz  =  0  into  the  new  form 
(Z'+ F  +  ^  +  6AXFZ'  =  0  degenerates  into  the  mere  identity  scyz^xyz. 

Cambridge,  \9ih  Feb.  1865. 
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352. 


SUITE  DES  RECHERCHES  SUR  L'ELIMINATION  ET  LA  THEORIE 

DES   COURBES. 


[From  the  Jowmal  fiir  die  reine  und  angewandte  MaJthematik  (Crelle),  torn.  Lxiv.  (1865X 

pp.  167—171.] 

Dans  le  mdmoire  "  Recherches  sur  rdlimination  et  la  th^rie  des  courbes,"  t.  xxxiv. 
pp.  30 — 45  de  ce  Journal  (1847),  [53],  j*ai  donnd  pour  une  courbe  17'=0  du  n-i^e 
ordre  sans  points  doubles  ou  de  rebroussement,  les  expressions  pour  les  degr^  tant  par 
rapport  aux  coefficients  que  par  rapport  aux  variables,  des  fonctions  qui  entrent  daos 
r^uation  FFU  =  KU (PlTfiQUy  U  qui  sert  k  expliquer  comment  la  r&dproque  de  la 
r^iproque  de  la  courbe  ir=0  se  r^uit  k  la  courbe  originale  I7'=0.  Eln  partant  des 
principes  etablis  dans  le  m(^moire,  "Nouvelles  Recherches  sur  Tdlimination  et  la  th^rie 
des  courbes,"  t.  LXiii.,  pp.  34—39  de  ce  Journal  (1864),  [338],  je  suis  parvenu  k  rdsoudre 
k  peu  prfes  cette  question  pour  le  cas  d'une  courbe  [7  =  0  du  n-i^me  ordre  avec  a 
points  doubles  et  ^  points  de  rebroussement ;  mon  investigation  a  cependant  par 
rapport  k  quelques  points  besoin  de  confirmation. 

Je  commence  par  rappeler  que  Tdquation  d'une  courbe  avec  des  points  doubles  et 
de  rebroussement  pent  etre  pr^nt^e  sous  la  forme 

D'  =  aP  +  6Q+ci2  +  ...=0, 

oil  a,  6,  c, ...  sont  des  quantity  absolument  arbitraires,  P  =  0,  Q  =  0,  22  =  0,...  sont  des 
courbes  du  n-ifeme  ordre  (je  suppose  toujours  que  17=0  est  une  courbe  du  n-ifeme 
ordre  avec  a  points  doubles  et  /3  points  de  rebroussement)  qui  ont  chacune  pour  chaque 
point  double  de  la  courbe  U  =  0  nu  point  double  au  mdme  point,  et  pour  chaque  point 
de  rebroussement  de  la  courbe  ?7  =  0  un  point  de  rebroussement  au  mfime  point  et  avec 
la  meme  tangente.  En  parlant  des  coefficients  de  U,  je  d^gnerai  toujours  les  quantity 
(a,  6,  c, ...)  sans  faire  attention  aux  constantes  contenues  dans  les  fonctions  (P,  Q,  R,..,), 
La  fonction  U  (voir  les  Nouvelles  Recherches  etc.)  a  un  discriminant  special  KU  du 
degrd  3(n  — 1)^— 7a- 11)8 :   il   y  a   en   outre   une   certaine   fonction   AU  des  coefficients, 
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laquelle  depend  des  points  de  rebroussement,  qui  semble  jouer  un  r6Ie  analogue  en 
quelque  sorte  k  celui  du  discriminant.  Car  soient  pour  un  moment  (x,  y,  z)  les 
coordonndes  d'un  des  points  de  rebroussement  de  la  courbe  U=0;  dcrivons  D^adg  +  ydy+zdg, 
et  dans  la  fonction  U  substituons  (x,  y,  z)  au  lieu  de  (a?,  y,  z);  T^uation  D*Cr  =  0 
donne  le  carrd  de  la  tangente  au  point  de  rebroussement :  or  D*  CT = aL^P  +  bL^Q  +  cL^R  + . . . , 
et  puisque  les  courbes  P  =  0,  Q  =  0,  iJ  =  0, ...  ont  chacune  la  mSme  tangente  au  point 
de  rebroussement,  les  fonctions  D*P,  D*Q,  D*iJ, ...  seront  des  fonctions  de  la  forme 
\^,  /A*^  v^, ...  ou  4>  =  0  est  r^quation  de  la  tangente,  et  X,  /a,  v...  sont  des  quantit^s 
constantes  qui  ne  dependent  que  des  constantes  que  contiennent  les  fonctions  P,  Q,  i2,... . 
Nous  aurons  done  i)'E7'=(aX+6/A+cv+...)4>";  et  je  remarque  que  rAjuationaX+6/A+ci'+...=0 
serait  la  condition  pour  qu'il  y  etlt  au  lieu  du  point  de  rebroussement  un  point  triple. 
On  obtient  done  Tdquation  du  syst^me  des  carr^  des  tangentes  aux  points  de 
rebroussement  sous  la  forme 

(aXi  -f  6^1  +  ovi ...) (aXa  +  6/1*2  +  ci/j  ...)...(aX^  +  6/a^  +  cv^  +  ...)  4>i*4>a« ...  4>^«  =  0  : 

le  facteur  constant  (aXi  +  6/Ai  +  ci/i...)  ...(aX^  +  6/A^  +  ci/^...),  du  degrd  fi  par  rapport  aux 
coefficients,  est  pr^is^ment  la  d^rivde  que  je  nomme  AU  (de  mani^re  que  AU=0  est 
la  condition  pour  Texistence  d'un  point  triple):  Tautre  facteur  4>i"4>j« ...  <I>^«  est  du 
degre  0  par  rapport  aux  coefficients. 

Cela  dtant,  je  pose  d'abord,  pour  la  verifier  plus  tard,  la  table  suivante : 

Degr^B  par  rapport 


^nation   de    la    oourbe,    U=0 

condition  pour  un  nouveau  point 
double,  KU=0 

condition  pour  un  point  triple, 
AU  =  0 

^nation  de  la  courbe  r^iproque, 
FU  =  0 

^uation   de   la  courbe   des  in- 
flexions, HU  =  0 

Equation  des  tangentes  aux  points 
d'inflexion,  QU=0 

^uation  de  la  oourbe  des  contacts 
des  tangentes  doubles  IlU=0 

equation  des  tangentes  doubles. 


aoz  variables 
2 

0 

0 

w(w-l)-2a-3)3 

3(w-2) 

3w(w-2)-6a-8)3 

(n  -  2)  (n'  -  9) 


aux  ooeffidents 
1 

3(n-l)"-7a-ll/? 

P 
2(n-l) 


FU=^0 


iin(w-2)(w«-9)-(n«-n-6)(2a+3/?) 

+  2a(a-l)+6a)3+»)3()3-l) 
^nation  de   la   courbe   r^ipro- 

que   de   la   r^proque   de    la 

courbe,  FFU  =  0  {n^-n  -  2a  -  3/8)  (n« -  w  -  1  -  2a- 3/8) 


3n(n-2)-3a-4)3 

(n  +  4)(n-3) 

j2n(w-2)rii-3) 

-(2n- 6)  (2a +  3)3)-/? 


2  («>- w- 1  -  2o- 3)3)2(n- 1). 


C.    V. 
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Et  puis  on  a  I'^uation 

FFU^AV.KU.{Pirf.{Qirf.U. 
La  comparaison  des  degr^  par  rapport  aux  variables  donne 

(n«-n-2a-3i8)(n«-n-l-2a-3)9)« 

n(n -2)(n>-9)-(n«-n- 6)  (4a  +  6/8) +  4a  (a- l)  +  12a/8  + 9)9  (/9-1) 
+  9n(n-2)  -.i8a-24/8 

+   n 

ce  qui  est  exacte.     La  comparaison  des  degr^  par  rapport  aux  coefficients  donne 

4(n-l)(n>-n-l-2a-3)9)=  fi 

+  3(n-l)«-7a-ll/8 

+  4n(n-2)(n-3)-(4n-12)(2a  +  3/8)-2i8 
+  9n(n-2)-9a-12/8 

+  1 
ce  qui  de  mSme  est  exacte. 

Les  expressions  pour  les  degrds  de  KU  Qt  AU  sont  ddjjl  ddmontr^;  pour  les 
autres  expressions,  en  consid^rant  d'abord  la  courbe  g^ndrale  TT^O  du  i»-i^me  oidre, 
laquelle,  en  dtablissant  entre  les  coefficients  les  relations  convenables,  se  r^uit  k  la 
courbe  17  sO  avec  a  points  doubles  et  fi  points  de  rebroussement,  on  sait  par  la 
th^rie  de  M.  PlUcker  quels  sont  les  fiwteurs  desquels  seront  affiBct^  jPTT,  QW,  PW, 
et  qu'il  faut  4caxter  pour  r^duire  ces  fonctions  k  FU,  QU,  PU  respectivement 

Pour  FW  ce  facteur  est  A^B*,  oil  A  =0  est  T^uation  tangentielle  des  points  doubles, 
et  B=0,  r^quation  tangentielle  des  points  de  rebroussement :  la  reduction  du  degr^ 
par  rapport  aux  variables  est  done  de  2a  +  3)9  unit^  En  prenant  (x,  y,  z)  pour  les 
coordonn^es  d'un  point  double  quelconque  on  a  il  =  IT  (f x  +177+  Sz),  et  de  mSme  en 
prenant  (x,  y,  z)  pour  les  coordonn^es  d'un  point  de  rebroussement  quelconque  on  a 
5=  n(fx  +  i;y +  5z);  -4  et  B  ne  contiennent  done  pas  les  coefficients  a,  6,  c, ...  de 
U,  et  une  r^uction  de  degr6  par  rapport  aux  coefficients  n'a  pas  lieu. 

Pour  QW  le  facteur  est  M^N*,  oh  M=^0  est  T^quation  des  tangentes  aux  points 
doubles  et  iV'  =  0  T^uation  des  carrds  des  tangentes  aux  points  de  rebroussement :  la 
r^uction  de  degr^  par  rapport  aux  variables  est  done  6a  +  8)8  unit^  Soient  (x,  y,  z) 
les  coordonn^es  d'un  point  double,  D  =  xd^  +  ydy  +  zdz ;  en  substituant  comme  auparavant 
(x,  y,  z)  au  lieu  de  {x,  y,  z)  dans  la  fonction  U,  T^uation  des  deux  tangentes  au  point 
double  est  /)*£/'=  0,  oil  L^V  est  du  degie  1  par  rapport  aux  coefficients:  en  formant 
Tdquation  analogue  pour  chaque  point  double  on  a  if  =  11  (Z)*(7)  =  0,  et  M  sera  du 
degr^  a  par  rapport  aux  coefficienta  En  prenant  (x,  y,  z)  pour  les  coordonn^  d'un  point 
de  rebroussement,  on  a  de  meme  i\r=  11  (Z)*J7)  =0  pour  T^uation  des  carrds  des 
tangentes  aux  points  de  rebroussement ;  N  est  done  du  degrd  )8  par  rapport  aux 
coefficients.     Nous  avons  vu  que  I'equation  iV=0  se  r^duit  k  la  forme  iV=-4C.4>i«*,«...4>^*, 
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j'admets  cependant  qu'il  faut  retenir  ce  &cteur  constant  A  U,  et  considdrer  ainsi  N  comme 
^tant  effectivement  du  degr^  fi,  Le  facteur  M^N*  est  done  du  degr^  3a +  4/9,  et  la 
r^uction  de  degr^  par  rapport  aux  coefficients  qui  a  lieu  pour  QW  est  done  de 
3a  4-  4/8  unites. 

Pour  PW  le  facteur  est  i?/S*r,  ou  i2  =  0  est  T^uation  du  syst^me  des  tangentes 
menses  k  la  courbe  par  les  points  doubles,  8  =  0  T^uation  du  syst^me  des  tangentes 
menses  k  la  courbe  par  les  points  de  rebroussement,  ^=0  T^quation  des  droites  qui 
contiennent  deux  points  doubles  (chacune  de  ces  droites  dtant  compt^  4  fois)  ou  qui 
contiennent  un  point  double  et  un  point  de  rebroussement  (chacune  de  ces  droites 
^tant  compt^e  6  fois),  ou  enfin  qui  contiennent  deux  points  de  rebroussement  (chacune 
de  ces  droites  ^tant  compt^  9  fois).  Par  rapport  aux  variables  le  degrd  de  R  est  ^gal 
i  o{ri«-n-6-2(a-l)-3/8},  eelui  de  S  i  /3  {n»-n- 6  -  2a- 3(/8- 1)} :  le  degr^  de 
i?iS*  est  done  ^gal  k  (ri»- w-6)(2a  +  3/8)-4a(a-l)- 6a/8-9i8(/8- 1).  Le  degrd 
de  T  est  ^gal  k  4.ia(a- l)  +  6o^  +  9.  i/8(/8-l),  le  degrd  de  R'S'T  s'^lfeve  done  a 
(n«-n-6)(2a  +  3i8)-2a(a-l)-3ai8-f/8(/8-l),  nombre  qui  exprime  la  reduction  de 
degrd  par  rapport  aux  variables  qui  a  lieu  pour  PW,  Par  rapport  aux  coefficients  le 
degr^  de  R  est  ^gal  k  (2n  —  6)  a,  celui  de  8  k  (2n  —  6)  ^,  eelui  de  T  k  z^ro :  le  degr^ 
de  R^S^T  s'dfeve  done  k  (2n  —  6)  (2o -f  3^).  On  aurait  par  cons^uent  pour  PW  par 
rapport  aux  coefficients  une  reduction  de  degr^  dgale  k  (2n  —  6)  (2a  +  3/8)  unit^ ;  mais 
d*apr^s  un  exemple  trfes-particulier  (il  est  vrai)  j'admets  que  PW  eontiendra  encore  le 
facteur  constant  AU,  ce  qui  donnerait  pour  le  nombre  dont  il  s'agit  la  valeur 
(2n  -  6)  (2a  +  3/3)  +  /3. 

J'ai  dit  que  par  rapport  aux  coefficients  le  degr^  de  22  est  ^gal  k  (2n  — 6)a  et 
celui  de  8  k  (2n  —  Q)^:  pour  prouver  Texactitude  de  ces  nombres  il  faut  se  rappeler 
que  r^uation  B  s  0  des  tangentes  menses  par  un  point  quelconque  est  du  degr^ 
(n^—n)  par  rapport  aux  variables  et  du  degrd  2(n— 1)  par  rapport  aux  coefficients.  En 
prenant  pour  le  point  dont  il  s'agit  un  point  double  ou  de  rebroussement  et  supposant 
que  dans  la  courbe  il  n'y  a  que  ce  seul  point  double  ou  de  rebroussement,  le  degr^ 
par  rapport  aux  variables  est  (n^  —  n  —  6)  et  celui  par  rapport  aux  coefficients  est  2n  —  6. 
Mais  dans  le  cas  g^n^ral  B  eontiendra  comme  facteur  0^H\  en  ddnotant  par  0  =  0 
r^uation  des  droites  menses  par  le  point  dont  il  s'agit  k  tous  les  points  doubles,  et  par 
H  =  0  r^quation  des  droites  menses  par  ce  point  k  tous  les  points  de  rebroussement. 
De  cette  mani^re  on  obtient  un  abaissement  de  2(o— 1)  +  3)8,  ou  de  2a  +  3(/8  — 1) 
unit&  pour  le  degr^  par  rapport  aux  variables,  mais  le  degr^  par  rapport  aux 
coefficients  est  toujours  (2n  —  6).  Done  en  eonsid^rant  les  syst^mes  des  points  doubles 
et  des  points  de  rebroussement,  pour  R  la  r^uction  est  ^gal  k  (2n  —  6)  a  et  pour 
S  k  (2n-6)fi  unites. 

Les  difficult^  de  cette  investigation  sont  dues  aux  points  de  rebroussement:  en 
admettant  en  FFU  Texistence  d'un  facteur  (AVy*,  il  n'est  pas  clair  que  Ton  doit  avoir 
m  =  1 ;  et  la  demonstration  pour  les  valeurs  des  termes  en  fi,  des  expressions 
3a  +  4/8  et  (2ri  -  6)  (2a  +  3/8)  -  /8  est  imparfaite.     i^crivons  * 

FFU  =  {AUr .KU .{PUfiQUy.  U 
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et  suppoeons  que  le  nombre  qui  exprime  la  r^uction  de  degr^  par  rapport  aux  coefficients 
soit  donn^  par  la  valeur  Sa-^kfi  pour  QU  et  par  la  valeur  (2n - 6) (2a  +  3)8)  +  ^  pour 
PU.    La  comparaison  des  degr^  par  rapport  aux  coefficients  donne 

4(w -  1) (n" -  n-  2a-  3)9)  =  mfi 

+  3   (n-l)«-7a-ll)8 
+  4?i(n- 2)(n  -  3) -(4n-.  12)(2a  +  3i8)  -  2/)8 
+  9n(n-2)-9a-3A:/8 

+  1, 

ce  qui  ^tablit  la  relation  m  —  22  =  3A;  — 13,  k  laquelle  on  satisfait  en  prenant  m  =  1, 
2=1,  i  =  4  Mais  je  sends  bien  aise  de  prouver  ces  valours  par  une  demonstration 
plus  concluante. 

Cambridge,  26  Mai,  1864. 
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353. 


NOTE  SUR  LA  SURFACE  DU  QUATRIEME  ORDRE  DE  STEINER. 

[From  the  Journal  fii/r  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  LXIV.  (1865), 

pp.  172—174] 

En  consid^raDt  les  deux  coniques  d^finies  par  les  Equations 

U  -(a,  h,  c,f,g,  h'^x,  y,  «)»  =  0 
U'=^(a'.  v.  c-.f.  (/',  h%af,  r/.  /)»  =  0. 

on  en  d^uit  les  trois  ^uations  d^riv^ 

F  =(6c  -/».  ca-f,  ab-h\  gh-af,  hf-hg.fg-cK^l  v,  ^f  =  0, 

0  =(bcf  +  b'c-2/f', II  V.  ?)'  =  0. 

F'  =(6'c'-/", $f.  17,  0»  =  0. 

et  Ton  salt  que  F  =  0  est  T^uation  tangentielle  de  la  conique  t/'  =  0  (autrement  dit, 
r^uation  qui  exprirae  que  cette  conique  est  toucWe  par  la  droite  fa?  +  i;y  +  ?^  =  0), 
que  de  mSme  i^'  =  0  est  T^uation  tangentielle  de  la  conique  U'  =  0,  et  enfin  que  (?  =  0 
est  r^quation  tangentielle  de  la  conique  envelopp^e  par  une  droite  far  +  i/y  +  fgrsQ  qui 
coupe  harmoniquement  les  deux  coniques  £7=0,  U'  =  0, 

Or,  en  considdrant  les  deux  surfiEices  quadriques 

U  =(tt,  6,  c,  d,/,  gy  h,  I,  m,  n$a?,  y,  z,  t(;)'  =  0, 
U'^ia:,  b\  c\  d\f\  flr',  h\  l\  m\  n'\x,  y,  z,  t£;)«=0, 

on  forme  d'une  mani^re  analogue  les  quatre  Equations  d^riv^es 
-P  =  (6  c  d  +  etc., ...][  f,  17,  5;  cd)»  =  0, 
0=(Vcd  +etc.,  ...$f  f),  ?,  a>)«=0, 
0'^{Vc'd  +etc.,  ...][f,  1;,  5;  a>)»  =  0, 
F  =  (6Vd'  +  etc., ...][  f,  1;,  ?,  ft))«  =  0. 
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TH^ORiiME  I.  En  fadsant  passer  par  uu  point  donn^  de  la  surface  quadrique  U  =  0 
trois  droites  conjugates  par  rapport  au  cdne  U'^0  (qui  a  ce  m§me  point  pour  sommet) 
le  plan  men^  par  les  trois  points  de  rencontre  des  droites  avec  la  surface  U  =  0  passe 
toujours  (quel  que  soit  le  systfeme  des  trois  droites  conjugu^es)  par  un  point  fixe. 

(Tajoute  que,  lorsque  les  Equations  17=0,  U'=0  ont  la  forme  sp^iale  qui  leur  a 
4t4  donn^e  en  dernier  lieu,  les  coordonn^es  du  point  seront  a  :  y  :  z  :w  =  2L  :  2M :  2N :  D, 
et  il  convient  de  remarquer  que  ces  valours  L,  if,  N,  D  sont  des  fonctions  quadriques 
par  rapport  aux  coefficients  (a',...)  du  c6ne  C'  =  0. 

Au  lieu  d*un  c6ne  donnd  U'=0,  consid^rons  lesystfeme  entier  des  cdnes  XP+^iQ-k-vR^O, 
oil  P  =  0,  Q  =  0,  i2  =  0  sont  des  cdnes  donn^  ayant  leur  sommet  commun  dans  le  point 
(a?  =  0,  y  =  0,  z^O)  de  la  surface  et  X,  /a,  v  des  coefficients  arbitraires,  syst^me  qui 
est  celui  des  cdnes  en  involution  avec  les  cdnes  donnas  P  =  0,  Q  =  0,  iJ  =  0.  A  chaque 
systfeme  des  coefficients  X,  /a,  p  correspond  un  point  fixe,  et  en  conservant  pour  ses 
coordonndes  la  notation  ant^eure  x  :  y  :  z  :  w  =^  2L  :  2M  :  2N  :  D,  les  quantity 
Z,  M,  N,  D  sont  des  fonctions  quadriques  des  quantity  arbitraires  X,  /a,  v.  Le  lieu 
du  point  dont  il  s'agit  sera  ^videmment  une  surface,  et  on  d^montre  sans  peine  que 
cette  surface  est  du  quatri^me  ordre.  Car,  pour  trouver  en  combien  de  points  la 
surface  est  rencontr^e  par  une  droite  quelconque,  il  faut  combiner  avec  les  Equations 
X  :  y  \  z  \  w^2L  :  2M  :  2N  :  D  les  Equations  de  la  droite  dont  il  s'agit,  c'est-k-dire 
deux  equations  lindaires  en  a?,  y,  z,  w;  cela  donne  deux  Aquations  lindaires  en  i,  Jf,  N,  D, 
ou  quadriques  en  (X,  /a,  v).  On  a  ainsi  quatre  systfemes  de  valours  de  (X,  /a,  v);  et 
k  chaque  syst^me  correspond  un  seul  point  (x,  y,  z,  w),  il  y  a  par  consequent  quatre 
points  d'intersection,  et  la  surface  est  du  quatri^me  ordre.    Nous  avons  done 

Th^rIime  il  En  consid^rant  au  lieu  du  cdne  V  =  0  le  syst^me  entier  des 
cdnes  XP  +  /aQ  +  I'-B  =  0  en  involution  avec  les  cdnes  P  =  0,  Q  =  0,  JJ  =  0  qui  ont  leur 
sommet  commun  dans  un  point  de  la  surface  U  =  Ojle  lieu  du  point  fixe  du  th^r^me  I. 
est  une  surface  du  quatrifeme  ordre. 

Cette  surface  du  quatri^me  ordre  est  la  surface  de  Steiner,  consid^r^e  demiferement 
par  MM.  Kummer,  Weierstrass,  Schroter,  et  Cremona 

Cambridge,  2  Novembre,  1864. 
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NOTK    HlJIl    LKH    HlSiii:iAlilTVii    SUPERIEURES    DES    OOU 

I'LANES. 


|Kn»iu  l.lu»  Journal  fiir  di^.  rnne  und  Ufiffet/fandte  MatftenuiHk  (Crelle),  torn,  lidt, 

pp.  ;WiJ|— :|71.] 

1)ann  un  tiiPiiioin*  "<)ii  iUt*  lii/fhi^r  Min;(ularitiefl  of  plane  Curves "  desdne  i 
V/iMiW^Vv  Miithfmntwal  Jnuriud  j'lii  rhi)n:h(*  k  dtablir  qu'iine  singularity  o&d 
«S)uiYau(  ii  iiti  ri«rtaiti  iiotnlinf  K  do  |K>itilH  doubles,  m!  de  points  de  i«l»v«a 
T  do  (an);[ont<'N  dmihlfN,  rt  C  d'iiiHrxioiiH ;  vX  fxnir  ddtcrminer  ces  nombres;.  'a 
\Ui\s  lo  oiu<  d*nn«'  Hiiixtilarit.«*  Hiinplr,  ot'i  la  ('(»urbe  n'a  qu'une  seole 
KwtmiU'Qi  ^110  Jo  vaJN  rrproditiro  iri.  Si  la  hraiicho  est  par  rapport  a 
IukIkv  a.  rtvaut  nvo4»  rllr-iiH'^in«<  lo  iKunbix!  \M  do  points  communs.  et 
w*   l;iinjS>nitos    tlo    I 'iiulior   /i.   iiyimt    avi'o   rJlo-nidiiio    le   nouibre    ^X  de 

I*f»r.T    MTO^;>cr  ws  t'onuulos.  jo  ronuin)Uo  quo  la  siugularite  doui  L  *acT  * 
TintiikTi   p;iv,r   oc;o«o   lo   jKuut    sur   In    i\nirbi\   on    obtient    p^iir    r.ciaas- 


m.  Hi  si^ic  t^  *rrav:C^v  sui\Hnt  lo>  puissances  a^cendanies  a  .- 
A  J.  .0.:  r-h.v.r;:.  ;:v.o  \:\lo\ir  uniijuo.  Si  Taxo  dos  y  ne  :cori»:  ti 
Oi^f-   s.::7^.>«.3~>    ..   ,-         v.r    s**Ri   iutVnour   a  runiio,   ot    si   de  r<.->     u 
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Plus  g^ndralement,  on  a  pour  une  branche  y^As^-^Bsfi-^-...  T^quation  en  coordonn^ 

tangentielles  J2r=il'Z'*~^  +  JB'-X'>'"^ -•-..•,  la  forme  g^ndrale  des  exposants  ^tant  \^^  '"» 

oji  X,  /A,...  sent  des  entiers  positifs,  r^miltat  que  je  ne  m'arrSte  pas  k  d^montrer. 
Dans  le  cas  particulier  qui  nous  occupe,  la  branche  est  done  de  rindice  2  par  rapport 
ik  ses  tangentes.  On  trouve  de  suite  -lV=15  et  de  \ik  t'  =  J(15  — 3)  =  6,  *'=1;  done  la 
singularity  dont  il  8*agit  ^uivaut  k  un  nombre  16  de  points  doubles,  5  de  points  de 
rebroussement,  6  de  tangentes  doubles,  et  1  inflexion* 

On  a  un  exemple  plus  simple  dans  le  point  de  rebroussement  de  seconde  esp^; 
r^uation  est  ici  y^a^-{-x^...  et  en  coordonn^  tangentielles  on  obtient  I'^uation 
J2r  =  X*  +  -y* ...  de  la  mgme  forme.  De  \k  on  trouve  8^  =  1,  ^'=1,  t=1,  t'  =  l,  de 
mani^re  que  cette  singularity  ^uivaut  k  1  point  double,  1  point  de  rebroussement, 
1  tangente  double  et  1  inflexion.  M.  PlUcker  dans  son  grand  ouvrage  a  trouvd 
d  posteriori  que  cette  singularity  se  compose  de  2^  points  doubles  et  de  2^  tangentes 
doubles,  ce  qui  donne  en  eflet  les  memes  r^uctions  pour  la  classe  et  les  mSmes  nom- 
bres  pour  les  inflexions  et  les  tangentes  doubles,  que  donnent  mes  valeurs  £^  =  1,  «'  =  !, 
t'  =  1,  t' « 1 ;  mais  il  y  a  d.  remarquer  qu'en  consid^rant  par  exemple  une  courbe  du 
quatri^me  ordre  avec  un  point  double  et  un  point  de  rebroussement  de  seconde  esp^ 
(courbe  qui  existe),  on  aurait  S  +  ^  =  3^,  nombre  plus  grand  que  le  maximum  du 
nombre  des  points  doubles  et  de  rebroussemeut  que  pent  avoir  une  courbe  du  quatri^me 
ordre. 

Je  n'ai  parl^  que  des  singularit^s  simples,  od  il  y  a  une  seule  branche  de  la 
eourbe,  mais  on  dtend  sans  peine  la  thdorie  pr^c^ente  aux  singularity  compost,  oil 
il  y  a  plusieurs  branches  de  la  courbe.  Cette  extension  exige  la  distinction  de  trois 
cas  difii^rents.  II  pent  y  avoir  sur  la  courbe  un  point  avec  une  seule  tangente,  mais 
avec  plusieurs  branches  qui  se  touchent,— ou  un  point  avec  plusieurs  tangentes  dont 
chacune  touche  une  ou  plusieurs  branches, — ou  enfin  une  tangente  avec  plusieurs  points 
de  contact,  dans  lesquels  la  tangente  touche  une  seule  ou  plusieurs  branches  de  la 
courbe. 

Cambridge,  1  /uin,  1865. 
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SUE    UN    THEOREME    RELATIF   1    HUIT    POINTS   SITUES    SUR 

UNE  CONIQUE. 


[From  the  Journal  fiXr  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  Lxv.  (1866), 

pp.  180—184.] 

On  sait  que  le  th^or^me  de  Pascal  peut  6tre  d^uit  du  th^r^me  suivant: 
toute  courbe  cubique  qui  passe  par  8  des  9  points  d'intersection  de  deux  courbes 
cubiques  passe  par  tous  les  9  points. 

De  mSme  cet  autre  th^or^me — toute  courbe  quartique  qui  passe  par  13  des  16 
points  d'intersection  de  deux  courbes  quartiques  passe  par  tous  les  16  points — 
conduit  k  un  th^or^me  relatif  k  8  points  situds  sur  une  conique. 

En  effet  si  par  8  points  donn^  et  situ^  sur  une  conique  donn^e  on  fedt  passer 
deux  systfemes  de  4  droites  (ces  deux  systfemes  doivent  Stre  sans  droite  commune) 
les  deux  syst^mes  sont  des  courbes  quartiques  qui  se  rencontrent  dans  les  8  points 
donn^  et  de  plus  dans  8  nouveaux  points;  done  toute  courbe  quartique  qui  passe 
par  13  des  8  +  8  points  passe  par  tous  les  8  +  8  points.  Or  la  conique  donn^ 
passe  par  les  8  points  donnas,  et  par  5  des  8  nouveaux  points  on  peut  faire  passer 
une  autre  conique;  les  deux  coniques  ferment  ensemble  une  courbe  quartique  qui 
passe  par  8  +  5  des  8  +  8  points,  et  qui  passera  ainsi  par  les  8  +  8  points ;  c'est-it- 
dire  la  nouvelle  conique  passe  par  les  8  nouveaux  points,  ou  autrement  dit,  les 
8  nouveaux  points  sont  situ^s  sur  une  conique— c'est  Ik  le  th^rfeme  relatif  k 
8  points  situ&i  sur  une  conique. 

On  d^uit  de  \k  les  th^r^mes  3,  4,  5  de  Steiner  (Lehrsatze  und  Aufgaben,  ce 
journal  t.  xxx,  [1846],  pp.  274  et  275).  En  eflFet  consid^rons  sur  une  conique  donn^ 
n  points  donn^,  et  les  n  tangentes  dans  ces   mSmes    points.     En    combinant   deux  k 

54—2 
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deux  les  n  points  on  obtient  ^(n  — 1)  droites  0:  ces  droitea  ae  coupent  deux 
k  deux  dans  les  n  points  donn^,  qui  comptent  pour  ^n  (n  —  1)  (n  —  2)  intersections,  et 
de  plus  dans  ^n  (n  —  1)  (n  —  2)  (n  —  3)  points  r.  Chacune  des  n  tangentes  rencontre  les 
{^n(n  — 1)  — (n  — 1)}  droites  0  qui  ne  passent  pas  par  le  point  de  contact  de  cette 
tangente,  dans  ^(n— l)(n  — 2)  points  8,  ce  qui  donne  en  tout  ^n(n  — l)(n  — 2)  points  8. 
Enfin  les  n  tangentes  se  rencontrent  deux  k  deux  dans  |n  (n  —  1)  points  t 

On  a  ainsi 

^  n  (n  -  1)  (n  —  2)  (n  —  3)  points  r, 

in(n-l)(n-2)  „       8, 

Jn(n-l)  „        ^, 

ensemble  ^  n  (n  —  1)  (n"  —  n  +  2)  points ; 

or  parmi  ces  points  il  y  a  selon  les  trois  thdor^mes  de  Steiner  un  grand  nombre  de 
syst^mes  de  8  points  sur  une  conique. 

Prenons  d'abord  sur  la  conique  donn^  4  points  quelconques  a,  b,  c,  d  des  n 
points,  et  considdrons  aussi  les  points  cons^cutifs  a\  h\  c\  d\  La  figure  des  4  points 
a,  b,  c,  d  et  des  4  tangentes  dans  ces  mSmes  points  ^uivaut  k  celle  des  8  points 
a,  a',  6,  b\  c,  c',  d,  d'.  Partant  de  Tarrangement  abed  (lisez-le  cycliquement  et  il 
correspondra  k  Tun  des  3  quadrilat^res  que  Ton  pent  former  avec  les  4  points)  on 
forme  avec  les  8  points  les  deux  syst^mes  que  voici  de  4  droites  chacun: 

syst^me  aa',  bb\  cc\  dd\    c'est-a-dire  les  tangentes  aux  4  points  a,  b,  c,  d; 

syst^me  a%  b%  c'd,  d'a,    c'est-k-dire  ab,  be,  cd,  da; 

et  ces  deux  systfemes  se  rencontrent  dans  les  8  points  a,  a\  6,  6',  c,  c\  d,  d'  (ou,  ce 
qui  est  la  mSme  chose,  dans  les  points  a,  b,  c,  d,  chacun  compt^  2  fois)  et  dans 
8  nouveaux  points  compris  entre  les  points  r,  8,  t\  ces  8  points  sont  done  situ& 
sur  une  conique.  Comme  il  y  a  3  arrangements  abed,  acdb,  adbc  des  4  points,  on 
obtient  de  cette  mani^re  3  syst^mes  de  8  points  sur  une  conique. 

Prenons  sur  la  conique  5  points  quelconques  a,  6,  c,  d,  e  des  n  points,  et  con- 
sid^rons  aussi  3  points  cons^cutifs  a\  V,  c\  Partant  de  Tarrangement  ahcde  (qui 
correspond  k  Tun  des  12  pentagones  que  Ton  peut  former  avec  les  5  points)  on 
forme  avec  les  points  a,  a',  6,  6',  c,  c',  d,  e  les  deux  systfemes  de  4  droites  chacun: 

syst^me  aa\  bV,  cc',  de,    c'est-Jl-dire  les  tangentes  en  a,  b,  c  et  la  droite  de; 

systfeme  a%  6'c,  e'd,  ea,    c'est-k-dire  ab,  be,  ed,  ea\ 

et  on  obtient  de  \k  (parmi  les  points  r,  8,  t)  un  systfeme  de  8  points  sur  une  conique. 
A  cause  des  12  arrangements  des  5  points,  il  y  a  12  systfemes.  Mais  au  lieu  des 
points  cons^utifs  (a',  6',  c')  on  aurait  pu  prendre  toute  autre  combinaison  (a',  V,  i) 
etc. ;  le  nombre  des  combinaisons  dtant  10,  il  y  a  done  12  x  10  =  120  syst^mes  de 
8  points  sur  une  conique. 
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Prenons  de  mSme  6  points  quelconques  a,  6,  c,  d,  e,  /  des  n  points.  En  con- 
sid^rant  les  points  cons^cutifs  a',  b'  et  en  partant  de  Tarrangement  abcde/y  on  forme 
avec  les  8  points  a,  a',  b,  b\  c,  d,  e,  /  les  deux  systfemes  de  4  droites : 

systfeme  aa\  65',  cd,  efy    c'est-i-dire  les  tangentes  en  a,  b  et  les  droites  cd,  ef\ 

systfeme  a%  6'c,  de,  /a,    e'est-it-dire  a6,  6c,  de,  /a  ; 

ce  qui  donne  panni  les  points  r,  «,  ^  un  systfeme  de  8  points  sur  une  conique.  II 
y  a  60  arrangements  des  points  a,  6,  c,  d,  e,  /  et  15  combinaisons  {a\  6')  etc.  des 
points  cons^cutifs ;   on  a  done  60x15=900  systfemes  de  8  points  sur  une  conique. 

Prenons  encore  7  points  quelconques  a,  6,  c,  d,  e,  /,  g  des  n  points.  En  con- 
sid^rant  le  point  cons^cutif  a\  et  en  partant  de  Tarrangement  abcdefg,  on  forme  avec 
les  points  a,  a',  6,  c,  d,  e,  /,  ^r  les  deux  syst^mes  de  4  droites : 

systfeme  aa\  be,  de,  fg,    c'est-Jirdire  la  tangente  en  a,  et  les  droites  6c,  dc,  fg ; 

systfeme  a%  cd,  ef,  ga,    c'est-it-dire  ah,  cd,  ef,  ga\ 

et  on  obtient  ainsi  parmi  les  points  r,  8,  t  un  systferae  de  8  points  sur  une  conique. 
II  y  a  360  arrangements  abcdefg,  etc.  et  7  diflKrents  points  cons^cutifs  a\  etc. :  cela 
donne  360  x  7  =  2520  systfemes  de  8  points  sur  une  conique. 

Prenons  enfin  8  points  quelconques  a,  6,  c,  d,  c,  /,  gr,  h  des  n  points : 

partant  de  Tarrangement  abcdefgh,  on  forme  avec  les  8  points  les  deux  systfemes 
de  4  droites  chacun  (ab,  cd,  ef,  gh)  et  (6c,  de,  fg,  ha),  ce  qui  conduit  &  un  systfeme 
de  8  points  sur  une  conique.  Mais  on  a  2520  arrangements  abcdefgh,  etc. — il  y  a 
ainsi  2520  syst^mes  de  8  points  sur  une  conique. 

On  voit  que  les  systfemes  de  8  points  sur  une  conique  se  d^rivent  de  4,  5,  6,  7  ou  8 
des  n  points  sur  la  conique  donn^.  En  supposant  n  =  4  on  n'a  que  les  syst^mes  qui 
se  d^rivent  des  4  points ;  si  w  =  5,  on  a  les  systfemes  qui  se  derivent  de  4  points  choisis 
d'une  manifere  quelconque  entre  les  5  points — et  les  systfemes  qui  se  derivent  des 
5  points:  et  ainsi  de  suite;  polir  n  =  8  on  a  les  systfemes  qui  se  derivent  de  4,  5,  6  ou  7 
points  choisis  d'une  manifere  quelconque  entre  les  8  points,  et  les  systfemes  qui 
se  derivent  des  8  points.  On  pent  former  la  table  suivante  pour  montrer  dans  les 
difF6rents  cas  le  nombre  des  systfemes  de  8  points  sur  une  conique: 


Nombre  des  systdmes  de  8  points  sur  ane  conique 

r= 

<= 

t= 

r+«+t= 

4  points 

5  points 

6  points 

7  points 

8  points 

3 

120 

900 

2520 

2520 

H=4,  sys.  3 

3 

12 

6 

21 

X    1=      3 

/i=5,  sys.  4 

15 

30 

10 

55 

X    5=    15 

X    1=    120 

>i=6,  sys.  5 

45 

60 

15 

110 

xl5=    45 

X    6=    720 

X    1=      900 

H=7 

105 

105 

21 

231 

X  35  =  105 

X  21  =  2520 

X    7=    6300 

xl=    2520 

H  =  8 

210 

168 

28 

406 

X  70  =210 

X  56  =  6720 

X  28  -  25200 

X  8  =  20160 

X  1  =  2520 

Le  cas  n  =  4   est  le   thdor^me   3  de    Steiner,   il  y  a  3   syst^mes    de   8  points   sur  une 
conique ;  le  cas  n  =  5   est  le   th^rfeme   4,  il  y  a  15  + 120  syst^mes ;  le  cas  n  =  6  est  le 
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thA)rfeme  5,  U  y  a  45  +  720  +  900  aystemes.     Pour  n-7  il  y  a  105  +  2520  +  6300+2520 
Bystfemes  et  pour  n  =  8,  210  +  6720  +  25200  +  20160  +  2520  syst^mes. 

Le  cas  n  =  5  est  surtout  int^ressant :  en  efifet  comme  une  conique  est  d^termin^ 
par  5  points,  on  a  ici  5  points  quelconqiies  (a,  b,  c,  d,  e),  et  les  cinq  tangentes*  (les 
droites  A,  B,  C,  D,  E  de  Steiner)  sont  des  droites  d^termin^  par  les  cinq  points  et 
que  Ton  pent  construire  (avec  la  rfegle  seulement).  Cest  \k  en  effet  la  forme  sous 
laquelle  le  th^rfeme  est  pr^sent^  par  Steiner;  il  ne  parle  nuUement  de  la  conique 
qui  passe  par  les  5  points— -et  il  donne  pour  les  5  droites  une  construction;  k  savoir, 
les  15  points  r  sont  situ^  deux  k  deux  sur  15  droites  L  qui  ne  dependent  chacune 
que  de  4  points,  et  sur  60  droites  H  qui  dependent  chacune  des  5  points;  les 
60  droites  H  combines  deux  k  deux  d'une  mani^re  convenable  se  rencontrent  dans 
30  points  8  (c'est  la  definition  de  ces  points)  et  puis  (th^rfeme)  on  a  5  droites 
A,  B,  C,  D,  E  qui  contiennent  chacune  6  points  8  et  qui  passent  par  les  points 
a,  6,  c,  d,  e  respectivement — et  (th^rfeme)  les  30  points  8  sont  aussi  situds  sur  les 
10  droites  Oy  3  points  sur  chaque  droite.  Je  remarque  qu'en  prenant  sur  la  conique 
qui  passe  par  a,  6,  c,  d,  e,  un  point  quelconque  g,  il  y  aurait  24  hexagones  inscrits 
ayant  ag  pour  c6te — et  de  Ik  24  droites  Pascaliennes — et  par  le  point  d'intersection 
de  ag  avec  Tune  quelconque  des  6  droites  be,  etc  on  a  4  de  ces  droites  Pascaliennes. 
Cela  pos^,  en  prenant  pour  g  le  point  cons^utif  a\  les  24  hexagones  se  confondent 
deux  k  deux— on  a  done  12  hexagones  inscrits  et  autant  de  droites  Pascaliennes — 
ces  droites  sont  les  12  droites  H  lesquelles  se  rencontrent  deux  k  deux  dans  les 
6  points  8  situ6s  sur  la  droite  aa\  ou  A.  Steiner  dit  que  les  120  coniques  dependent 
des  5  points,  mais  que  les  15  coniques  dependent  chacune  de  4  points  seulement;  en 
donnant  (comme  il  Ta  fait)  le  th^or^me  comme  un  th^r^me  par  rapport  k  cinq 
points  quelconques,  cela  n'est  pas  exact— en  effet  les  coniques  dont  il  s'agit  dependent 
chacune  de  4  des  cinq  points,  et  des  4  droites  correspondantes,  tangentes  dans  ces 
mfimes  points  k  la  conique  qui  passe  par  les  cinq  points — ces  coniques  dependent 
ainsi  des  cinq  points. 

Je  remarque  en  passant  que  partant  des  cinq  points  donn^  a,  6,  c,  (2,  6,  il  y  a 
sur  chacune  des  droites  A,  B,  C,  D^  E  un  point  remarquable,  dont  Steiner  ne  parle 
pas,  mais  qui  aurait  pu  servir  k  une  construction  de  cette  droite — par  exemple  il  y 
a  sur  la  droite  A  le  point  a  qui  est  Tintersection  commune  des  polaires  de  a  par 
rapport  k  toutes  les  coniques  qui  passent  par  les  points  6,  c,  d,  e — en  particulier  ce 
point  a  est  I'intersection  commune  des  polaires  (harmonicales)  de  a  par  rapport  aux 
trois  paires  de  droites  (6c,  de\  (6d,  ec),  (66,  cd)  respectivement. 

Cambridge,  16  Fev.  1865. 
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SUR  UN  CAS  PAKTICULIER  DE  LA  SURFACE    DU  QUATRlfeME 

ORDRE  AVEC  SEIZE  POINTS  SINGULIERS. 

[From  the  Journal  filr  die  reine  und  angewandte  Matheniatik  (Crelle),  torn.   Lxv.  (1 866), 

pp.  284—291.] 

Dans  la  note  "sur  la  surface  des   ondes"  (Liouville  t.   Xl.,  1846),  [47],  j'ai  ^tudie 

sous    le    nom    de    t^tra^roide    la    surface    du    quatri^me    ordre    dou^e    de    seize  points 

singuliers,  et   qu*une  transformation   homographique   fait   nattre   de  la  surface  des  ondes. 
Mon  point  de  depart  a  ^t^  la  propri^t^  fondameutale  suivante. 

"Le  t^traddro'ide  est  une  sur&ce  du  quatri^me  ordre,  qui  est  couple  par  les  plans 
dW  certain  t^traMre  suivant  des  paires  de  coniques  par  rapport  auxquelles  les  trois 
sommets  du  t^traMre  dans  ce  plan  sont  des  points  conjugu^s.  De  plus:  les  seize 
points  d'intersection  des  quatre  paires  de  coniques  sont  des  points  singuliers  de  la 
surface,  c'est-k-dire  des  points  oil,  au  lieu  d'un  plan  tangent,  il  y  a  un  cdne 
tangent  du  second  ordre." 

Dans  la  mdme  note  j'ai  reconnu  Tcxistence  de  seize  plans  singuliers  qui  touchent 
chacun  la  surface  suivant  une  conique.  II  est  int^ressant  d'examiner  de  quelle 
mani^re  mes  fonnules  se  rattachent  k  celles  de  M.  Rummer  dans  ses  belles  recherches 
(Monatsbericht  der  Berliner  Akademie  fiir  1864,  pp.  246 — 260  et  495 — 499)  relatives 
k  la  surface  du  quatri^me  ordre  doude  de  seize  points  singuliers. 


Partant  des  fonnules  de  M.  Kummer  il  convient,  pour  plus  de  symm^trie,  de 
changer  les  signes  de  a,  /;  puis  en  remarquant  que  dans  T^uation  (3)  p.  250  on 
doit  avoir  (voir  p.  496)  +  fo/*  au  lieu  de  —  fc/*,  T^quation  de  la  surface  sera 

+  2bcp^qr  +  2cep^8  -  ibfyr^s  -  2efqr^ 
+  2capq^  +  2afqr^8  -  2cdq]f8  -  2fdrps^ 
+  2abpqr^  +  2bdrp^8  —  2aerq^8  —  2depq^  —  4>gpqr8  =  0. 
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Pour    donner  lea   ^uatioos  des  seize  plans  singuliers  de  cette  surface  je  pose   d'abord 
pour  abreger 

od  =  a,    6e  =  /9,    c/=  7, 

et  je  determine  k  au  moyen  de  Tt^uation  cubique 

puis  j'introduis  les  quantit^s 

6  d 

'  d     ,      e  . 


k  +  l 


•  9 


enfin  je  denote  par  ^1,  yi,  Vi,  81;  p,,  y„  r„  «,;  p^,  y„  r,,  «,  ce  que  deviennent  les  quantity 
p\  5^.  /,  ^^  en  y  substituant  success! vement  pour  k  les  trois  racines  ki,  k^,  k^  de 
r^quation  en  k.    Cela  pos^,  les  seize  plans  singuliers  sont  donnas  par  les  ^nations 

p  =  0,  y  =  0,  r  =  0,  «  =  0, 

pi  =  0,  3i  =  0,  r,  =  0,  «i  =  0, 

2j,  =  0,  38  =  0,  r,»0,  «,  =  0, 

1>»  =  0,  3,  =  0,  r,  =  0,  «,  =  0. 

En  prenant  une  ligne  quelconque  (pi,  qi,  r,,  81)  et  une  colonne  quelconque  (r,  ri,  r,,  r,), 
puis  en  omettant  le  terme  commun  ri,  on  a  une  des  seize  combinaisons  (pi,  ?i,  «i,  r,  r„  r,) 
de  six  plans  qui  se  rencontrent  dans  un  des  seize  points  singuliers. 

Supposons  que   les   plans  p,  8^,  r^,  3,  se   rencontrent  dans  le    m^me   point.     Pour 

.  ,       k^ik  +1) 
que   cette    circonstance    ait   lieu    il   faut    que   la    condition   r  /i.'  .  t\  ^  ^   ^^»  ^®   V^^  ^^ 

la  meme  chose,  k^  (ki  —  k^)  —  (A?a  —  A:,)  =  0  soit  remplie ;  mais  si  cette  condition  est 
remplie,  non  seulement  les  plans  (p,  81,  r,,  q^)  se  rencontrent  dans  le  mSme  point,  mais 
aussi  les  plans  (y,  pi,  82,  r,),  les  plans  (r,  ji,  pa,  ^3)  et  les  plans  (5,  Vi,  q^,  p^)  se  ren- 
contrent dans  le  mSme  point  L'^quation  k^  (^•^  —  A?,)  —  (A?,  —  A:,)  =  0  appartient  ^videmment 
k  un  syst^me  de  six  Equations,  et  Tune  quelconque  de  ces  ^nations  donnerait  un  r^ultat 
semblable;  chacune  de  ces  Equations  conduit,  comme  on  va  voir,  k  une  certaine  relation 
entre  les  quantitds  g,  a,  /8,  7  (ou  g,  a,  6,  c,  d,  e,  /),  relation  en  vertu  de  laquelle  la 
surface  g^n^rale  du  quatri^me  ordre  doude  de  seize  points  singuliers  se  rAiuit  au  tetrae- 
dro'ide.  Pour  former  la  relation  dont  il  s'agit,  il  faut  ^galer  k  z^ro  le  produit  des  six 
fonctions  analogues  k  A?,  (A?i  —  A^a)  —  (A*a  —  k^.  Je  forme  d'abord  le  produit  des  trois 
fonctions  k^  {k^  —  k^  —  (A?a  —  A,),  k^  {k^  —  k^  —  (A*,  —  A?i),  A?,  (A-j  —  k^  —  (A'j  —  A-,),  et  en  repr^sentant 
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pour  un  moment  I'^quation    en  k  par  a^  +  bl^  +  ck  +  1l  =  0,  on  trouve    que    le    produit 
des  trois  fonctions  est  ^gal  k 

P+QVA=(b  +  t)(bc  +  9al»)-6(at«  +  bni) 


+  (b +  c- 2 a  - 2U)  Vii''c'-4tini-4ac+ 18  abdi -27  aV, 

et  en  substituant  pour  a,  b,  C,  ll  leurs  valeurs 

a  =  7,    b  =  -flr-ia+iy8+|7,     t  =  -^-f  a-i/9  +  ^,    !>  =  -«, 

on  trouve,  toute  r^uction  faite, 

P  =  -  2<7' +  i<7  (Sa*  -  102a/9)  +  2  (/9  -  7)  (7  -  a)  (a  - /8), 
Q 2<7, 

+  ^  (2a*  +  122a»y8  -  262a«^  +  2442a>/97). 

Cela  pos^,  r^quation  cherch^  est  P*  —  Q*A  =  0,  c'est-i-dire 

0  =  i(P»-Q«A)  =  sf».4(/8-7)(7-a)(a-^) 

+  p* .  4  (- So*/?  +  42a«)9«  -  22a?/87) 

+9'    (y8-7)(7-a)(«-/9)(2««-102cr^) 

+        2(fi-yy(y-ay{a-ffy; 

cette  Equation,  dans  laquelle  a  =  ad,  ^  =  be,  y  —  cf,  constitue  la  condition  sous  laquelle 
la  surface  de  M.  Kummer  se  r^uit  h.  un  t^tra^roi'de. 


Je  passe  &  pr^nt  h.  mes  formules  de  1846.    En  ^crivant  pour  plus  de  commodity 
/"'>  ^,  A*,  I*,  TP?,  »*  au  lieu  de  /,  g,  h,  I,  m,  n,  mon  Equation  du  t^tra^droide  est 

=  0, 


« 

«•. 

y. 

«»,    w» 

a^. 

• 

/i*, 

P*.    i* 

y*. 

K 

• 

/',    m' 

«". 

f. 

/'. 

.      n» 

w, 

f. 

m». 

n» 

ou,  ce  qui  est  la  mSme  chose, 

(4,  B,  C,  A  J^,  G^,  H,  L,  M,  Nll(^,  f,  z\  v^Y^O, 
c'est-irdire 


c.  V.  55 
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oh  les  coefficients  ont  1^  valeurs 

F^f  (    fif*-my'^n*h%    L 
Qt  -  m«  (-  i»/«  +  my-  n«A«),    M 

Les  coordonn^  des  seize  points  singuliers  sont 


:  A«  (-  P/«  -  my  +  n«A«). 


(0,  ±A,  ±flr,  ±Z),    (±A,  0,  ±/,  ±m),    (±5r,  ±/,  0,  ±n),    (±Z,  ±m,  ±  n,  0), 
et  les  ^nations  d^  seize  plans  singuliers  sont 

±ny±mz  ±fw  =  0, 

±  mx  ±ly      .      ±  Aw  =B  0, 
±fa  ±9y±hz      .    =0, 

oil  Ton  donne  des   valeurs    quelconques  aux  signes   f.     Pour   comparer   ces  plans  aux 
plans  de  M.  Rummer  j'^ris  le  tableau 


+ny-mj:+yw 

nx         +  Iz-^-gw 

— ma?—  iy    .    ^-hw 

fa-  gy-hz 


ffix+ly    .     •\'hw 

-  fa+9y-  hz    . 


mx-^ly     .     +Ati; 

-  fa-9}/+  ^     • 
ny+mz+/w 


— wy— m*+yw  |— ru?    .   —  Iz-hgw 


-/x- 


•  nx 
mx 


gy-  l^  . 

ny—mz^Jw 
iy     .    —Aw 


et  j'obtiens  les  valeurs  suivantes : 


p=r  ny-'mz+fw, 

q^-^  nx  .  +  Iz-^-gw, 
r=  mx^ly  .  +Ati;, 
8^-  fa-gy-  hz     .    . 

En    r^lvant    ces    ^uations    par    rapport    &    ^,  y,   ^,    t(;    et    en    posant    pour   abr^er 
d^lf-hmg-hnhy  on  trouve 

0x  =     .     —hq^-gr  —  ls, 

By  -     hp     .    "fr  -  m«, 
0z  ^-gp+fq     .     -TW, 

5t(;=     i^  +  mj  +  nr    .   , 
valeurs  qu'il  s'agit  de  substituer  dans  I'^uation 

U^(A,  B,  C,  A  F,  G,  H,  L,  M,  If^a^,  y\  ^,  t(;»)»  =  0 
de  la  surface  dont  il  est  question. 
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De  rexpression  de    U  en  p,  q,  r,  a  je  ne  oonsid^re  d'abord  que  le  terme  multipli^ 
par  j)^.    D^gQons  par  (S.  le  coefficient  de  f^g^  dans  d*U,  nous  aurons 


6  = 


6/y 
+  g*h* 

+  h* 
+  h'f 


x2?  (  Pf*-m*g>-n*h*) 
X  2m»  (-  l*f* + my  -  n»A«) 
X  2n'  (-  i*/*  -  my  +  n»A») 
X  2/»  (  f»/'  -  my  -  n»A») 
X  2g*  (-  P/«  +  my  -  n%*) 


+  (P/'  +  mY  -  4fon/sr)  x  2h*  (-  ?/» -  my + n'A')   , 


=  2A« 


+  t» 

+  j* 

+  A» 

+  i» 

+  J* 


t»_i«- 


- 1»  +  j»  -  A«) 
- 1»  -  j»  +  A») 

- 1"  +  j»  -  A;») 


>■  »• 


[  +  (i»+j*- 4t/)(-t*- j«  +  *»)j 


les  lettres  t,  j,  A;  dtant  introduites  pour  d^gner  les  produits 

Apvhs  toutes  les  reductions  on  obtient 

e  =  2A»((»  +  j)«-A;»h  =2A«(i+j  +  A)»(-i-j  +  ik)^,  =  2A«^  (- i  -  j  +  &)«, 
pour  le  coefficient  de  p^^  dans  0*U,  ou,  ce  qui  est  la  mSme  chose, 


A«(-t-i  +  A;y 


pour  le  coefficient  de  p^^  dans  ^ff^U. 


En  calculant  de  mSme  les  autres  coefficients  de  ^0^U  et  en  ^rivant  pour  abrdger 

i  —  j^k^     If—mg  —  nh^a, 
—  i  ^j  -.  ^  =  -.  ly^  mg  —  nh==  b, 

r^quation  transform^e  sera 

+  2ghbcp^qr  +  2A7n6cp5*«  —  2gnbcp7^8  —  2win6c5rfi^ 

-f  2hfcap^  +  2/>ica5r"«  —  2hlcaqp^8  —  2nfcarps* 

+  2/^ai|p5r'  +  2glabrjj^8  —  2/ma6rg'5  —  2lmahpqfF 

-  (6  —  c)  (c  —  a)  (a  —  h)pqr8  =  0. 

a'  =/a,    d'  =  la,    -  4gr'  =  (6  -  c)  (c  —  a)  (a  —  6), 

c'  =  Ac,    /'  =  w<J, 

55—2 


En  posant 
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les  quantity  a\  h\  c\  d\  c',  /',  (f  sont  li^  par  une  relation.  Pour  en  prouver 
Texistence  on  n'a  qu'k  faire 

a'd'^ci,  6v=^,  cy'=y 

et  &  se  servir  des  expressions  de  a,  6,  c  en  /,  g^  h,  I,  m,  n,  alors  on  obtient 

-2a'  «a«(6  +  c), 
-2/8'  =  6^(c  +  a), 
-27'  =c»(a  +  6), 

—  4gr'  =  (6  —  c)  (c  —  a)  (a  —  6), 

^nations  qui  impliquent  une  relation  entre  a\  fi',  y\  g'\  mais  en  sapposant  que 
a\  h\  c\  d\  ^,  /',  g'  soient  des  quantit^s  qui  satisfont  k  cette  relation,  ii  eziste 
toujours  des  valours  correspondantes  de  /,  g.  A,  i,  m,  n,  e'est-ii-dire  que  I'^uation  du 
tdtra^drol'de  est  identique  avec  celle  de  M.  Rummer  toutes  les  fois  que  les  coefficients 
a,  6,  Cy  d,  e,  f,  g  de  cette  demi^re  sont  li^s  par  une  certaine  relation*  Ecrivons  oomme 
auparavant  acl  =  a,  be^fit  <if=y,  cette  relation  se  trouve  en  ^liminant  a,  6,  c  entre  les 
<^uations 

-  2a  =  a*  (6  +  c), 

-27=c»(a  +  6), 

-4sr  =(6-c)(c-a)(a-6), 

et  il  ne  s'agit  que  de  prouver  I'identit^  de  cette  relation  avec  celle  que  nous  avons 
trouv^  ci-dessus  par  d'autres  considerations. 

J'introduis  les  nouvelles  notations 

a    +  i8+   7=-iP,       tt  +   6-f  c  =  p, 

i87  +  7a  +  ai8  =  -iQ,      6c  +  ca  +  a6  =  (I, 

a^7  =  — ^iZ,       abc  =  t, 

je  forme  Texpression 

208-7)  =  -(6o  +  ca  +  a6)(6-c),  =-(j(6-c), 

et  les  deux  expressions  analogues  pour  2  (7  —  a),  2  (a  —  ^8) ;  j'en  d^uis  le  rdsultat 

8(^-7)(7-a)(a-^)  =  -q*(6-c)(c-a)(a-6); 
enfin  je  note  les  ^nations 

(6  -  c)«  (c  -  a)«  (a  -  6)«  =  -  4q*  +  p»q' +  ISpqt  -  27t«  -  4p»r, 

P  =  p(I-3r, 

Q  =  q»  -  2fqx  +  3t», 
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qui  donnent  la  transformation  de  leurs  premiers  membres  en  fonction  de   p,  q,  I;  cela 
pos^,  et  k  I'aide  de  ces  valeurs,  on  forme  les  ^galit^ 

512(/3-7)(7-o)(a-/3)5P»  =(-  4q»  +  p'q»+18pqt-27r*-4p»t)q[»(6-c)'(c-o)'(a-6)', 

256  (-  2a»/3  +  42a»^  -  2lA'^y)f      =  (      6()»  -  p'q'-18pqt+27r«+2p»r)q[»(6-c)»(c-o)»(o-6)», 

128(iS-7)(7-a)(a-i8)(2a"-102a)8)5r=(-12q»+p'q»+18pqt-27f  )q»(6-c)'(c-o)»(o-6)», 

64(^-7)'(7-a)>(«-/3)'  =(        (j*  )q[»(6-c)'(c-o)»(a-6)', 

lesquelles,  multipli^  par  1,  2,  1,  4,  ajout^es  ensemble  et  divis^es  par  128,  conduisent  k 
r^uation  finale 

«/».4(iS-7)(7-a)(«-/3) 

+  9'    (/3-7)(7-«)(a-i8)(2tf'-102a^) 
+       2(/3-7)«(7-a)»(«-/3)»  =  0, 

identique  avec  celle   que  Ton  a  trouv^e  ci-dessus,  ce   qui  ach^ve  la  demonstration  que 
Ton  avait  en  vue. 

Cambridge,  18  Mai,  1865. 
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A  SUPPLEMENTAKY  MEMOIR  ON  THE  THEORY  OF  MATRICES. 


[From  the  Philoaophical  Transactions  of  the  Royal  Society  of  London,  voL  clvl  (for 
the  year  1866),  pp.  25—35.    Received  October  24,— Read  December  7,  1865.] 

M.  Hermite,  in  a  paper  "Sur  la  th^orie  de  la  transformation  des  fonctions 
Ab^iennes,"  Comptes  Rendtis,  t.  XL.  (1855),  pp.  249,  &c.,  establishes  incidentally  the 
properties  of  the  matrix  for  the  automorphic  linear  transformation  of  the  bipartite 
quadric  function  am/ '\-y/ —  zy' —  wx',  or  transformation  of  this  function  into  one  of 
the  like  form,  XW -\- ¥27 -ZT  -  WX\  These  properties  are  (as  will  be  shown) 
deducible  from  a  general  formula  in  my  "Memoir  on  the  Automorphic  Linear  Trans- 
formation of  a  Bipartite  Quadric  Function,"  Phil.  Trans.  voL  CXLVIII.  (1858), 
pp.  39 — 46,  [153];  but  the  particular  case  in  question  is  an  extremely  interesting  one, 
the  theory  whereof  is  worthy  of  an  independent  investigation.  For  convenience  the 
number  of  variables  is  taken  to  be  four;  but  it  will  be  at  once  seen  that  as  well 
the  demonstrations  as  the  results  are  in  fact  applicable  to  any  even  number  whatever 
of  variables. 

Article  Nos.  1  and  2.     Notation  and  Remarks. 

1.  I  use  throughout  the  notation  and  formulae  contained  in  my  "Memoir  on  the 
Theory  of  Matrices,"  Phil.  Trans,  vol.  cxlviii.  (1858),  pp.  17—37,  [152],  and  in  the 
above-mentioned  memoir  on  the  Automorphic  Transformation,  With  respect  to  the  com- 
position of  matrices,  the  rule  of  composition  is  as  follows,  viz.,  any  line  of  the  compound 
matrix  is  obtained  by  combining  the  corresponding  line  of  the  first  or  further  com- 
ponent matrix  with  the  several  columns  of  the  second  or  nearer  component  matrix;  it 
is  very  convenient  to  indicate  this  by  the  algorithm, 

(«.  «'.  a").  (/9.  /9'.  0").  W.  y'.  yl 

__^_ __* ' 

(tt,    6,    c    $a,     /8,    7    )  =  (a,    6,    c) 


a\    V ,    c' 
a       0  ,    c 


«',    ^.   y 

«".  r,  y 


(o',    b'.   c') 

(a",    b",    c")  ' 


}|  >*  t> 


f>  it  tf 


»»  »  » 
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which  exhibits  very  clearly  the  terms  which  are  to  be  combined  together;  thus  in 
the  upper  lefb-hand  comer  we  have  (a,  6,  c$a,  a',  a''),  and  so  for  the  other  places  in 
the  compound  matrix. 

2.  It  is  not  in  the  Memoir  on  Matrices  explicitly  remarked,  but  it  is  easy  to 
see  that  sums  of  matrices,  all  the  matrices  being  of  the  same  order,  may  be  multiplied 
together  by  the  ordinary  rule;  thus 

this  remark  will  be  useful  in  the  sequel. 


Article  Nos.  3  to  13.    First  Investigation. 

3.  We  have  to  consider    the    formulsB    for   the    automorphic  linear  transformation 
of  the  function  xti/  +  yz'  —  zyf  —  wx\  that  is,  of  the  function 

(  0,  0,        0,-1  $aj,  y,  z,  w\x\  y',  /,  v/) 

0,  0,-1,        0 

1,  0,        0,       0 
0,  1,        0,        0 

=  (n$a;,  y,  z,  w\x\  y',  if,  v/\ 

viz.,  if  the  variables  are  transformed  by  the  formulsB 

{x,y,  z,  t£;)  =  (n$Z,  F,  Z,  W\ 
«  y',  /,  W)  =  (n$Z',  F.  Z',  TF), 

then  the  matrix  (11)  is  such  that  we  have  identically 

(n$a?,  y,  z,  vilaf,  y',  /,  v/)  =  (n$Z,  F,  Z,  TTJZ',  F,  ^,  W) ; 

the  expression  for  (0)  is  given  in  my  memoir  [153]  above  referred  to;  viz.  observing 
that  the  matrix  (Q)  is  skew  symmetrical,  then  (No.  13)  we  have 

n  =  Q-Mft-T)(n+T)-^n, 

where  T  is  an  arbitrary  symmetrical  matrix. 

4.  I  propose  to  compare  with  the  matiix  11  the  inverse  matrix  11"^     Recollecting 
that  in  the  theory  of  matrices  (ABCD)"^  =  D"^  Ch^  B"^  A"\  we  have 

n-»=ft-'(a  +  T)(ft-T)-^a; 

and  •it  is  to  be  shown  that  11  and  U"^  are  composed  of  terms  which  (except  as  to 
their  signs)  are  the  same  in  each,  so  that  either  of  these  matrices  is  derivable  from 
the  other  by  a  peculiar  form  of  transposition.  It  is  to  be  borne  in  mind  throughout 
that  T  is  symmetrical,  A  skew  symmetrical. 
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5.  I  write  for  greater  convenience 

-n  =n-»(T-n)(T  +  n)-»a 

and  I  compare  in  the  first  instance  the  matrices  (T-ft)(T  +  ft)"*  and  (T  +  n)(T-n)-". 

6.  Any  matrix  whatever,  and  therefore  the  matrix  (T  +  fl)*',  may  be  exhibited  as 
the  sum  of  a  sjrmmetrical  matrix  and  a  skew  symmetrical  matrix;  that  is,  we  may 
write 

(T+n)-^=r  +  n', 

where  V  is  symmetrical,  Df  is  skew  symmetrical.    We  have  then 

(T+n)(T+Q)-^=(T  +  n)(r+no,  =i> 

where,  here  and  in  what  follows,  1  denotes  the  matrix  unity.     Moreover 


and  thence 


that  is 


T-n  =  tr.  (T  +  fl), 


(T -  fl)-^  =  (tr. (T  +  n))-»  =  tr.  (T  +  !!)-»  =  tr.  (T  +  n')  =  r-Q' ; 


and  thence  also 


We  have  therefore 


(T-n)-»  =  r-n'; 


(T-n)(T-n)-^=(T-n)(r-n')  =  i. 


(T-n)(T  +  n)-»-(T  +  Q-2Q)(r  +  n')  =  i-2n(r  +  n'), 
(T  +  n)(T-n)-»  =  (T-n4-2n)(r-n')  =  i  +  2xi(r-no. 


7.    Suppose  for  a  moment  that 


and  therefore 


r  +  n'=(  a,    6,    c, 

m,    w,    0, 

r-n'  =  (  a,   c,  t, 
&»  />  i» 

d,  h    y  If 


d) 

h 
I 

p 

m  ) 
n 

0 

P  i 
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8.     We  have 

n(r+n')=( 


-1 


1  )(  o,     b,    c,    d  ) 
e,   f,    g,    h 


-1 


m,    n,    0,    p 
(o,  e,  i,  m),  {h,  /,  j,  n),  (c,  g,  k,  o),  {d,  h,  I,  p} 


=  ( 
( 


(      • 
(-1 


-1 


=  ( 


» , 

-e  , 
-a, 


n, 

j> 

/. 
■b, 


0, 

k, 

g> 

c. 


1  ) 
.  ) 

•  ) 

•  ) 

p)' 
I 

h 

d 


tf 


ft 


>} 


>i 


*> 


>t 


f} 


*» 


i> 


it 


Jt 


>f 


>* 


>> 


>» 


jt 


9.    And  similarly, 

n(r-n')=(     • 


- 1 


1   )(  a,  e,  i,  m  ) 

b,  f,  j,  n 

e,  g,  k,  0 

d,  h,  I,  p 

I),  (m,  n,  0,  p) 


=  (  • 

(  • 

(  . 

(  1 

=  (  -d. 
-e, 
b, 


-1 


-1 


a, 


■h, 

•g. 
f. 


-I, 
-k, 

3> 

« 


—  0 

n 
m 


v*** 

''I 

Vj 

«'/!      \" 

»    y»     cf»     'V> 

>J 

}> 

l] 

» 

}> 

)l 

» 

l» 

10.    Hence  also 


(T  -  fl)  (T  +  ft)-' =  (  l  +  2m,  2n, 

2»  .  l  +  2j. 

-2e,  -2/. 

-  2a  ,  -  26, 


1- 


2o, 
2ib, 

2c,     1 


2p). 

2; 

2A 
2(2 


C.   V. 
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and 


(T  +  n)(T-n)->  =  (  1- 


2d. 

-2A, 

-2f, 

-ip  ). 

2c. 

l-2g, 

-2fc, 

-2o 

26. 

2/. 

1  +  2;, 

2n 

2a. 

2e. 

2», 

l  +  2m 

SO  that  these   matrices  are   composed  of  terms  which,  except  as  to  the  signs,  are  the 
same  in  each. 


11.     Now  in  general  if 


»=( 


a". 


then  it  is  easy  to  see  that 


y8  . 


7'. 
V". 

y'". 


«    ). 

8" 


f// 


ft-'  en  =  (    s'", 

8", 


y  ,  -  p  .    - «    ). 

y".  -y8".     -O" 

-8'.    -7'.  /9'.        0^ 

-8.-7,  /9  .       a 

and    hence,   from   the   foregoing   values    of  (T-ft)(T  +  ft)-»    and   (T  +  ft)  (ft  -  T)-»,  we 
find 

n  =  -ft-'(T-ft)(T  +  ft)-'ft  =  ( -l  +  2d,  2c.           -25.          -2a). 

2h,  -\  +  2g,           -2/.          -2c 

21.  2k,     -1-2;,          -2% 

2p.  2o,           -2n,    -l-2m 


and 


n-'  =  -ft->(T  +  ft)(T-ft)-»ft  =  (  -l-2m.  -2i, 

-2n.     -l-2j. 


-2o. 
-2p. 


2e,  2a  ); 

2f,  2b 

-2k,    -l+25r,  2c 

-H,  +2h.  -l+2d 


this    shows    that    the    matrix    11    for    the    automorphic    transformation    of   the    function 
xu/ +  yz' —  zif' —  wa/  is  such  that  writing 


n  = 


(A.    B,    G,    D  : 

)  we  have  11-' 

=  (      P. 

L, 

-H. 

-D). 

E,    F,    G,    H 

0, 

K. 

-G. 

-C 

I.    J,    K,    L 

-^' 

-J, 

F, 

B 

'  M,    N,    0.    P 

-M. 

-I, 

E, 

A 

which  is  the  theorem  in  question. 
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12.    I  remark  in  reference  to  the  foregoing  proof  that  writing 

T  =      (  a,    h,    g,    I    ) 
h,    b  ,    f,    m 

9y    f  y     c,     n 
I,    m,    n,    d 
then  the  actual  value  of 


(T + iir\  = 


(a      ,    h      ,    g 
h      ,    b       ,    / 

g     ,  /+1,    c 


1,    m 


n 


.    d 


IS 


_1 ( A+d 


H  -i-n  —  p, 
Q  —  m-hfi, 


JT+w  +  j/, 
5  +  c 

M-g-a, 


F-f+X, 
0+b        , 

N+h-T, 


L-l  +  p    ) 

N  +  k  +  T 

D  +  a 


where 


(A, 
H, 
O. 
L. 


H. 
B, 

F. 
M. 


G, 
F. 
C, 


L  ) 

M 

N 
D 


is  the  matrix  formed  with  the  first  minors  of 


(  o,  h,  g,  I    ); 

h,  h  ,  f,  m 

9,  f,  e,  n 

I,  m,  n,  d 


moreover 


-na 
T  =  hf—  bg  +  ma  —  Ih 


\  =  ad  —  P    ■{■nh  —  mg+l,    p  ^hc  — /*  +  nh 
fi=sbn  —mf+dh  —  nU       ,    <r—fg  —  ch+gl 
v  =  dg  —  nl  +nf—CTn 

and  A  is  the  determinant 

(a      ,    h 
k      .    b 


mg  +  1. 


9      .   /-I, 
f  —  1,    m     , 


g     .1  +  1) 

f+l,    m 

e       ,    n 

n      ,    d 


56—2 
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viz.  we  have  Su  =  (a,  b,  c,  d][d,  c,  —  6,  —  a),  ^^  =  (a,  6,  c,  d JA,  gr,  — /,  —  e),  &c. :  we  see 
at  once  that  Su  =  0,  ^^  4-  %  =  0,  &e.,  viz.  the  determinant  iu  ^  is  a  skew  determinant,  that 
is,  the  square  of  a  Pfaffian.     We  have  therefore 

or  extracting  the  square  root  of  each  side,  and  determining  the  sign  by  a  comparison 
of  any  single  term,  we  have 


V      —  $12  *34  "I"  ^13  ^42  "i"  *14  *23 1 


which  is  one  of  the  required  forms  of  V. 


17.     And  in  the  same  manner 


V2=tr. 


a,    6, 

c, 

d 

e,    /, 

9> 

h 

•              • 

k. 

I 

m,    n. 

0, 

P 

7/1, 

n. 

0, 

P 

• 

J' 

h 

I 

e. 

-f> 

-9> 

-h 

a, 

-b. 

-c, 

-d 

(m, 

• 

-e, -a),  (7i,j, -/, -J 

i),  (o, . 

k,  - g,  -  e),  (p,  I,  -h,-d 

(a,  e,  i,  m) 

a                                            »> 

»»                                             >* 

(h,f,j,  n) 

)f                                            iy 

»>                                             » 

(c,  g,  k  o) 

»                                             »> 

II                                             >« 

(d,  A,  I,  p) 

»>                                             >» 

II                                             1) 

which  is  equal  to  the  determinant 


hl>    ^2>    ^1    ^4   I 

la,  ^22,   Cjs,  tji  . 

(sii    ^>   ^1    ^ 
I   ^41 1    ^42l    ^431    ^44 

viz.   tn  =  (a,  e,  i,  m][m,  i,  —  e,  -  a),  &c. ;   this  is   likewise  a  skew  determinant,  and   we 
have 

V  =  (^12  ^84  +  ^  *4a  +  ^4  ^/ » 

or  extracting   the  square  root  of  each  side,  and  determining  the  sign  by  the  comparison 
of  any  single  term,  we  have 

V  =  t|2  Cj4  +  ^S  ^42  +  ^4  hSi 

which  is  the  other  of  the  required  forms  of  V. 
18.     Consider  now  the  matrix 


(  tt,    6, 

c, 

d) 

1 

e,   /, 

9> 

h 

•              • 

k, 

I 

m,    n. 

0, 

P 
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which  is  such  that 


( 

a,    b. 

c,    ci 

[)-'  =  ( 

P' 

I, 

-h. 

1 

« •    />    9»    A 

0, 

k. 

-9'    -« 

i  ,    j,    k,    I 

-n,    - 

• 

■1> 

/.        h 

m,    n,    0,    p 

» 

-m,    - 

e,        a 

this  gives 

m 

(  1.    0.    0, 

0 

>  =  (  o,    6,    c,    d  )(      p, 

I, 

-A, 

-d) 

0,     1,    0, 

0 

e ,   /,    9,    A 

0 

,       k. 

-9' 

—  c 

0.    0,     1, 

0 

i  y    jf     *>     I 

—  n 

.    -J' 

f. 

6 

0.    0.    0, 

I 

m,    w,    0,    p 

—  m 

• 

e, 

a 

(P»o, 

, -n,  - 

m),  (/,  k. 

-»)»  (-"A>  -5'»/  «X  (-rf.  -c,  6,  a 

=  (a,  b,  e,  d) 

»> 

M 

}f                    >f 

(«  ,  /,  9.  h) 

}> 

» 

n                                  » 

(i.j.k,l) 

»» 

>f 

>»                                   »f 

• 

( 

m, 

n,  0,  p) 

t> 

It 

yy                                    >» 

*•!>      *»i  *«>  *■ 


which  is  in  fact 

(  1,     0,     0,     0  )  =  (  «M,     »«,     -«u,     -«u  ). 

0.     1,     0.     0 
i  0,    0,     1.    0 
'  0.    0.    0.     1 
and  the  two  matrices  will  be  equal,  term  by  tenn,  if  only 

that  is,  if  six  conditions  are  satisfied. 

19.     But  we  have  also  (a  matrix  and  its  reciprocal  being  convertible) 


(  1. 
0. 
0, 
0, 


0, 

1. 

0, 
0, 


0, 
0, 

1, 

0, 


0) 

0 

0 

1 


=( 


p. 

0, 

-n. 
-m, 


I. 
k. 


-A, 


-d  )(  a,  6, 


c 
6 
a 


e,   /, 

» .  j> 

m,    n, 


c, 

9- 
k, 

0. 


d) 

h 

I 

P 


{a,  e,  i,  m),  (b,  f,  j,  n),  (c,  9,  k,  0),  {d,  h,  I,  p) 


=  ( 
( 


(  - 
(  - 


p. 

0  , 

n  , 
m, 


I, 
k. 


-h, 

-9' 

/. 
e, 


-d) 

-c) 

b) 
a) 


>f 


it 


it 


» 


)> 


» 


it 


>» 


it 


» 


It 


It 


ft 


>» 


tt 


tt 
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which  is  in  fact 


(  1. 
0, 

0, 

0, 


0, 

1, 

0, 
0, 


0, 
0. 

1, 

0, 


0) 
0 

0 

1 


=( 


hi  9 
h3> 


hi9 
tn, 
tn. 


tu   ), 


and  we  obtain  for  the  equality  of  the  two  matrices  the  six  conditions 

l=Cl4  =  t2S>        v  =  Ci3  =  Cia  =  tj4  =  ^, 

equivalent  to  the  former  set  of  six  conditions. 

20.     We  obtain  from  either  set  of  conditions,  for  the  determinant  the  value 


V  = 


a ,    b,    c,    d  \  =  K^. 

i  ,    j,    h    I 
m,    n,    0,    p 


21.     Write 


(x,  y,  z,  w)^{a,  b,  c,  d  $Z,  7,  Z,  W);  (of,  y\  /,  ixl) 

e  9  fy  99   h 

i  9  j,  k,  I 

m,  n,  0,  p 


(a,  6,  c,  d\X\  r,  ^,   W'l 

i  9  39  h  I 
m,  n,  0,  p 


then  substituting  for  (x,  y,  z,  w)  {of,  y',  /,  v/)  their  values,  we  find 

^  +  y^-^-w;^  =  -(  ^1,  U,9    Uz9  Ua  $X  F,  Z,  F$Z',  F,  Z',  W% 

ha.  9     hii9     ^9  hi 

^9  ha9     Ui9  hi 

*41>  ^4S>        ^48  >  ^44 

(   .  .        .     -  1  $Z,  F,  Z,  TTJZ'.  F.  ^,  TT'). 

.  .    -1 


1    . 


=  XW  +YZ'-Zr-  WX'; 


and  similarly  writing 


{X.Y,Z,W)  =  (     p,      l,-h,-dj!c,y,z,w);{X',Y',Z',W')={    p,     I, -h, -djia/.y'./.n/). 

-c  I 

I 

I 

a  I 


p> 

I, 

-A, 

-d 

0  , 

k. 

'9y 

—  c 

-n, 

-j> 

.t\ 

b 

-m. 

m 

e, 

a 

0,      &,  -^r, 


—  m,  —  4  ,      e, 
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we  obtain  with  the  8  coefficients  the  equivalent  result, 

We  thus  see  conversely  that  the   Hermitian  matrix  is  in  fact  the  matrix  for  the  auto- 
morphic  transformation  of  the  function  aru/  +  yz'  —  zt/ —  wof. 

22.  Considering  any  two  or  more  matrices  for  the  automorphic  transformation  of 
such  a  function,  the  matrix  compounded  of  these  is  a  matrix  for  the  automorphic 
transformation  of  the  function— or,  theorem,  the  matrix  compounded  of  two  or  more 
Hermitian  matrices  is  itself  Hermitian. 


Article  No.  23.     Theorem  on  a  Form  of  Matrices. 

23.  I  take  the  opportunity  of  mentioning  a  theorem  relating  to  the  matrices 
which  present  themselves  in  the  arithmetical  theory  of  the  composition  of  quadratic 
forms.     Writing 


(-y)  =  (        .         ,         a      ,      a    ,6  +  y8)and.-.(X)-'=^^( 


-a      ,         .       ,  6-^,      c 

-(6  +  y8),      -c      ,    -7,      . 
where  D  =  ac  —  b^,  ^  =  ay  —  jS^;  and  similarly, 


D-A 


y      ,    -c  ,  6 -/J) 
-y     ,  ,  6  +  )8,    -a 

c      ,  -(6+y8),      .     ,       «: 
—  (6-/8),        a       ,     -a. 


X'=( 


-a'     , 


a'      ,  o'    ,  6'+/8')and.-.(Z')-' 

.        .  b'-ff.      c' 

-(b'-n  ■     .      7 

-c      .  -7   . 


i)'-A 


,( 


-7      . 

c'      . 

ib'-^. 


7'       .     -c',b'-ff) 
.        ,b'+^.    -a' 

(6'+/90,       .     .       a' 
a'      ,    —a ,     . 


where  ly  =  a'c'  -  6'',  A'  =  a'7'  -  /8'' ;  then 

(Z$Z')  +  (Z)  -  A)  (Zy  -  A')  (Z'-'$X-'), 
or,  what  is  the  same  thing, 

(XIX')  +  (i)  -  A)  (/y  -  A')  ((Z$Z'))- 
is  to  a  factor  pria  equal  to  the  matrix  unity ;   viz.  writing 

A  =  aa  +  26i8  +  C7  +  aV  +  26'y8'  +  cy\ 

the  foregoing  expression  is 

=  A(  1     .      .      .    ). 

.     1      .      . 

.      .     1     . 

...     1 

The   theorem   is   verified  \vithout  difficulty  by  merely  forming  the  expressions  of  the 
compound  matrices  (ZJZ')  and  (Z'~*$Z""*). 
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358. 


ADDITION    TO    THE    MEMOIR    ON    TSCHIRNHAUSEN'S 

TRANSFORMATION. 

[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol  CLVi.  (for  the 
year  1866),  pp.  97—100.     Received  October  24,— Read  December  7,  1866.] 

In  the  memoir  "On  Tschimhausen's  Transformation,"  Philosophical  Transax:ti(ms, 
voL  cui.  (1862),  pp.  561 — 568,  [275],  I  considered  the  case  of  a  quartic  equation:  viz. 
it  was  shown  that  the  equation 

(a,  6,  c,  d,  e\x,  1)*  =  0 
is,  by  the  substitution 

y  =  (aa:  + 6)5  + (flkr>  + 46a?  +  3c)  CH:  (aaH»  +  4&c»  + 6ca?+ 3d)  2), 

transformed  into 

(1,  0,  6,  D,  (S^y,  1)*  =  0 

where  (6,  I),  @)  have  certain  given  values.  It  was  further  remarked  that  (S,  2),  @) 
were  expressible  in  terms  of  IT,  H\  4>',  invariants  of  the  two  forms  (a,  6,  c,  d,  «$X,  Yy, 
{B,  C,  2)$7, -Z)^  of  /,  J,  the  invariants  of  the  first,  and  of  S\  ^BD-O,  the 
invariant  of  the  second  of  these  two  forms,  viz.  that  we  have 

6  =  6fr'  -  2/e', 
D  =  44>', 

e = /cr»  -  3^'» + /»e'«  +  \%r»ir + zrwH' ; 

and  by  means  of  these  I  obtained  an  expression  for  the  quadrinvariant  of  the  form 

(1,  0,  6,  D,  el^y,  1)*; 

viz.  this  was  found  to  be 

=  /  tr'«  +  J/*e'«  +  12/0'  IT, 
c.  V,  57 
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But  I  did  not  obtain  an  expression  for  the  cubin variant  of  the  same  function:  such 
expression,  it  was  remarked,  would  contain  the  square  of  the  invariant  4>';  it  was 
probable  that  there  existed  an  identical  equation, 

which  would  serve  to  express  ^'*  in  terms  of  the  other  invariants;  but,  assuming 
that  such  an  equation  existed,  the  form  of  the  factor  M  remained  to  be  ascertained; 
and  until  this  was  done,  the  expression  for  the  cubinvariant  could  not  be  obtained  in 
its  most  simple  form.  I  have  recently  verified  the  existence  of  the  identical  equation 
just  referred  to,  and  have  obtained  the  expression  for  the  factor  M\  and  with  the 
assistance  of  this  identical  equation  I  have  obtained  the  expression  for  the  cubin- 
variant of  the  form 

(1,  0,  S,  2),  e^y,  \y. 

The  expression  for  the  quadrinvariant  was,  as  already  mentioned,  given  in  the  former 
memoir:  I  find  that  the  two  invariants  are  in  fact  the  invariants  of  a  certain  linear 
function  of  U,  H\  viz.  the  linear  function  is  =  JTiZH-fO'-ff;  so  that,  denoting  by  /*, 
J*,  the  quadrinvariant  and  the  cubinvariant  respectively  of  the  form 

(1,  0,  6,  D,  (S5y,  ly, 
we  have 

where  /,  J  signify  the  functional  operations  of  forming  the  two  invariants  respectively. 
The  function  (1,  0,  6,  I),  @5y>  l)*i  obtained  by  the  application  of  Tschimhausen's 
transformation  to  the  equation 

(a,  6,  c,  d,  e\xy  1)*  =  0» 

has  thus  the  same  invariants  with  the  function 

U'U+  48'JJ=  Wia,  6,  c,  d.e^x,  1)*  +  46' (oc-  6«,  ad -be,  ci«  +  26d-.V,  be  -  cd,  ce  -  cfl^x,  If, 

and  it  is  consequently  a  linear  transformation  of  the  last-mentioned  function;  so  that 
the  application  of  Tschimhausen's  transformation  to  the  equation  17'=  0  gives  an 
equation  linearly  transformable  into,  and  thus  virtually  equivalent  to,  the  equation 

49' 
which  is  an  equation  involving  the   single   parameter    -jp  :   this  appears  to  me  a  result 

of  considerable  interest.  It  is  to  be  remarked  that  Tschimhausen's  transformation, 
wherein  y  is  put  equal  to  a  rational  and  integral  function  of  the  order  n  — 1  (if  n 
be   the  order  of  the  equation  in  x),  is  not   really  less  general  than  the   transformation 

wherein   y  is    put    equal    to    any  rational    function    -^    whatever   of   x;    such    rational 

function  may,  in  feet,  by  means  of  the  given  equation  in  x,  be  reduced  to  a  rational 
and  integral   function   of  the  order   n  —  1 ;  hence  in   the   present  case,  taking    F,  IT  to 
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be  respectively  of  the   order  n  — 1,  =3,  it   follows   that  the  equation  in  y  obtained  by 
the  elimination  of  x  from  the  equations 

(a,  6,  c,  d,  e^x,  1)*  =  0, 

^^_(«,  i8,7,  g$^,  ly 

y "  (a',  /s',  y,  h'\x,  \r ' 

is    a    mere    linear    transformation    of   the    equation    AU •{■  BH  =  0,    where    A,  B    are 
functions  (not  ae  yet  calculated)  of  (o,  b,  c,  d,  e,  a,  /8,  7,  8,  a',  ^,  7',  S*). 


Article  Nos.  1,  2,  3.    Investigation  of  the  idetitical  equation 

1.  It  is  only  necessary  to  show  that  we  have  such  an  equation,  M  being  an 
invariant,  in  the  particular  case  a  =  e  =  \,  b  =  d  =  0,  c  =  d,  that  is  for  the  quartic 
function  (1,  0,  $,  0,  Ija;,  IV;  for,  this  being  so,  the  equation  will  be  true  in  general. 
Writing  the  equation  in  the  form 

-  M&  =  i/''  {Jir  -  IE')  +  4ir'»  +  $'», 

and  observing  that  we  have 

U'  =  (B»  +  D')  +  20BD  +  4^C», 

fi' =  ^  (£»  +  D')  +  (1  + ^0  £2)  -  4^0, 

&=BD-  O, 

^' =  {1  -  9$')  C  (B' -  D'), 

I  =1  +  3^, 

J  =0-6', 
and  thence 

JU'  -IH'  =  -4,0^  {b*  +  !>)  +  {- 1  -20*-  5d*)  BD  + (80*  + 8$")  C, 

the  equation  becomes 

-iBD-C)M= 

{-  4,0' (B* +  ]>)  +  {- 1  -  20' -  50*)BD  +  (80»  +  80*)  C*}x{B*  +  D'  +  20BD  +  4^C»j» 

+  4  {^  (£>  +  />»>  + (1  +  ^)  £i)  -  4^0"}' 

+    (1  -  9^)»  (7»  {(5»  +  !)»>'-  4J5'2)»j . 
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2.  It    is   found   by  developing  that   the   right-hand   side    is   in   &ct    divisible   by 
BD  —  C*,  and  that  the  quotient  is 

=      (- 1  +  lOe*- 96*)  (B'  +  D'Y 

+  {Sd+ 160*- 24^)  {B'+D')BD 

+  (4  +  8^  +  4^  - 1 6^)  fi*/?* 

+  (_64^-192^)(fi'  +  2)')  O 

+  (160*  -  416^  - 112^)  BDC* 

+  (-128^  +  128^)0*. 

3.  This  is  found  to  be 

=  _  PU'*  +  12JU'H'  +  ilH'* 

-  SUV'S' 

-  16J*€i'\ 

which  is  consequently  the  value  of  —M.    We  have  therefore 

_$'»=         JU'*-IU'*H'  +  4'H'* 

+     (7»  V*  -  lldWH"  -  ilH'*)  & 
+    8IJVS'* 
+  leJ'S'*, 

which  is  the  required  identical  equation. 

Article  No.  4.    Calculation  of  the  Cubinvariant 

4.  We  have 

j»=iS.e-aa)'-(iD)' 

=    {H-\m')  {/i7'>-3ir''+(i2jjr  +  2/S')e'+/»e''} 

whence,  substituting  for  —  ^'*  its  value  and  reducing,  we  find 

J»  =  J-J7'  +  e' .  I  /'IT'  +  8''  (■^IJIT)  +  6''  (16J»  -  ^  /'). 

Article  No.  5.    Final  expressions  of  the  two  Invariants. 

The  value  of  /*  has  been  already  mentioned  to  be  I*  =  IU'*  +  S'12JU' +  S'*.iI', 
and  it  hence  appears  that  the  values  of  the  two  invariants  may  be  ^vritten 

/•  =  (/,  18/,  3/'3[ir,  §e')», 

j»  =  (J,  p,  9IJ,  -p+  -oij^\u',  fe')*. 
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But  we  have  (see  Table  No.  72  in  my  "Seventh  Memoir  on  Quantics,"  Philosophical 
Transactions,  voL  CLI.  (1861),  pp.  277—292,  [269]) 

I(aU+6fiH)  =  (I,  ISJ,  Sr$a,  fif, 
J(aU+6fiH)  =  {J,  I\  9IJ,  - /•  +  S^J^'J^a,  /3)>; 

so  that,  writing  a=U\  y8  =  §6',  we  have 

or  the  function  (1,  0,  6,  2),  @$y,  1)*  obtained  from  Tschimhausen's  transformation  of 
the  equation  U  =  0  has  the  same  invariants  with  the  function  U'U+4iS'H\  or,  what 
is  the  same  thing,  the  equation  (1,  0,  6,  2),  @$y,  1)*  =  0  is  a  mere  linear  trans- 
formation of  the  equation  jrtr+40-H'=  0;  which  is  the  above-mentioned  theorem. 
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A    SUPPLEMENTARY    MEMOIR   ON    CAUSTICS. 

[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol  CLvn.  (for  the 
year  1867),  pp.  7—16.     Received  November  15, — Read  November  22,  1866.] 

It  is  near  the  conclusion  of  my  "  Memoir  on  Caustics,"  Philosophical  Transactions, 
vol.  CXLVII.  (1857),  pp.  273 — 312,  [145],  remarked  that  for  the  case  of  parallel  rays  refracted 
at  a  circle,  the  ordinary  construction  for  the  secondary  caustic  cannot  be  made  use  of 
(the  entire  curve  would  in  fact  pass  off  to  an  infinite  distance),  and  that  the  simplest 
course  is  to  measure  off  the  distance  OQ  from  a  line  through  the  centre  of  the 
refracting  circle  perpendicular  to  the  direction  of  the  incident  raya  The  particular 
secondary  caustic,  or  orthogonal  trajectory  of  the  refracted  rays,  obtained  on  the  above 
supposition  was  shown  to  be  a  curve  of  the  order  8 ;  and  it  was  further  shown  (by 
consideration  of  the  case  wherein  the  distance  OQ  is  measured  off  fix)m  an  arbitrary 
line  perpendicular  to  the  incident  rays)  that  the  general  secondary  caustic  or 
orthogonal  trajectory  of  the  refracted  rays  was  a  curve  of  the  same  order  8.  The 
last-mentioned  curve  in  the  case  of  reflexion,  or  for  /t  =  —  1,  degenerates  into  a  curve 
of  the  order  6;  and  I  propose  in  the  present  supplementary  memoir  to  discuss  this 
sextic  curve,  viz.  the  sextic  curve  which  ia  the  general  secondary  caustic  or  orthogonal 
trajectory  of  parallel  rays  reflected  at  a  circle. 

1.  For  parallel  rays  refracted  at  a  circle,  taking  the  equation  of  the  circle  to  be 
0^4-^2  =  1,  and  the  incident  rays  to  be  parallel  to  the  axis  of  x,  then  if  x  =  m  be  an 
arbitrary  line  perpendicular  to  the  direction  of  the  incident  rays,  the  secondary  caustic 
is  the  envelope  of  the  circle 

^.{(a.-a)«  +  (y-y8)«}-(a?-m)«  =  0, 

where  (a,  /8)  are  the  coordinates  of  a  variable  point  on  the  refracting  circle,  and  as  such 
satisfy  the  equation  a'  +  )8'=l.  Or,  what  is  the  same  thing,  writing  a  =  cosd,  13  =  sin  By 
the  secondary  caustic  is  the  envelope  of  the  circle 

/i»  {(^  -  cos  d)«  +  (y  -  sin  d)«}  -  (a?  -  m)' =  0, 

where  ^  is  a  variable  parameter. 
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2.  The  equation  may  be  written 

Aco320  +  Bsm20  +  Cco90  +  D&m0  +  E=O, 
where 

^  =  1, 

5  =  0, 

C  =  4ifi*x  —  4m, 

D  =  4/i»y, 

E  =  -  2/i»  (a^  +  y»)  -  2^«  +  1  +  2m^ 

and  which  in  the  case  of  reflexion,  or  for  /*  =  —  !,  become 

^  =  1, 
5  =  0, 

C  =  4a?  —  4//1, 

2)=4y, 

viz.  the  equation  of  the  variable  circle  is  in  this  case 

cos2d  +  4(ic-w)cosd  +  4ysind  +  2m«-l-2(a:«  +  y*)  =  0.    • 

3.  Now  in  general  for  the  equation 

^  cos  2^+ ^sin 2^  + Ccos d  +  2) sin  d  + iS?  =  0, 

where   the  coefficients  are  any  functions  whatever  of  the  coordinates  (x,  y),  the  equation 
of  the  envelope  is  S*  —  iP  =  0,  where 

/S  =  12(il«  +  5')-3(C?  +  2)»)  +  4^, 
-r==27il(C?-.Z)«)+545Ci)-(72(il«  +  £»)4-9(C*+i)«))iS?  +  8iE;*. 

4.  Hence,  substituting  for  A,  B,  C,  D,  E  the  above  reflexion  values,  we  find 

S  =        12-48  {(x-^my  +  y*)  +  4  (2m»- 1  -  2a;»-  2y«)*, 
-r=     432  ((a? -  m)»  -  y«) 

-    72(l2  +  144((ic-m)«  +  y»))(2m*-.l-2ar'-2y0 
+      8  (2m»  -  1  -  2a;«  -  2y»)». 
Writing  in  these  equations 

(x  —  m)*  4-  y9  =  aja  4-  ys  —  27na:  +  m', 
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or,  what  is  the  same  thing, 

a?  =  2  co8»  d-  m  (2  cos«d- 1), 

y  —  8m0{2coB*0  +  1)  -  2»i  sin  ^  cos  d, 

or,  as  these  equations  may  also  be  written, 

a?  =  f  cos  ^  —  m  cos  2d  -f  J  cos  30, 
y  =  f  sin  d  —  m  sin  2d  +  J  sin  3ft 

6.  This  result  may  be  verified  by  showing  that  these  values  satisfy  the  equation 

cos  2d  +  4(a?  -  m)  cos  d  +  4y  sin  0  +  2m*-  1  -  2(a;»  +  y*)  =  0, 
and  also  the  derived  equation 

sin  2d  -f  2  (a?  -  m)  sin  d  —  2y  cos  d  =  0. 

We  in  fact  have 

a?  sin  d  —  y  cos  d  =       m  sin  d— J  sin  2d, 

a?  cos  d  +  y  sin  d  =  f  —  m  cos  d  +  J  cos  2d, 
and  thence 

(a?—  m)sin  d  — ycosd=  —  Jsin2d, 

which  is  one  of  the  equations  to  be  verified ;   and  also 

(a?  — m)cosd  +  ysin  d  =  f  —  2m  cos  d -f  J  cos  2d. 
We  have  moreover 

ar»  +  ya=  ^  +  m*-4mcos  d  +  f  cos  2d; 

and,  by  means  of  these  last  equations,  the  other  equation 

cos  2d  +  4  (a?  -  m)  cos  d  +  4y  sin  d  +  2m«  - 1  -  2  (a;»  +  y»)  =  0, 
is  also  verified. 

7.  The  foregoing  values  of  {x,  y)  give 

(ir  =  (-fsind  +  2msin2d-fsin3d)dd,  =-sin  2d(3cosd- 2m)rfd, 
dy  =  (    f  cosd-2mcos2d  +  fcos3d)dd,  =     cos2d(3co8d- 2m)rfd, 

or,  what  is  the  same  thing,  dx  :  dy  =  —  sin  2d  :  cos  2d. 

Hence  taking  for  a   moment  {X,  Y)  as  the  current  coordinates  of  a  point  in  the 
tangent  of  the  envelope,  the  equation  of  the  tangent  of  the  envelope  is 

Xdy        —  Ydx  =  xdy^-ydx, 

or,  substituting  for  x^  y,  dx,  dy  their  values,  this  equation  takes  the  very  simple  form 

Zcos2d-  Fsin2d-2cosd  +  m  =  0, 


C.    V. 
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or    writing    (x,    y)    in    place    of   (X,    T),    that    is   taking    now   (x,  y)  as    the    current 
coordinates  of  a  point  in  the  tangent,  the  equation  of  the  tangent  is 

d;co6  2^-y8in2^-2co60  +  maBO; 

whence   observing  that  this  equation  may  be  expressed  as   a  rational  equation  of  the 

fourth  order  in  terms  of    the  parameter    tan  ^  (or  cos  0  +  V  -  1  sin  0),   it  appears  that 
the  class  of  the  secondary  caustic  is  ss  4. 

8.     The  secondary  caustic  may  be  considered  as  the  envelope   of  the   tangent,  and 
the  equation  be  obtained  in  this  manner.     Comparing  with  the  general  equation 

ilco6  2^  +  i)sin2d  +  Ccos0  +  2>sin0  +  £sO, 
we  have 


A»    X, 

B^-y, 

C 2. 

Z)-     0, 

E  ^    m, 

and  thence 

S=4{3(a!»  +  y»)  +  m*-3}, 

T  «  4  {18m  (a:«  +  y«)  -  27a:-  2m»+  9m}, 
giving 

if  for  a  moment 

F=  4  {3  (ir»  +  y»)  +  m» -  3}»  -  {18m(a!»  +  f)-  27ic-  2m»  +  9m)» 

The  equation  of  the  curve  is  thus  obtained  in  the  form  F=0;  this  should  of 
course  be  equivalent  to  the  before-mentioned  equation  U^O;  and  by  developing  F, 
and  comparing  with  the  second  of  the  two  expressions  of  {7,  it  appears  that  we  in 
fact  have  V=27U. 


9.  Taking  as  parameter  tan  ^d,  or  if  we  please  cos  ^  +  V  —  1  sin  d,  the  foregoing 
values  of  (x,  y)  in  terms  of  0  give  (a?,  y,  1)  proportional  to  rational  and  integral 
functions  of  the  degree  6  in  the  parameter;  so  that  not  only  the  curve  is  a  sextic 
curve,  but  it  is  a  unicursal  sextic,  or  curve  of  the  order  6  with  the  maximum  number, 
=  10,  of  nodes  and  cusps;  that  is,  if  S  be  the  number  of  nodes  and  k  the  number 
of  cusps,  we  have  8  + « =  10.  Moreover,  introducing  the  same  parameter  into  the 
equation  of  the  tangent,  this  equation  is  seen  to  be  of  the  degree  4  in  the 
parameter;  that  is,  the  class  of  the  curve  is  =4:  this  implies  2S  +  3ic=s26,  and  we 
have  therefore  S  ■■  4,  « =  6.  To  verify  these  numbers,  it  is  to  be  remarked  that  it 
appears  by  the  equation  of  the  curve  that  there  is  at  each  of  the  circular  points  at 
infinity  a  triple   point   in   the   nature   of   the    point   a:  =  0,  y  =  0   on    the    curve   y*  =  ir*; 
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such  a  point  is  in  fact  equivalent  to  a  node  and  two  cusps,  and  we  have  thus  the 
two  circular  points  at  infinity  counting  together  as  2  nodes  and  4  cusps;  there 
should  therefore  besides  be  2  nodes  and  2  cusps,  and  I  proceed  to  establish  the 
existence  of  these  by  means  of  the  expressions  for  (x,  y)  in  terms  of  0, 

10.  To  find  the  cusps,  we  have 

doc 

2^  =  -sin2^(3cosd-2m)  =  0, 

^1=    cos  2d  (3  cos  ^  -  2m)  =  0, 

which  are  each  of  them  satisfied  if  only  3  cos  d  —  2m  =  0,  or  cos  d  =  J  m ;  the  corre- 
sponding values  of  {x,  y)  are  found  to  be 

x^m-^m^    y=±(l-f  m«)*, 

and  we  have  thus  two  cusps  situate  symmetrically  in  regard  to  the  axis  of  x;  the 
cusps  are  real  if  m<|,  imaginary  if  m>f;  for  m  =  f,  the  two  cusps  unite  together 
at  the  point  a7=J  on  the  axis  of  a?,  giving  rise  to  a  higher  singularity,  which  will  be 
further  examined,  post,  No.  12. 

11.  The  curve  is  symmetrical  in  regard  to  the  axis  of  x,  and  hence  any  inter- 
section with  the  axis  of  x,  not  being  a  point  where  the  curve  cuts  the  axis  at  right 
angles,  will  be  a  node.     Hence,  in  order  to  find  the  nodes,  writing  y  =  0,  this  is 

sin  d(l  -  2wcos d  +  2 co8«d)  =  0, 

giving  sind  =  0,  that  is, 

d  =  0,    a?=     2-m; 
or 

d  =  7r,    «?  =  —  2  —  m; 

but  these  are  each  of  them  ordinary  points  on  the  axis  of  x;  or  else  giving 

1  -  2m  cos  d  +  2  co8«  d  =  0, 
that  is 

cos  d  =  i  (m  ±  Vm*  -  2). 

The  corresponding  values  of  x  are 

a?  =  cos  d  (2  cos*  d  —  2m  cos  d)  +  m,  =  m  —  cos  d,  =  J  (m  T  Vm*  —  2)  ; 
each  of  the  points  in  question,  viz.  the  points 

a?  =  J  (m  T  Vm"  -  2),     y  =  0, 

is  a  node  on  the  axis  of  x, 

58—2 
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12.  It  is   to   be    obeerved  that    for  m  <  V2    the    nodes   are    both    imaginary ;    for 

m  =  V2  they  coincide   together  at   the  point  a?  =  -p  ;    for  m  >  V2  they  are    both    real : 
it  is  to  be  further  noticed  that 

node,  a?  =  J (m  +  Vm*  —  2),  corresponds  to  cos 0^\(ya^  Vm*  —  2), 

where  (m  being  >  V2)  the  point  (cos  tf,  sin  d)  is  a  real  point  on  the  circle  «"  +  y*  =  1 ; 
in  feet  for  m<\  (that  is,  w=:V2  to  m  =  |)  we    have   J(m  — Vm*  — 2)  <  Jm,    that    is, 

cosd<f ;   but  m  =  or  >},  then  cosd  =  i  (m- Vm*-2)=       —. is  =  or  <\,  and 

m  +  V  !»•  —  2 

node,  a?  =  J  (m  -  Vm»-  2),  corresponds  to  cos  ^  =  J(m  +  Vm»  -  2), 

where  (m  being  >  V2)  the  point  (cos  d,  sin  tf)  is  a  real  point  on  the  circle  «■  +  y*  =  1  so 
long  as  m  is  not  >  f ,  that  is,  from  m  =  ^2  to  m  =  | ;  but  if  m  >  |,  then  the  point  m 
question  is  an  imaginary  point  on  the  circle — whence  also  the  node  a?=s|^(m  — Vi»*-2) 
is  an  acnode  or  isolated  point. 

In  the  case  ni»f  we  have 

node,  ic«l,  corresponding  to  C08d  =  J  or  ^  =  60^ 

It     ic  =«  i,  »  cos  ^  =  1  or  ^  =  C, 

the   last-mentioned  point  x^\  being  in  feet  the  point  of  union  of  two  cusps  in  the 

case  m  =  f  now  in  question.      Hence  in   this    case  we    have  at  («™i,  y  =  0)  a  triple 

point  equivalent  to  two  cusps  and  a  node;  visibly,  there  is  only  a  single  branch 
cutting  the  axis  of  x  at  right  angles. 

In  the  case  m  =  V2,  the  nodes  coincide  as  above  mentioned  at  the  point  ^=75 
on  the  axis ;   for  this  value  of  m  the  coordinates  of  the  cusps  are 

a:=i|V2(=f^-f-V2,  which  is  <1^V2);   y=:±^. 

13.  Starting  from  the  equation  1024  (a?- ?n)»  tT^S^-T^^O,  it  is  clear  that  the 
cusps  are  included  among  the  intersections  of  the  curves  jS=sO,  7=0:  these  two 
curves  intersect  in  24  points  which  lie  9  +  9  at  the  circular  points  at  infinity,  2  +  2  at 
the  points  a?  =  m,  y*  — 1  =0,  and  1  +  1  are  the  cusps,  or  points  a?«:m  —  ^m*,y*  =  (l —|w')*. 
To  verify  this,  writing  for  a  moment 

5'=     (ir«  +  y«-m«-iy+    6m(a?-??i), 

!r  =  2(a;«  +  y*-m*-l)»  +  18m(a?-m)(«»  +  y»-m»-l)-27(«-i»)*, 
then  we  have 

r-2(ic»  +  y2-m«-l)S'  =  6m(a;-7H)(ic»  +  y*-m«-l)-27(«-m)«, 

=  3(a;-??0{2m(ic»  +  y»-m"-l)-9(a?-m)}; 
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so  that  the  actuations  5  =  0,  r  =  0,  or,  what  is  the  same  thing,  /8r  =  0,  T^O  give 

(a?-m){2m(a^  +  y«-m«-l)-9(a7-m)]=0, 

9 

that  is,  a?  — m  =  0,  or  else  a^  +  y'  — m'  — 1  =  ^— (a?  — w).      And    combining    herewith    the 

equation  /S'  =  (a:'  +  y'  — ?n'— l)'  +  6m(a?  — m)  =  0,  we  have  «  — in  =  0,  (y»  — 1)*  =  0,  or  else 

81 
(a;*  +  y*  —  m*  —  \y^—-{x  —  mf  =  6m  (a?  -  m), 

and  therefore 

^^  "  "'^  i  ^^^  (a^  -  "»)  -  8ni»}  =  0. 

the  second  factor  of  which  gives  x=im-"^m\  and  thence  a::*  +  y*  —  m*  —  1  =  —  J m*,  that 
is,  a;*  +  y*  =  1  — ^m',  and  therefore  y'  =  (l  —  Jm')  — (w  — ^m*)*,  =(1— fm*)*,  that  is,  we 
have 

x^m-^m\    y»  =  (l-^w«)», 
which,  as  appears  above,  gives  the  two  cusps. 

14.     Similarly,  in   the    equation   16F=/S»*— T*=0,  the    intersections    of   the    curves 
/S  =  0,  T=0  must  include  the  cusps;  the  curves  in  question  are  the  two  circles 

3(ar»  +  y«)  +  m«-3=:0, 
18?n  (a^  +  y*)  -  27a7  -  2m»  +  9m  =  0, 

meeting  in  the  circular  points  at  infinity,  and  in  the  two  cusps.  It  is  to  be  added 
that  the  tangent  at  the  cusps  coincides,  with  the  tangent  of  the  last-mentioned  circle, 

18m  (ar»  +  y«)  -  27a?-  2m»  +  9m  =  0, 

or,  as  this  may  also  be  written, 


(         3\«       .     /4m»-9V 


15.     The  axis  of  x  meets  the   secondary  caustic  in   the   two  nodes  counting  as  4 

intersections,    and   besides    in    2    points,  viz.    the    points   a?=s2  — m,  a?  =  — 2  — m;    these 

correspond  to  the  values   ^  =  0  and  ^  =  7r  respectively.     But  to  verify  them   by  means 

of  the  equation 

16F=iS*-T*  =  0 

of  the  curve,  it  may  be  remarked  that  for  y  =  0  we  have 

/S  =  4(3«»  +  m«-3),     r=4(18ma;»-27a?-2m»+9m); 

and  writing  herein  a?  =  ±  2  —  m,  we  find 

S  «  4  (2m  T  3)»,  T  =  8  (2m  T  3)», 

values  which  satisfy  the  equation  S*  — 2^  =  0. 
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16.  In  the  equation  (7  =  0  of  the  curve,  writing  x-^m^O,  the  equation  becomes 
that  is 

4(y'-i)'(y'-i  +  ^0  -0,. 

and  the   line  (:r  — 7/i)  =  0  is  thus  a   double    tangent  to  the  curve,  touching   it  at  the 

points  x^m,  y  =  ±l,  and  besides  meeting  it  at  the  points  x^m,  y«*±Vl--«*,  that 
is,  at  the  intersections  of  the  line  :r  —  m  —  0,  with  the  circle  «*  +  ^ » 1. 

17.  The  maximum  or  minimum  values  of  y  correspond  to  the  values  0^^, 
6  =  }^,  0  =  f  ^,  ^  =  Jtt  of  6\  and  we  have  for 

e^lir,    x  =  -\^,    y=     V2  +  m, 

e^iw,    x^     \^X    y^'-'s/i+m. 

18.  It  is  now  easy  to  trace  the  secondary  caustic;  we  may  withoat  ioas  of 
generality  assume  that  m  is  positive,  and  the  values  to  be  considered  are 

m  =  0,    7^1  =  1,    m«V2,    marf, 

with  the  intermediate  values  m>0<l,  &c  ...  and  m>|.  I  have  for  oonvenienoe 
delineated    in   the  figure  only  a  portion   of  each   curve,  viz.  the   figure  is  termiiiAted  at 

the  negative  value  a;ss  — ^V2,  which  corresponds  to  the  maximum  value  y^^/i'^m; 
as  X  increases  negatively,  the  value  of  the  ordinate  y  diminishes  continuoiady  from 
this  maximum  value,  becoming  =0  for  the  value  a?»  — 2  — m,  and  the  curve  at  this 
point  cutting  the  axis  of  x  at  right  angles ;  this  is  a  sufficient  explanation  of  the 
form  of  the  curves  beyond  the  limits  of  the  figure.  Moreover  the  curve  is  symmetrical 
in  regard  to  the  axis  of  x,  and  I  have  within  the  limits  of  the  figure  delineated 
only  one  of  the  two  halves  of  the  curve. 

19.  For  m  >  f  the  cusps  are  both  imaginary,  the  nodes  both  real,  but  one  of 
them  is  an  isolated  point  or  acnode  (shown  in  the  figure  by  a  small  croes).  The 
curve  has  an  interior  loop,  as  shown  in  the  figure,  and  there  is  also  the  acnode  lying 
within  the  loop. 

For  7/1  =  f ,  there  is  still  an  interior  loop,  but  the  acnode  has  united  itself  to  the 
loop,  the  point  of  union,  although  presenting  no  visible  singularity,  being  really  a 
triple  point  equivalent  to  a  node  and  two  cusps.  And  in  all  the  cases  which  follow 
there  are  two  real  cusps. 
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In  all  the  above  forms  the  double  tangent  x=^m  touches  the  curve  at  the  points 
y  =  ±  1,  but  the  other  two  intersections  of  the  double  tangent  with  the  curve  are 
imaginary. 

For  msl»  the  double  tangent  has  the  two  coincident  real  intersections  y  —  0,  or 
it  is  in  fact  a  triple  tangent 

For  m  <  1  >  0,  the  double  tangent  has  with  the  curve  two  real  intersections,  viz. 
they  are  the  points  where  the  double  tangent  meets  the  circle  j^  +  y*  =  l. 

And  finally,  for  m  =  0,  the  points  in  question  unite  themselves  with  the  points  of 
contact,  the  double  tangent  x^O  being  in  this  case  the  common  tangent  at  the  two 
cusps  «  =  0,  y««  ±  1. 


Added  May  13,  1867. 

20.  As  remarked  in  the  original  memoir,  p.  312,  the  secondary  caustic,  in  the 
last-mentioned  case  msO,  is  a  curve  similar  to  and  double  the  magnitude  of  the 
caustic  itself  (viz.  the  caustic  for  parallel  rays  reflected  at  a  circle),  the  position  of 
the  two  curves  differing  by  a  right  angle. 

The  secondary  caustics  corresponding  to  the  different  values  of  m  form,  it  is  clear, 
a  system  of  parallel  curves;  and,  by  the  remark  just  referred  to,  it  appears  that  this 
system  is  similar  to  the  8]rstem  of  curves  parallel  to  the  caustic  for  parallel  rays 
reflected  at  a  circle. 
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NOTE   ON    A    QUARTIC    SURFACE. 

[From  the  Philosophical  Magazine,  vol  xxix.  (1865),  pp.  19 — 22.] 

It  would,  I   think,  be  worth   while  to  study  in   detail   the    quartic   surface   which 
is   the  envelope  of  a  sphere   having  its  centre  on  a  given   conic,  and  passing  through 

a  given  point.     The   equations  of  the  conic  being  z  =  0,    a  +  'L"^'   ^^®  coordinates  of  a 

point  on  the  conic  may  be  taken  to  be  a?  =  a  cos  ^,  y  =  6  sin  ^,  z  =  0,  whence,  if  (a,  /8,  7) 
be  the  coordinates  of  the  given  point,  the  equation  of  the  sphere  is 

(a:  -  a  cos  ^)' -I- (y  -  6  sin  Oy  +  z^  =  (a-  acos  0y  +  {0  -b  sinOy  +  ff, 

or,  what  is  the  same  thing, 

^  +  y2  4.^2-a2_^2_yj_2(a?-a)acos^-2(y-i8)6sin^  =  0; 

and  hence  the  equation  of  the  surface  is  at  once  seen  to  be 

If  a  =  6  (that  is,  if  the  conic  be  a  circle),  then  we  may  without  loss  of  generality 
write  )8  =  0,  and  the  equation  then  is 

(aj*  +  y'  +  ^«-  a«  - 7«)2  =  4a*  {(x  -  a)*  +  y*j. 
This  may  be  written 

(a^  +  y^  +  z^-a!'  -  7*  -  2a^y  =  -8a»a  fa?  -  Og  )  ' 

which,  considering  ^  as  a  constant,  is  of  the  form 

(cc'  +  y*'-  ay  =  1 6il  (a:  -  m) ; 

that  is,  the  section  of  the  surface  by  a  plane   parallel  to   the   plane   of  the  conic  is  a 
Cartesian. 

C.  V.  59 
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If  a  and  6  are  unequal,  but  if  we  still  have  /d  =  0,  the  equation  of  the  sur&oe  is 

There  are  here  two  planes  parallel  to  the  plane  of  the  conic,  each  of  them  meeting 
the  surface  in  a  pair  of  circles.  In  fitct,  writing  ^  +  y  =  />,  and  therefore  also  y«  =  />  — 4^, 
putting  moreover  -g*  —  a*  — 7*  =  X:,  we  have 

(/>  + Jfc)»=  4aV-8a«CM;  +  4aV +46*(/>-«*); 
that  is, 

or,  as  this  may  also  be  written, 

(1,4(6^-0').    ifc*-4aV,    4a^,    ib-26»,    0$/),  «,!)«=  0, 
which  is  of  the  form 

(a,         6      ,  c        ,      /  ,        g     ,    0$/),  x,  1)^  =  0; 

and  the  left-hand  side  will  break  up  into  factors,  ectch  of  the  form  p  +  Ax  -hB  (so  that, 
equating  either  fiEhctor  to  zero,  we  have  p-^Ax  +  B^O,  that  is,  «'  +  y*-f-4.a: 4-^  =  0,  the 
equation  of  a  circle),  if  only 

Writing  this  under  the  form  6  (oc  —  ^f*)  —  a/^  =  0,  and  substituting  for  a,  6,  c,  /,  g  their 
values,  we  have 

6«4(6»-a«),    ac-5f»  =  ifc*-4oV-(ib-26»)»,   =4(W--6*-aW),    af"=16aW, 

and  therefore  the  condition  is 

that  is, 

6»  ((6»-a*) {k -  6«)-  aV}  =  0. 

If  6^a»0,  the  surface  is  a  pair  of  spheres;  rejecting  this  fector,  we  have  (6'— a*)(A:*— 6*)— «^=^J 
or  putting  for  k  its  value,  the  condition  becomes 

that  is,  for  each  of   the   values  of  z  given   by  this  equation,  the    section   by  a  plane 
parallel  to  the  plane  of  the  conic  will  be  a  pair  of  circles. 

The  plaiieB  in  question  will  coincide  with  the  plane  of  the  conic,  if  only 

(6«-a«)(a*  +  7'  +  6")  +  aV  =  0, 
what  is  the  same  thing, 

a? ^=1.  The 

if  the  point  (a,  0,  7)  be  situated  on  the  hyperbola    y  =^  0.  ^zi  V     ^ 

a?     V*  .      Aoav   conica  Va  ^W^ 

la  in  question  and    the  ellipse  -z;  =  0,  -,+  |^  =  l,  slt^^  \\,\^  cveax, 
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at  right  angles  to  each  other,  having  the  transverse  axes  coincident  in  direction,  and 
being  such  that  each  curve  passes  through  the  foci  of  the  other  curve ;  or,  what  is 
the  same  thing,  they  are  a  pair  of  focal  conies  of  a  system  of  confocal  ellipsoids. 

The  surface  in   the   case  in   question,  viz.  when   the   parameters  a,  6,  a,  P  are  con- 
nected by  the  equation 

^ t^^ 

is  in  fact  the  "  Cyclide  "  of  Dupin.     It  is  to  be  noticed  that  we  have  here 

(a  -  a  cos  0y+  6»  sin»^  +  7»=  a'  +  7*  +  6*  -  2aacos  ^+  (a«  -  6»)cos«  0 ; 

which,  observing  that  at*  +  7*  +  6*  is  =  — — r-j ,  gives 


so  that  the  radius  of  the  variable  sphere  is 


=  Va*-6*cos^- 


aa 


Va^  -  6* 


If  the  variable  sphere,  instead  of  passing  through  the  point  (a,  0,  7)  on  the  hyperbola, 
be  drawn  so  as  to  touch  a  sphere  of  radius  I,  having  its  centre  at  the  point  in 
question,  then  the  radius  of  the  variable  sphere  would  be 


which  is  in  fact 


V  a*  -  6« 


a»  -  6^  COS  ^  - 


Va^  -  6" ' 


if    only  a'  =  aH ;    hence    if   7'   be   the    corresponding   value   of   7,   the   variable 

sphere  passes  through  the  point  (a',  0,  7')  on  the  hyperbola,  and  the  envelope  is  still 
a  cyclide.  The  cyclide  as  derived  from  the  foregoing  investigation  is  thus  the  envelope 
of  a  sphere  having  its  centre  on  the  ellipse,  and  touching  a  fixed  sphere  having  its 
centre  on  the  hyperbola.  It  also  appears  that  there  are,  having  their  centres  on  the 
hyperbola,  an  infinite  series  of  spheres  each  touched  by  the  spheres  which  have  their 
centre  on  the  ellipse ;  if,  instead  of  one  of  these  spheres  we  take  any  four  of  them, 
this  will  imply  that  the  centre  of  the  variable  sphere  is  on  the  ellipse,  and  it  is  thus 
^een  that  the  cyclide  as  obtained  above  is  identical  with  the  cyclide  according  to  the 
original  definition,  viz.  as  the  envelope  of  a  sphere  touching  four  given  spheres. 

Cambridge,  December  5,  1864. 

59—2 
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ON    QUARTIC    CURVES. 


[From  the  Philosophical  Magazine,  vol.  xxix.  (1865),  pp.  105 — 108.] 

The  expression  'an  oval'  is  used,  in  regard  to  the  plane,  to  denote  a  closed  curve 
without  nodes  or  cusps;  and,  in  regard  to  the  sphere,  it  is  assumed  moreover  that  the 
oval  is  a  curve  which  is  not  its  own  opposite,  and  does  not  meet  the  opposite  curve  0)^ 
that  is,  that  the  oval  is  one  of  a  pair  of  non-intersecting  twin  ovals.  I  say  that 
every  spherical  curve  of  the  fourth  order  (or  spherical  quartic)  without  nodes  or  cusps 
may  be  considered  as  composed  of  an  oval  or  ovals  \ying  wholly  in  one  hemisphere 
(that  is,  not  cutting  or  touching  the  bounding  circle  of  the  hemisphere),  and  of  the 
opposite  oval  or  ovals  lying  wholly  in  the  opposite  hemisphere ;  or,  disregarding  the 
opposite  curves,  that  it  consists  of  an  oval  or  ovals  Ij^ing  wholly  in  one  hemisphere. 
And  this  being  so,  the  (juartic  cone  having  its  vertex  at  the  centre  of  the  sphere  is 
met  by  a  plane  parallel  to  that  of  the  bounding  circle  in  a  plane  quartic  curve  con- 
sisting of  an  oval  or  ovals ;  and  thence  every  plane  quartic  is  either  a  finite  curve 
consisting  of  an  oval  or  ovals,  or  else  the  projection  of  such  a  curve. 

Considering  first  the  case  of  the  plane,  a  line  in  general  meets  the  oval  in  an  even 
number  of  points  (the  number  may  of  course  be  —  0) ;  hence  as  the  point  of  contact 
of  a  tangent  reckons  for  two  points,  the  tangent  at  any  point  of  the  oval  again  intersects 
the  oval  in  an  even  number  of  points  (this  number  may  of  course  be  =0).  The  number 
of  points  of  intersection  by  the  tangent  (the  point  of  contact  being  always  excluded)  is 
either  evenly  even,  and  the  point  is  then  situate  on  a  convex  portion  of  the  oval;  or 
it  is  oddly  even,  and  the  point  is  then  situate  on  a  concave  portion  of  the  ovaL 
Now  imagine  that  the  oval  is  (or  is  part  of)  a  quartic  curve ;    the  number  of  points 

^  The  notions  of  opposite  curves,  Ao.  are  fally  developed  in  the  excellent  Memoir  of  Mobias,  '*Ueber  die 
Gfundfonnen  der  Linien  der  dritter  Ordnang,''  Ahh.  der  K.  Sdchs.  Get.  zu  Leipzig^  vol.  i.  (1852),  to  which  I 
hun  diewhere  frequently  referred. 
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of  intersection  by  the  tangent  is  =  0  or  else  =  2 ;  and  there  is  at  least  one  portion 
of  the  oval  for  which  the  number  of  intersections  is  =0;  for  otherwise  the  oval  would 
be  concave  at  every  point,  which  is  impossible.  Hence  there  is  a  tangent  which  does 
not  meet  the  oval  (except  at  the  point  of  contact),  and  we  may  in  the  immediate 
neighbourhood  of  the  tangent  draw  a  line  which  does  not  meet  the  oval  at  all. 

Precisely  the  same  considerations  apply  to  the  case  of  an  oval  which  is  part  of 
a  spherical  quartic,  the  tangent  being  of  course  a  gi-eat  circle ;  and  the  conclusion 
arrived  at  is  that  there  exists  a  great  circle  which  does  not  meet  the  oval  at  all ; 
that  is,  the  oval  lies  wholly  in  one  hemisphere. 

I  remark  that  the  demonstration  would,  as  it  ought  to  do,  fail,  if  we  attempted 
to  apply  it  to  an  oval  portion  of  a  spherical  sextic;  the  tangent  circle  meets  the  oval 
in  a  number  of  points  which  is  =  0,  2,  or  4 ;  and  the  number  cannot  be  for  every 
tangent  circle  whatever  =  2 ;  but  there  is  nothing  to  prevent  it  from  being  for  every 
tangent  circle  whatever  =2  or  4.  Hence  we  cannot,  for  every  spherical  sextic,  obtain 
a  tangent  circle  not  meeting  the  oval  except  at  the  point  of  contact ;  and  consequently 
we  do  not  obtain  in  the  immediate  neighbourhood  of  the  tangent  a  circle  which  does 
not  meet  the  oval  at  all.  And  in  fact  such  circle  does  not  in  every  case  exist;  that 
is,  tlie  oval  portion  of  a  spherical  sextic  does  not  in  every  case  lie  in  a  hemisphere. 

It  has  been  shown  that  the  oval  portion  of  a  spherical  quartic  lies  in  a  hemi- 
sphere ;  but  we  have  to  consider  the  case  where  the  quartic  consists  of  two  or  more 
ovals.  To  fix  the  ideas,  let  A,  A'  be  a  pair  of  opposite  ovals,  and  5,  S  another  pair 
of  opposite  ovals,  components  of  the  same  spherical  quartic.  If  there  exists  a  tangent 
circle  of  A  which  does  not  meet  5,  then  there  exists  in  the  immediate  neighbourhood 
of  the  tangent  circle  a  circle  which  does  not  meet  either  A  ox  B\  and  we  may  assume 
that  A  and  B  lie  on  the  same  side  of  this  circle;  for  if  B  were  on  the  side  opposite 
to  A,  then  B  would  be  on  the  same  side  with  A ;  and  we  have  only,  instead  of  5, 
to  consider  the  opposite  oval  Bl.  Hence  we  may  consider  that  the  ovals  A  and  B  lie 
on  the  same  side  of  the  circle ;  that  is,  we  have  a  spherical  quartic  consisting  of  or 
comprising  the  ovals  A  and  B  in  the  same  hemisphere :  the  two  ovals  are,  it  is  clear, 
external  each  to  the  other. 

But  every  tangent  of  A  may  meet  B  in  two  points;  consider  the  whole  spherical 
figure,  and  suppose  that  the  tangent  (or  say,  the  tangent  circle)  of  A,  A'  meets  the 
ovals  By  B  in  the  points  K,  L  and  the  opposite  points  K\  L' :  then  considering  the 
tangent  circle  as  moving  round  A,  A'  until  it  returns  to  its  original  position,  the 
points  K,  i,  K\  L'  are  always  four  distinct  points ;  and  K  and  some  one  (say  L)  of 
the  two  points  i,  L'  will  describe  the  same  oval,  say  the  oval  B\  while  the  opposite 
points  K\  L  will  describe  the  opposite  oval  B\  We  have  here  the  oval  A  included 
in  the  oval  B  (and  of  course  the  opposite  oval  A'  included  in  the  opposite  oval  B\ 
But  the  oval  5,  quA  portion  of  a  spherical  quartic,  lies  wholly  in  one  hemisphere; 
hence  the  two  ovals  A,  B  lie  wholly  in  one  hemisphere.  It  is  easy  to  see  that  there 
is  not  in  this  case  any  other  portion  of  the  spherical  quartic,  but  that  the  two  ovals 
A,  B  are  the  entire  curve. 
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NOTE    ON    LOBATSCHEWSKY'S    IMAGINARY    GEOMETRY. 


[From  the  Philosophical  Magazine,  vol.  xxix.  (1865),  pp.  231 — 233.] 

Writing  down  the  equations 

1  _    _  cos  A  +  cos  B  cos  C 

'  "7  ~"  COS  a  —      :   ^  :  jz  , 

cos  a  sm  B  sm  C 

1  ,      cos£  +  co8  Cco8-4 

-,  =  cos  0  = 


cos  6'  sin  Csiu  A        ' 

1     _  _  cos  (7+ cos -4  cos  5 

'  > ""  cos  C  —  ;       z     •      f>  I 

cos  c  Sin  ^  sm  ^ 

where  A,  B,  G  are  real  positive  angles  each  <^7r:  first,  if  ^  +5  +  C>7r,  then  a,  6,  c 
are  real  positive  angles  each  less  than  ^tt  (this  is  in  fact  the  case  of  a  real  acute- 
angled  spherical  triangle),  but  a,  V,  d  are  pure  imaginaries  of  the  form  pti,  g'i,  ri 
(where  %!,  q\  /  are  real  positive  quantities ;  and  secondly,  if  -4  +  5  +  C  <  tt,  then  a,  b,  c 
are  pure  imaginaries  of  the  form  pi,  qi,  ri  (where  p,  q,  r  are  real  positive  quantities), 
but  a',  V,  c'  are  real  positive  angles  each  less  than  ^tt.  Hence  assuming  A-\-B-¥G<ir 
and  writing  ai,  bi,  ci  in  place  of  a,  b,  c,  the  system  is 

1  .     cos  -4  -f  cos  £  cos  C 

=  cos  at  = r  -jy—. — ^ —  , 

cos  a  sm  BsiaC 

1  , .     cos  B  +  cos  C  cos  A 

-,  =  cos  01  = 


COS  6'  sin  G  sin  A 

1  .     cos  (7  4- cos -4  cos  5 


-  =  cos  a  =  '      A    •     n 

COS  c  sm  A  sm  B 
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which  equations  (if  only  we  write  therein  ^Tr  — a',  J^tt  — 6',  ^Tr— (/  in  place  of  a',  6',  c' 
respectively)  are  in  fact  the  ei)  nations  given  under  a  less  symmetrical  form  in  the 
curious  paper  "  G^m^trie  Imaginaire "  by  N.  Lobatschewsky,  Rector  of  the  University 
of  Kasan,  Crelle,  vol.  xvii.  (1837),  pp.  295—320.  The  view  taken  of  them  by  the 
author  is  hard  to  be  understood.  He  mentions  that  in  a  paper  published  five  yeais 
previously  in  a  scientific  journal  at  Kasan,  after  developing  a  new  theory  of  parallels, 
he  had  endeavoured  to  prove  that  it  is  only  experience  which  obliges  us  to  assume 
that  in  a  rectilinear  triangle  the  sum  of  the  angles  is  equal  to  two  right  angles,  and 
that  a  geometry  may  exist,  if  not  in  nature  at  least  in  analysis,  on  the  hypothesis 
that  the  sum  of  the  angles  is  less  than  two  right  angles ;  and  he  accordingly  attempts 
to  establish  such  a  geometrj%  viz.  a,  6,  c  being  the  sides  of  a  rectilinear  triangle, 
wherein  the  sum  of  the  angles  -4+5  +  0  is  <7r,  and  the  angles  a',  b',  c  being 
calculated  from  the  sides  by  the  formulae 

1  ,,1  ,1 

cos  a  = . ,     cos  6  =  — f-. ,     cos  c  = 


cos  ai '  cos  bi '  cos  ci 

(I  have,  as  mentioned  above,  replaced  Lobatschewsky's  a\  b\  c'  by  their  complements): 
the  relation  between  the  angles  A,  B,  C  and  the  subsidiary  quantities  a',  b\  c'  which 
replace  the  sides,  is  given  by  the  formulae 

1     _  cos  4  +  cos  JS  cos  G 
cos  a'  sin  5  sin  C       * 

1     _  cos5+ cosCcosil 
cos  b' ""        sin  Cbiu  A        * 

1     _  cos  C  +  cos  A  cos  B 
cos  c  sin  A  sin  B 

I  do  not  understand  this ;  but  it  would  be  verj'  interesting  to  find  a  real  geometrical 
interpretation  of  the  last- mentioned  system  of  equations,  which  (if  only  A,  B,  C  aire 
positive  real  quantities  such  that  A-^-B  +  Ckw,  for  the  condition.  A,  B,  C  each<^, 
may  be  omitted)  contains  only  the  real  quantities  A,  B,  C,  a\  b\  c' ;  and  is  a  system 
correlative  to  the  equations  of  ordinary  Spherical  Trigonometry. 

It  is  hardly  necessary  to  remark  that  the  equation 

1 


cos  a' 


=  cos  a% 


IB  Jacobi's  imaginary  transformation  in  the  Theory  of  Elliptic  Functions.  See,  as  to 
this,  my  paper  "On  the  Transcendent  gd.  M  =  -logtan(j7r  +  ^i«),"  Phil.  Mag.  vol.  xxiv. 
(1862),  pp.  19—22,  [320]. 

Cambridge,  January  21,  1865. 
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ON    THE    THEORY    OF    THE    EVOLUTE. 

[From  the  Philosophical  Magazine,  vol.  xxix.  (1865),  pp.  344 — 350.] 

According  to  the  generalized  notion  of  geometrical  magnitude,  two  lines  are  said 
to  be  at  right  angles  to  each  other  when  they  are  harmonics  in  regard  to  a  certain 
conic  called  the  Absolute ;  this  being  so,  the  normal  at  any  point  of  a  curve  is  the 
line  at  right  angles  to  the  tangent,  and  the  Evolute  is  the  envelope  of  the  normals. 

Let  the  equation  of  the  absolute  be 

e  =  (a,  6,  c,  /,  g,  A$a?,  y,  zy  =  0, 

and  suppose,  as  usual,  that  the  inverse  coeflScients  are  (A,  B,  C,  F,  0,  H),  Consider 
a  given  curve  ?7=(*][a7,  y,  <^)*^  =  0,  and  suppose,  for  shortness,  that  the  first  differential 
coefficients  of  U  are  denoted  by  L,  M,  N,  Then  we  have  to  find  the  equation  of 
the  normal  at  the  point  (a:,  y,  z)  of  the  curve  J7=0. 

The  condition  that  any  two  lines  are  harmonics  in  regard  to  the  absolute,  is 
equivalent  to  this,  viz.  each  line  passes  through  the  pole  of  the  other  line  in  regard 
to  the  absolute.  Hence  the  normal  at  the  point  (a?,  y,  z)  is  the  line  joining  this 
point  with  the  pole  of  the  tangent.  Now,  taking  (Jf,  F,  Z)  as  current  coordinates,  the 
equation  of  the  tangent  is 

the  coordinates  of  the  pole  of  the  tangent  are  therefore 

(4,  H,  QISJL,  M,  i\0  :  (S,  5,  ^$2;,  Jf,  N)  :  ((?,  F,  CJZ,  M,  N), 

and  the  equation  of  the  normal  is 


a?  ,  y  ,  z 

(A,  H,  O^L,  M,  N\    (H,  5,  F^L,  M,  N),    (G,  F,  C\L,  Jf,  N) 


=  0. 


c,   V. 
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I  consider  the  particular  case  where  the  conic  touches  the  absolute.  There  is  no 
loss  of  generality  in  assuming  that  the  contact  takes  place  at  the  point  (y  =  0,  ^  =  0), 
the  common  tangent  being  therefore  z^O;  the  conditions  for  this  are  a  =  0,  /t  =  0, 
and  we  have  thence  0=0,  J^=0.  Substituting  these  values,  the  equation  contains  the 
factor  0;  and,  throwing  this  out,  it  is 

Z(-ir^H-(5  +  2(?)^  ) 

r(     il^-  2F^  ) 

+  Z{  -   A0»  +  SH0^{B  +  2G))  =  O, 

or,  what  is  the  same  thing, 

^(        ^H  X+    AY  ) 

+  ^  ((5-h  20)  X  -  2H7  -  AZ) 

+  ^  (  ^HZ) 

+      (  -(5  +  2G)J?)  =  0, 

where  it  will  be  observed  that  the  constant  term  and  the  coefficient  of  6  have  the 
same  variable  factor  Z,  where  ^=0  is  the  equation  of  the  common  tangent  of  the 
conic  and  the  absolute.  The  evolute  is  in  this  case  of  the  class  3.  It  at  once  appears 
that  the  line  Z=0  is  a  stationary  tangent  of  the  evolute,  the  point  of  contact  (or 
inflexion  on  the  evolute)  being  given  by  the  equations  Z=0,  (5  + 2G)  Jf— 25'F=0. 
The  equation  of  the  evolute  is  found  by  equating  to  zero  the  discriminant  of  the 
cubic  function;  the  equation  so  obtained  has  the  £actor  J?,  and  throwing  this  out  the 
order  is  =3.  The  evolute  is  thus  a  curve  of  the  class  3  and  order  3,  the  reduction 
in  the  order  from  3 . 2,  =  6,  to  3  being  caused  by  the  existence  of  an  inflexion* 
Comparing  with  the  former  case,  we  see  that  the  effect  of  the  contact  of  the  conic 
with  the  absolute  is  to  give  rise  to  an  inflexion  of  the  evolute,  and  to  cause  a 
reduction  =  1  in  the  class,  and  a  reduction  =  3  in  the  order. 

I  return  now  to  the  general  case  of  a  curve 

U  =  (♦$a?,  y,  zy^  =  0. 

Using,  for  greater  simplicity,  the  equation  a;"  +  y'  +  ^'  =  0  for  the  absolute,  the  equation 
of  the  normal  is 


n  = 


z,    r,    z 

« ,     y ,     z 

d^U,    dyU,    d,U 


=  0; 


we  may  at  once  find  the  class  of  the  evolute ;  in  fact,  treating  (X,  Y,  Z)  as  the 
coordinates  of  a  given  point,  the  two  equations  17=0,  fl  =  0  determine  the  values 
(x,  y,   z)  of  the  coordinates  of  a    point  such   that  the  normal   thereof  passes  through 
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the  poiat  {X,  Y,  Z) ;  the  number  of  such  points  is  the  number  of  norniala  which  can 
be  drawn  through  a  given  point  {X,  Y,  Z),  viz.  it  is  equal  to  the  class  of  the  evoluta 
The  points  in  question  are  given  as  the  intcTsections  of  the  two  curves  U  =  0,  £2=0, 
which  are  respectively  curves  of  the  order  wi,  hence  the  number  of  inteisections  is 
•=m\  It  is  to  be  observed,  however,  that  if  the  curve  U=0  has  nodes  or  cusps,  then 
the  curve  fl  =  0  passes  through  each  node  of  the  curve  U=0,  and  through  each  cosp, 
the  two  curves  having  at  the  cusp  a  common  tangent;  that  is,  each  node  reckons  for 
two  intersections,  and  each  cusp  for  three  inteisectious.  Hence,  if  the  curve  U=fi 
has  h  nodes  and  k  cusps,  the  number  of  the  remaining  points  of  intersection  is 
=  m'  —  28  —  3«.  The  class  of  the  evotute  is  thus  —  m*  —  25  -  3k.  The  number  of 
inflexions  is  in  general  =0.  If,  however,  the  given  curve  touches  the  absolute,  then  it 
has  been  seen  in  a  particular  case  that  the  effect  is  to  diminish  the  class  by  1,  and 
to  give  rise  to  an  inflexion,  the  stationary  tangent  being  in  hct  the  common  tangent 
of  the  curve  and  the  absolute:  I  assume  that  this  is  the  case  generally.  Suppose 
that  there  are  6  contacts,  then  there  will  be  a  diminution  =  d  in  the  class,  or  this 
will  be  =in.'— 28  — 3«  — 0;  and  there  will  be  6  inflexions;  there  may  however  be 
special  circumstances  giving  rise  to  fresh  inflexions,  and  I  will  therefore  assume  that 
the  number  of  inflexions  is  =  {'. 


.Suppose  in  general  that  for  any  curve  we  have 
m,  the  order, 
class, 

number  of  nodes, 
„  cusps, 

double  tangents, 
„  inflexions. 

Then  PlUcker's  equations  give 

,_««3(n_m),     T-S=4(«-m)(n  +  m-9); 
and  we  theooe  have 

,_,  +  T_S  =  i(n-l)(n-2)-H»n-l)(m-2), 

,  what  is  the  same  thing, 

i(m-I)(«*-2)-S~*=i('»-l)(n-2)-T-*. 

Mow  M.  Clobwh  in  his  recent  paper  "  lleber  die  Singularit&ten  algebraiscber  CurreR 

W,  (1864),  pp.  98—100,   has  remarked   (as  a  consequence   of  the  iDvati- 

^     I  in  the  Integral  Calculia)  that  whenever  from  a  given  curve  aoother 

t  such    manoei-   that   to   each   point  (or   tangent)  of  the  given  cam 

(  tangent  (or  point)  of  the  derived  curve,  then  the  expresaon 

,     =i(«-l)(«-2)-r-*. 
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has  the  same  value  in  the  two  curves  respectively,  or  that,  writing  m',  n',  8',  k\  t',  i' 
for  the  corresponding  quantities  in  the  second  curve,  then  we  have 

\{m  -l)(m-2)-S  -/c    =i(n  -l)(n  -2)-t  -t, 
=  i(m'-.l)(m'-2)-S'-/c',  =i(n'-l)(n'-2)-T'-t'; 

and  consequently  that,  knowing  any  t/a)o  of  the  quantities  m',  n',  8',  /c',  t',  i\  the 
remainder  of  them  can  be  determined  by  means  of  this  relation  and  of  Plucker's 
equations  The  theorem  is  applicable  to  the  evolute  according  to  the  foregoing  gene- 
ralized definition  (0 ;    and  starting  from  the  values 

n'  =  w»-2S-3/c-d, 
/        / 

A      =A, 

we  find  in  the  first  instance 

and  substituting  in  the  equation 

m'  =  ri'(n'-l)-2T'-36', 

we  find 

m'  =  2  (n'  -  1 )  +  (m  -  1 )  (m  -  2)  -  2S  -  2/c  - 1' ; 

and  the  equation  fc'  —  /c'  =  3  {v!  —  W)  gives  also 

/c'=-3(n'-m')  +  t', 

whence,  attending  to  the  value  of  n',  we  find  the  following  system  of  equations  for  the 
singularities  of  the  evolute,  viz, 

n'  =m»  -    2S-    3/c-    tf, 

m'  =  37?i(  ?yi-l)-    68-    8/e-2d-    t', 

t    =  t , 

/c'  =  3m  (2m  -  3)  - 128  -  \ok  -  3d  -  2<, 

and  the  vaiues  of  t'  and  8'  may  then  also  be  found  from  the  equations 

m'  =  n  (w'  -1)-2t'-3i', 
n'  =  m' (m' - 1)  -  28' -  3/c'. 

^  Aave    ^fiven   the   system   in   the  foregoing   form,  as  better  exhibiting  the  eflFect  of 
^"^  in£ex2oiij^  I     ^"*  as  each   of  the   6  contacts  with  the  absolute  gives  an  inflexion,  we 

•^  ^""^i/l,^        ^   ^&ct  applies  it  to  the  evolute  in   the   ordinary  sense  of  the  term,  but  by  inadvertently 
■'^^''^-ry^^Eirr^^stead  of  c'=0  he  is  led  to  some  incorrect  results. 
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[From  the  Philosophical  Magazine,  vol.  xxix.  (1865),  pp.  460—464.] 


Two  ti-ianglea,  ABC,  A'BC  which  are  auch  that  the  lines  AA'.  BB,  CO  meet 
io  a  point,  are  said  to  be  in  perspective ;  and  a  triangle  A'B'G,  the  angles  A\  B,  C 
of  which  lie  in  the  sides  BG,  CA,  AB  respectively,  is  said  to  be  inscribed  in  the 
triangle  ABC;  hence,  if  A',  B,  C  are  the  intersections  of  the  sides  by  the  lines 
AO,  BO,  CO  respectively  (where  0  is  any  point  whatever),  the  triangle  A'BC  is  eaiA 
to  be  perspectively  inscribed  in  the  triangle  ABC,  viz.  it  is  so  inscribed  by  means  of 
the  point  0. 

We  have  the  following  theorem,  relating  to  any  triangle  ABC,  and  two  pointt 
0,  (/.  If  in  the  triangle  ABC,  by  means  of  the  point  0,  we  inscribe  a  triangle  A'BC, 
and  in  the  triangle  A'BC,  by  means  of  the  point  O",  we  inscribe  a  triangle  a^, 
then  the  triangles  ABG,  affy  are  in  perspective,  viz.  the  lines  Aa,  B0,  Oy  will  meet 
in  a  point. 

This  is  veiy  eamly  proved  analytically ;  in  fact,  taking  a:  -  0,  y  =  0,  y  =■  0  for  tie 
equations  of  the  lines  BC,  CA',  A'B  reapedavely,  and  (Z,  ¥.  Z)  for  the  coordinates  of 
the  point  0,  then  the  coordinates  of  {A,  B,  C)  are  found  to  be  (-X  F,  2^  (X,  -^  ^ 
(A'.  Y.  ~Z)  respectively.  Moreover,  if  (T.  T.  Z)  are  the  coordinates  of  the  point  (/, 
then  the  coonliuates  of  (a,  Q,  y)  are  found  to  bo 

(0.  r.  2*).  (X;  u.  Y).  (x\  r,  o) 

the  lines  Aa.  B0.  Cy  are  respa^^^^x-j 

,        y,    s    1-0.  »  ,    3.  ,\-^'^ 

X,    -Y,    Z   \  \l,  "y.  A 
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1.  CoDsideriug  the  four  summits   1,  2,  3,  4,  which  are  such  that   no  two  of  them 
belong  to  the  same  edge,  then,  if  through  any  point  0  we  draw 

the  line  OA'  meeting  the  lines  41,  23, 
.       OR        „  „  42,  31, 

„       OC        „  „  43,  12. 

and  the  lines  Oa,  Ofi,  Oy  parallel  to  the  three  edges  of  the  cube  respectively,  the 
three  planes  (0A\  Oa).  (OR,   Ofi),  (OCT,  Oy)  wUl  meet  in  a  line. 

2.  For  a  properly  selected  position  of  the  point  0, 

the  lines  OR ,    OCT,    Oa  will  lie  in  a  plane, 
0(7,    0A\    00 
0A\    OR,    Oy 

In  fact  for  such  a  position  of  0,  projecting  the  whole  figure  on  any  plane  whatever, 
the  lines  01,  02,  03,  04,  OP,  OQ,  OR,  OS,  Oa,  00,  Oy,  0A\  OR,  OC  meet  the  plane 
of  projection  in  the  points  1,  2,  3,  4,  P,  Q,  R,  S,  o,  0,  y.  A',  R,  C  related  to  each 
other  as  in  the  last-mentioned  form  of  the  plane  theorenL  To  prove  the  two  solid 
theorems,  take  0  for  the  origin,  Oa,  00,  Oy  for  the  axes,  (a,  3,  7)  for  the  coordinates 
of  the  summit  ^^  and  1  for  the  edge  of  the  cube, 

the  coordinates  of  1  are  a  + 1,  /8,         7, 

2  „    a,         /8+1,  7, 

3  „    0,         0,         7  +  1» 

4  „    a  +  1,  /8  +  1,  7  +  1. 


„  vrv-r    ,       \^^^  ,       \^f<*  n  n 


„  «^AA     ,  ^  '  M^     ,  \^    W  „  „ 


»f 


»> 


The   oijuations  of  the   line   0A\  or  siiy  of  the  line   0(41,  23),  are   those   of   the  planes 
041,  023,  viz.  these  are 

X        ,y        ,2  =0,        .r,  y        ,z  «0: 

a  +  1,     /ci        ,7  a,  ^+1,    7 

a  +  1,     ^+1,     7  +  li  ^^  0       ,7+1 


that  iji 


Writing  for  shortness 
these  tHjuations  give 


JCK0-y)        -(a  +  l)(y-5)  =  0, 
x(>3  +  7  +  l)-a  (y  +  r)  =  0. 

J/  =  a  +  ;J  +  7  +  l, 


eaia+n       _  1  1 

•^  •  y  •  -"(J/+27aH.V+22^>  '  .V  +  27a  '  Jf +  2jvS' 


or,  \x>mpleting  the  s\-stem, 
for  lino  OA'  wo  have 


ia^ajJ-lJ  1  1 
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ON  THE  INTERSECTIONS  OF  A  PENCIL  OF  FOUR   LINES 

BY  A  PENCIL  OF  TWO   LINES. 


[From  the  PhUoaopliical  Magtuine,  vol.  xxtx.  (1865),  pp.  .501 — 503.] 

Plucker  has  considered  ("  Analytisch-geometrische  Aphorismen,"  Crelle,  voL  XL 
(1834)  pp.  26 — 32)  the  theory  of  the  eight  points  which  are  the  intersections  of  a 
pencil  of  four  lines  by  any  two  lines,  or  say  the  intersections  of  a  pencil  of  /bur  lines 
by  a  pencil  of  two  lines:  viz.,  the  eight  points  may  be  connected  two  together  by 
twelve  new  lines;  the  twelve  lines  meet  two  together  in  forty-two  new  points;  and 
of  these,  six  lie  on  a  line  through  the  centre  of  the  two-line  pencil,  twelve  lie  four 
together  on  three  lines  through  the  centre  of  the  four-line  pencil,  and  twenty-four  lie 
two  together  on  twelve  lines,  also  through  the  centre  of  the  four-line  pencil. 

The  first  and  third  of  these  theorems,  viz.  (1)  that  the  six  points  lie  on  a  line 
through  the  centre  of  the  two-line  pencil,  and  (3)  that  the  twenty-four  points  lie  two 
together  on  twelve  lines  through  the  centre  of  the  four-line  pencil,  belong  to  the 
more  simple  theory  of  the  intersections  of  a  pencil  of  three  lines  by  a  pencil  of  ttvo 
lines;  the  second  theorem,  viz.  (2)  the  twelve  points  lie  four  together  on  three  lines 
through  the  centre  of  the  four-line  pencil,  is  the  only  one  which  properly  belongs  to 
the  theory  of  the  intersections  of  a  pencil  of  four  lines  by  a  pencil  of  ttoo  lines.  The 
theorem  in  question  (proved  analytically  by  PlUcker)  may  be  proved  geometrically  by 
means  of  two  fundamental  theorems  of  the  geometry  of  position:  these  are  the 
theorem  of  two  triangles  in  perspective,  and  Pascal's  theorem  for  a  line-pair.  I  proceed 
to  show  how  this  is. 

Consider  a  pencil  of  two  lines  meeting  a  pencil  of  four  lines  in  the  eight  points 
(a,  by  c,  d),  (a',  b\  c\  d');    so   that   the   two   lines  are   abed,  alb'dd\  meeting  suppose  in 
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Q]    and   the   four   lines  are   oa',  bb\  cc\  dd\   meeting  suppose  in   P:    then   the   twelve 
points  are 

ad . c'b ,     ddf . cb\    a*c  . d'6,    ac' . db'  lying  in  a  line  through  P, 
ab  .  d'c,    ah' .  dc\    ad  .  b'c ,     ad' .  be 
tt'c  .  b'dj    ac' .  bd'y    ab  ,  c'd,     ab' .  cd' 


}}  » 


fj  i> 


where  the  combinations  are  most  easily  formed  as  follows;  viz.,  for  the  first  four 
p)ints  starting  from  the  arrangement  ,  ,  (or  any  other  airangement  having  the 
diagonals  ab .  cd),  and  thence  writing  down  the  four  expressions 

aV,  aCy  a'c,  ac' 

d  b ,  d'b'y  d'b,  db', 

we  read  off  from  these  the  sjnnbols  of  the  four  points;  and  the  like  for  the  other 
two  sets  of  four  points. 

Now,  considering  the  points  (a,  6,  c)  and  (a',  b\  c'),  the  points  ah' .  a'b,  ac  .  a'c,  bd .  b'c 
lie  in  a  line  through  Q;  and  similarly  the  points  ah'  ,ab,  ad'  .a'd,  bd' .Vd  lie  in  a 
line  through  Q ;  which  lines,  inasmuch  as  they  each  contain  the  points  Q  and  ah' .  a'b, 
must  be  one  and  the  same  line;  considering  the  combinations  (6,  c,  d),  (6',  c',  d'\ 
the  line  in  question  also  passes  through  cd' .  c'd ;  that  is,  the  six  points  ah' .  a'b, 
ad .  a!cy  ad' .  a'd,  bd .  6'c,  bdl .  6'd,  cd' .  c'd  lie  in  a  line  through  Q,  which  is  in  fact  the 
before-mentioned  first  theorem.  Hence  the  points  ab' .  a'6  and  cd .  dd  lie  in  a  line 
through  Q;  or,  calling  these  points  M  and  iV  respectively,  the  triangles  Mojol^  Mbb'y 
Ncdy  Ndd'  are  in  perspective.  Hence,  considering  the  two  triangles  Jlfoa',  Ndd'  (or,  if 
we  please,  the   complementary  set  Mbb'^  Ncd\  the  corresponding  sides  are 

Ma,  Nd  meeting  in  ah' ,dd, 

Ma',  Nd'  „  a'b .  d'c, 

aa' ,  dd'  „  P     \ 

that  is,  the  points  ab' .  dd,  a'b .  d'c  lie  in  a  line  through  P. 

Similarly  ad' ,  a'd  and  bd .  6'c  lie  in  a  line  through  Q ;  or,  calling  these  points  £f,  / 
respectively,  the  triangles  Haa',  Hdd',  Ibb',  led  are  in  perspective;  and  considering 
the  combination  J?dd',  Ibb'  (or,  if  we  please,  the  complementary  set  Haa',  led),  the 
corresponding  sides  are 

Ha  ,  lb  meeting  in  ad' .  bd, 
Ha',  lb'  „  a'd .  cb', 

aa'  ,  bb'  „  P     ; 

that  is,  the  points  a'd,db,  ad' .cb'  lie  in  a  line  through   P. 
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It  remains  to  be  shown  that  the  two  lines  through  P,  viz.  the  line  containing 
aV .  dc'  and  a'b .  d'c,  and  the  line  containing  ad' .  be  and  a'd .  c6',  are  one  and  the  same 
line.  This  will  be  the  case  if,  for  instance,  ah'.dc'  and  ad\bc'  also  lie  in  a  line 
through   P, 


We  have  the  points  (a,  6,  d)  in  a  line,  and  the  points  (6\  c^  d')  in  a  line:  the 
points  a,  d,  h\  c  are  also  called  A,  By  B,  A'  respectively;  acf,  W  meet  in  C,  and 
bc\  dd'  meet  in  (7;  hence,  considering  the  hexagon  a^dh'lxf,  the  lines 

ad\  Vh  meet  in  G        , 

d'd,  6c'      „  C       , 

rf6',  ca'      „  ilil'.BF; 

and  hence  these  three  points  lie  in  a  line ;  or,  what  is  the  same  thing,  the  lines 
AA\  BRy  and  CC  meet  in  a  point;  that  is,  the  triangles  ABC,  A'SC  are  in 
perspective :    the  corresponding  sides  are 

AB,  A'B,  that  is,  ah\  c'rf,  meeting  in  aV  .c'd, 
BC,  RC        „         6't,  d'd,  „  P     , 

CA,  CA'        „         ad,  be'  y         .,  ad!  .bc'\ 

and  these  three  points  lie  in  a  line ;  that  is,  the  points  aV .  dc'  and  ad' .  be'  lie  in  a 
line  through  P.  Hence  the  line  through  aV .  dc  and  ab . cfc  and  the  line  througli 
ad' ,  be'  and  a'd .  cb'  are  one  and  the  same  line ;    that  is, 

the  points  ab' .  dc\  a'b .  d'e,  ad  .  6c',  a'd .  6'c  lie  in  a  line  through  P. 

This  proves  the  existence  of  one  of  the  lines  through  P;  and  that  of  the  other  two 
lines  follows  from  the  symmetry  of  the  figure;  it  thus  appears  that  the  twelve  points 
lie  four  together  on  three  lines  through  P. 

Cambndge,  Apinl  11,  1865. 
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NOTE    ON    THE    PROJECTION    OF    THE  ELLIPSOID. 


[From  the  Philosophical  Magazine,  vol  xxx.  (1865),  pp.  50 — 52.] 

Consider  au  ellipsoid,  situate  any  way  whatever  in  regard  to  the  eye  and  the 
plane  of  the  picture ;  the  apparent  contour  of  the  ellipsoid  is  an  ellipse,  the  inter- 
section of  the  plane  of  the  picture  by  the  tangent  cone  having  the  eye  for  vertex ; 
this  cone  touches  the  ellipsoid  along  a  plane  curve  (the  intersection  of  the  ellipsoid 
by  the  polar  plane  of  the  eye),  which  may  be  called  the  contour  section;  and  the 
apparent  contour  is  thus  the  projection  of  the  contour  section.  Consider  any  other 
plane  section;  the  projection  thereof  has  double  contact  (real  or  imaginary)  with  the 
projection  of  the  contour  section :  the  common  tangents  are  the  intersections  with  the 
plane  of  the  picture  of  the  tangent  planes  of  the  tangent  cone  which  pass  through 
the  pole  of  the  section;  or,  what  is  the  same  thing,  they  are  the  tangents  to  the 
projection  of  the  contour  section,  or  to  the  projection  of  the  section,  from  the  point 
which  is  the  projection  of  the  pole  of  the  section.  The  projection  of  the  pole  lies  in 
the  line  which  is  the  projection  of  the  diameter  conjugate  to  the  plane  of  the  section ; 
and  in  particular,  if  the  section  is  central,  that  is,  if  the  plane  thereof  passes  through 
the  centre  of  the  ellipsoid,  then  the  pole  is  the  point  at  infinity  on  the  conjugate 
diameter ;  whence  also  if  the  eye  be  at  an  infinite  distance,  so  that  the  projection  is 
a  projection  by  parallel  rays,  then  the  projection  of  the  pole  is  the  point  at  infinity 
on  the  projection  of  the  conjugate  diameter;  and  therefore  the  common  tangents  of 
the  projections  of  the  section  and  the  contour  section  are  in  this  case  parallel  to  the 
projection  of  the  diameter  conjugate  to  the  plane  of  the  section. 

Suppose  that  the  plane  of  the  picture  is  parallel  to  a  principal  plane  -of  the 
ellipsoid,  and  that  the  projection  is  by  parallel  rays ;  then  if  OA,  OB,  00  are  the 
projections  of  the  semiaxes  (OA,  00  will  be  at  right  angles  to  each  other  if  the 
plane  parallel  to  the  plane  of  the  picture  is  that  of  xz),  the  projections  of  the  principal 
sections  are   the   ellipses  having  for  conjugate  semidiameters  OB,  00;  00,  OA  ;  OA,  OB 
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respectively.  Hence  to  the  ellipse  OB,  OC  drawing  the  two  tangents  which  are  parallel 
to  OA,  to  the  ellipse  OC,  OA  the  two  tangents  which  are  parallel  to  OB,  and  to  the 
ellipse  OA,  OB  the  two  tangents  which  are  parallel  to  OC,  we  have  on  each  of  these 
ellipses  the  two  points  which  are  the  points  of  contact  therewith  of  the  ellipse  which 
is  the  projection  of  the  contour  section,  or  apparent  contour  of  the  ellipsoid  ;  that  is, 
we  know  six  points,  and  at  each  of  these  points  the  tangent,  of  the  last-mentioned 
ellipse ;  and  the  ellipse  in  question,  or  apparent  contour  of  the  ellipsoid,  can  thus  be 
traced  by  hand  accurately  enough  for  ordinary  purposes. 

In  connexion  with  what  precedes,  I  may  notice  a  convenient  construction  for  the 
projection  of  a  circle.  Suppose  that  we  have  given  the  projection  of  the  circumscribed 
square  A  BCD;  then  if  we  know  the  projection  of  one  of  the  points  M,  N,  P,  Q,  say 
of  the  point  M,  the  projections  of  all  the  {)oints  and   lines  of  the  figure  can  be  obtained 


graphically  by  the  ruler  only  with  the  utmost  facility ;  that  is,  in  the  ellipse  which 
is  the  projection  of  the  circle  we  have  eight  }>oints,  and  the  tangent  at  each  of  them, 
and   the   ellipse   may  then   be  drawn  by  hand.     And  to  find  the  projection  of  the  point 

M,   it   is   only   necessary   to   remark   that   in   the   figure    the   anharmonic    ratio     A~fi~~\ni 

of  the   points   A,  M,  0,  C  is  =J(V2  — 1);   hence  the  corresponding  anharmonic   ratio  of 

the  projections  of  the  four  points  is  also  =^(V2  — 1);  and  the  projections  of  A,  B,  C,  D, 
and  consequently  those  of  A,  C,  0,  being  known,  the  projection  of  M  is  thus  also  known. 


Cambridge,  June  15,  1865. 
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ON    A    TRIANGLE    IN-AND-CIRCUMSCRIBED    TO    A    QUARTIC 

CURVE. 

[From  the  Philosophical  Magazine,  vol,  xxx.  (1865),  pp.  340 — 342.] 

The  quartic  curve  (a^  —  a^y-^(y^-'b^y  =  c!^  presents  a  simple  example  of  a  triangle 
in-and-circumscribed  to  a  single  curve,  viz,  such  that  each  angle  of  the  triangle 
is  situate  on,  and  each  side  touches,  the  curve.  Assuming  that  the  triangle  is 
symmetrically  situate  in  regard  to  the  axis  of  y,  viz.  if  it  be  the  isosceles  triangle 
ace,  the  sides  whereof  touch  the  curve  in  the  points  B,  D,  F  respectively,  then  we 
must  have  a  single  relation  between  the  constants   a,  h,  c  of  the  curve;  or  if  (as  may 


be  done  without  loss  of  generality)  we  write  a  =  1,  then  there  must  be  a  single 
relation  between  h  and  c.  The  relation  in  question  is  most  conveniently  expressed  by 
putting  h  and  c  equal  to  certain  functions  of  a  parameter  ^,  which  is  in  fact  =tan*d, 
if  0  be  the  angle  at  the  base  of  the  triangle ;  the  equation  of  the  curve  is  thus 
obtained  in  the  form 

c.  V.  62 
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and  the  coordinates  of  a,  c,  e,  B,  D,  ^  are  as  follows : 


Coordinates  of  a  are 

D,    „ 


0. 

0, 


±-?= 


^-1 


2V^ 


N^2(4^  +  l)*      n/2(4^  +  1)" 


It  is  easy  to  verify  that  the  points  a,  c,  e,  D  are  points  of  the  curve,  and  it  is 
obvious  that  the  tangent  at  i)  is  the  horizontal  line  ce.  It  only  remains  to  be  shown 
that  B  and  F  are  points  of  the  curve,  and  that  the  tangents  at  these  points  are  the 
lines  (tc  and  m  respectively.  It  is  sufficient  to  consider  one  of  the  two  points,  aty 
the  point  F\   and  taking  its  coordinates  to  be 


^-1 


2v^ 


^/2(^+l)'  V2(^  +  l)' 

wo  have  to  show  that  (i,  rj)  is  a  point  of  the  carve,  and   that  the  equation  of  the 
tangent  at  this  point  is  A'  V^  +  F^:  >/\^,  where  (X,  T)  are  current  oo<»dii>ates. 

First,  to  show  that  ({,  i^)  is  a  point  of  the  curve,  the  equation  to  be   verified  may 
bo  written 


and  wc  have 


P-1-- 


rf- 


» 4-4^-1  (*«-l)(*'  +  6^  +  l) 


•M«^4.l) 


4^(^-t-l>> 


M>  that  thtf  «H)uation  becomes 


that  is 


4^  +  <*'-ll»  =  t4»+l)», 


which  i»  right. 


Xoxt»  the  \>iuation  of  the  taug^u:  a:  the  p«Mnt  <f,  ^^  is 


^f-.»'»«^J-.>M-^^_fc«>,,r-i»^-c•=0 


that  is 


A'-**'-! 


*«-r44»-l\       K^^^^Vf 


le^i^^if 
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If,  to  fix  the  ideas,  we  assume  ^>1,  then  we  have  always  (f>a^<a^'{'l^:  for 
^  —  1  we  have,  as  appears  above,  6*  =  ^ ,  which  is  <  a' ;  but  for  a  certain  value  of  ^ 
between  3  and  4,  6*  becomes  =a',  and  for  any  greater  value  of  ^  we  have  6*>a'. 
The  condition  for  the  equality  of  a'  and  6*  is 

<^4  +  4<^«l=4<^(<^+l),  or  <^*-4<^  +  4^-4<^-l  =  0; 
this  equation  may  be  written  2^  (^  —  2)  (^  +  1)  =  (^  —  1)*,  and  we  thence  obtain 


or  the  equation  of  the  curve  is  (a^  —  1)*  +  (y*  —  1)^  =  1  +  J  (^ ""  2)^»  where  ^  is  determined 
by  the  equation  just  referred  to.  The  curve  is  in  this  case  symmetrical  in  regard  to  the 
two  axes;  and  there  are  in  fact  four  triangles,  each  in-and-drcumscribed  to  the  curva 

Cambridge,  June  16,  1865. 
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ON    A    PROBLEM    OF    GEOMETRICAL    PERMUTATION. 


[From  the  Philosophical  Magazine,  vol.  xxx.  (1865),  pp.  370 — 372.] 

It  is  required  to  find  in  how  many  modes  the  nine  points  of  inflexion  of  a  cubic 
curve  can  be  denoted  by  the  figures  1,  2,  3,  4,  5,  6,  7,  8,  9,  in  such  wise  that  the 
twelve  lines,  each  containing  three  points  of  inflexion,  shall  be  in  every  case  denoted 
by  the  same  triads  of  figures,  say  by  the  triads 


123, 

147, 

159, 

168, 

456, 

258, 

267, 

249, 

789, 

369, 

348, 

357. 

We  may  imagine  the  inflexions  so  denoted  in  one  particular  way,  which  may  be 
called  the  primitive  denotation ;  then  in  any  other  mode  of  denotation,  a  figure,  for 
example  1,  is  either  affixed  to  the  inflexion  to  which  it  originally  belonged,  and  it 
is  then  said  to  be  in  loco,  or  it  is  affixed  to  some  other  point  of  inflexion.  This 
being  so,  the  total  number  of  modes  is  =  432 ;  viz.  this  number  is  made  up  as 
follows : 

9  figures  in  loco       1 

60 


J>  M 


1  figure        „        243 
0        „  „        128 


432 


There  is  of  course  only  one  mode  wherein  the  nine  figures  remain  in  loco.  It 
may  be  seen  without  much  difficulty  that  there  is  not  any  mode  in  which  8,  7,  6,  5, 
or  4  figures  remain  in  loco.     There  is  no  mode  in  which  only  2  figures  remain  in  loco; 
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for  any  two  inflexions  are  in  a  line  with  a  third  inflexion ;  and  if  the  figures  which 
belong  to  the  first  two  inflexions  are  in  loco,  then  the  figure  belonging  to  the  third 
inflexion  will  be  in  loco;  that  is,  there  will  be  3  figures  in  loco.  The  only  remainiDg 
modes  are  therefore  those  which  have  3  figures,  1  figure,  or  0  figure  in  loco. 

First,  if  three  figures  are  in  loco,  these,  as  just  seen,  will  be  the  figures  which 
belong  to  three  inflexions  in  a  line.  Suppose  the  figures  are  1,  2,  3 ;  then  the  inflexion 
originally  denoted,  say  by  the  figure  4,  may  be  denoted  by  any  one  of  the  remaining 
figures  5,  6,  7,  8,  9 ;  but  when  the  figure  is  once  fixed  upon,  then  the  remaining 
inflexions  can  be  denoted  only  in  one  manner.  Hence  when  the  figures  1,  2,  3  remain 
in  loco  there  are  5  modes;  and  consequently  the  number  of  modes  wherein  3  figures 
remain  in  loco  is  5  x  12,  =60. 

Next,  if  only  a  single  figure,  suppose  1,  remains  in  loco,  the  triads  which  belong 
to  the  figure  1  are  123,  147,  159,  168;  and  there  is  1  mode  in  which  we  simultaneously 
interchange  all  the  pairs  (2,  3),  (4,  7),  (5,  9),  (6,  8).  (Observe  that  the  triads 
123,  147,  159,  168  here  denote  the  same  lines  respectively  as  in  the  primitive  denotation, 
the  figure  1  remains  in  loco,  but  the  figures  belonging  to  the  other  two  inflexions  on 
each  of  the  four  lines  are  interchanged.)  There  are,  besides  this,  2  modes  in  which 
the  figures  (2,  3),  but  not  any  other  two  figures,  are  interchanged ;  similarly  2  modes 
in  which  the  figures  (4,  7),  2  modes  in  which  the  figures  (5,  9),  2  modes  in  which 
the  figures  (6,  8),  but  in  each  case  no  other  two  figures,  are  interchanged;  this  gives 
in  all  1+2  +  2  +  2  +  2,  =9  modes.  There  are  besides,  the  figure  1  still  remaining 
in  loco,  18  modes  where  there  are  no  two  figures  (2,  3),  (4,  7),  (5,  9),  or  (6,  8)  which 
are  interchanged :  viz.  the  figure  2  may  be  made  to  denote  any  one  of  the  inflexions 
originally,  denoted  by  4,  5,  6,  7,  8,  or  9.  Suppose  the  inflexion  originally  denoted  by  4; 
3  will  then  denote  the  inflexion  originally  denoted  by  '7 :  it  will  be  found  that  of 
three  of  the  remaining  six  inflexions,  any  one  may  be  denoted  by  the  figure  4,  and 
that  the  scheme  of  denotation  can  then  in  each  case  be  completed  in  one  way  only. 
This  gives  6x3,  =18,  as  above,  for  the  number  of  the  modes  in  question ;  and  we 
have  then  9  +  18,  =27,  for  the  number  of  the  modes  in  which  the  figure  1  remains 
in  loco ;  and  9  x  27,  =  243,  for  the  number  of  modes  in  which  some  one  figure  remains 
in  loco. 

Finally,  if  no  figure  remains  in  loco,  the  figure  1  will  then  denote  some  one  of  the 
inflexions  originally  denoted  by  2,  3,  4,  5,  6,  7,  8,  9.  Suppose  it  to  denote  that  originally 
denoted  by  2 ;  2  cannot  then  denote  the  inflexion  originally  denoted  by  1,  for  if  it 
did,  3  would  remain  in  loco:  2  must  therefore  denote  the  inflexion  originally  denoted 
by  3,  or  else  some  one  of  the  inflexions  originally  denoted  by  4,  5,  6,  7,  8,  9.  It 
appears,  on  examination,  that  in  the  first  case  there  are  4  ways  of  completing  the  scheme, 
and  in  each  of  the  latter  cases  2  ways ;  there  are  therefore  in  all  1  x  4  +  6  x  2,  =  16 
ways;  that  is,  16  modes  in  which  (no  figure  remaining  in  loco)  the  figure  1  is  used 
to  denote  the  inflexion  originally  denoted  by  2 ;  and  therefore  8x16,  =128  modes,  for 
which  no  figure  remains  in  loco.  This  completes  the  investigation  of  the  nimibers 
1,  60,  243,  and  128,  which  together  make  up  the  total  number  432  of  the  modes  of 
denotation  of  the  nine  inflexions. 


369] 


495 


369. 


ON    A    PROPERTY    OF    COMMUTANTS. 


[From  the  Philosophical  Magazine,  vol.  xxx.  (1865),  pp.  411 — 413.] 

I  CALL  to  mind  the  definition  of  a  commutant,  viz.  if  in  the  sjonbol 

t 

1  1  1  (•) 

222 

•  •      • 

•  •      • 
■      «      • 

^PPP 

we  permute  independently  in  every  possible  manner  the  numbers.  1,  2,  ...p  of  each  of 
the  0  columns  except  the  column  marked  ('f'),  giving  to  each  permutation  its  proper 
sign,  +  or  — ,  according  as  the  number  of  inversions  is  even  or  odd,  thus 

±«  ±e  •••  -^1  #,  /, ..  (0) 

•  •      • 

•  •      • 

which  is  to  be  read  as  meaning 

i«  ie  ••• -"1  «i  e,..     -^s^sCt..     *  •  -^ptptp.,} 

the  sum  of  all  the  (1 .2. 3  ...p)*~*  terms  so  obtained  is  the  commutant  denoted  by 
the  above-mentioned  symbol.  In  the  particular  case  ^  =  2,  the  commutant  is  of  course 
a  determinant:  in  this  case,  and  generally  if  ^  be  even,  it  is  immaterial  which  of 
the  columns  is  left  unpermuted,  so  that  the  ('f')  instead  of  being  placed  over  any 
column  may  be  placed  on  the  left  hand  of  the  A  ;  but  when  0  is  odd,  the  function 
has  dififerent  values  according  as  one  or  another  column  is  left  unpermuted,  and  the 
position  of  the  ("f )  is  therefore  material.  It  may  be  added  that  if  aXl  the  columns 
are  permuted,  then,  if  0  be  even,  the  sum  is  1.2...j>  into  the  commutant  obtained 
by  leaving  any  one  column  unpermuted ;  but  if  ^  is  odd,  then  the  sum  is  =  0. 


496 


ON    A   PROPERTY    OF    CX)MMUTANT8. 


[369 


have 


The  property  in  (|ue8tion  is  a  generalization  of  a  property  of  determinants,  viz.  we 


;  XfjL  +  \>,       2/i/i'     ,    fAP  +  M V, . . 

I 

I  \p'  +  W ,    /iv'  4-  fip ,        2pp'     , 


0 


whenever  the  order  of  the  determinant  is  greater  than  2. 

To  enunciate  the  ci>rresponding  property  of  commutants,  let 


f 
1 


or»  in  a  notation  analogous  to  that  of  a  commutant, 


r^x 


1 1 

IS 


denote  a  function  fonned  precisely  in  the  manner  of  a  determinant  (or  commntant  of 
two  coIumnsV  except  that  the  several  terms  (instead  of  being  taken  with  a  sigD 
+  or  —  as  above^  are  taken  >*-ith  the  sign  +:   thus 


fx„  X„)^ 


or 


['■!] 


each  denote 


Xn  A«j  +  X|2  Aji . 


This  being  so.  the  theorem  is  that  the  commutant 

A 


rhen* 


Ar  $  t 


—  Xjr% 


1  1  1  .  .  ««l 

tti 

•     •      • 

P  P  P 


t 


•       • 


.V.    x*i 


-  ♦x  -- 

r  I 

!       si 

t  s 
-  F  - 


wbenev^r  p>(f.  is  =«=  tX 


To  («v^vo  this.  ix>nsid<'r  the  t!:^ner!d  temi  of  the  commutant,  vir  this  is 


^»  ^-  •••  -i.«  •..  -ijf'r 


-i.r''' 


J 


369] 


ON    A    PROPERTY   OF   COMMUTANTS. 


497 


the  general  term  of  Artt..  is  \ar^bt\:t'  • ,  where  a,  6,  c,  . .  represent  some  permutation 
of  the  numbers  1,  2,  S .  .0.  Substituting  the  like  values  for  each  of  the  factors 
Ai^t'..y  Ai^'t".,y  &c.,  the  general  term  of  the  commutant  is 

=  i«  i «  •  •  •  \i'i  ^b'^  \^t  •  •  ^a"2  \y'8"  \f't"  •  •  \i''p  ^bf^ff* ^^f?'  •  • ' 

Taking  the  sum  of  this  term  with  respect  to  the  quantities  «',  «",  ..«p,  which  denote 
any  possible  permutation  of  the  numbers  1,  2...p;  again,  with  respect  to  the  quantities 
if,  f\,.t^,  which  denote  any  possible  permutation  of  the  numbers  1,  2, ...p;  and  the 
like  for  each  of  the  (^  —  1)  series  of  quantities,  the  sum  in  question  is 


which  is 


^a'  1  ^a"a  •  •  •  \i''p  2  +  ,  X^'g  X^","  . .  X^^  ^  it\ft'  \f't"  •  •  •  ^''^  •  •  > 


—  ^o'l  \t"fi  •••  ^a^p 


r^^  1 
b'  1 

6"  2 

•        • 

r\t    -| 
<f  1 

•        • 

• 

-      b^p- 

■        • 

L    ^p^ 

but  p  being  greater  than  0,  since  the  numbers  6',  6",  ...6^  are  all  of  them  taken  out 
of  the  series  1,  2  ...  0,  some  of  these  numbers  must  necessarily  be  equal  to  each  other, 
and  we  have  therefore 


rx*    ' 

6"2 

•        ■ 

L      bpp. 


=0; 


whence  finally  the  commutant  is  =0. 

In  the  case  where  p  =  0  =  2,  we  have  for  a  determinant  of  the  order  2  the  theorem 


2XV    ,     X/  +  X>    =- 
Xfi  +  X'/u,         2fjLfjf 


X,     At     « 
V,     / 


and  it  is  probable  that  there  exists  a  corresponding  theorem  for  the  commutant 


fil* 


iii..(p) 

2  2  2 


L      p  P  P 


where 


Ar8t..{p)  — 


Xir,      Xi,  ...  \P) 
Xjr>      Xjg 


but  I  have  not  ascertained  what  this  theorem  is. 


\ 

rtx  +  1 

r\ 

>■ 

«2 

•     ■ 

) 

•     • 

^       .  P  -' 

Cambridge,  October  26,  1865. 


C.    V. 
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370. 


ON    THE    SIGNIFICATION    OF    AN    ELEMENTARY    FORMULA    OF 

SOLID    GEOMETRY. 

[From  the  Philosophical  Magazine^  vol.  xxx.  (1865),  pp.  413,  414.] 

The  expression   for  the  perpendicular  distance   of   a   point  (x,   y,   z)   from    a    line 
through  the  origin  inclined  at  the  angles  (a,  /3,  7)  to  the  three  axes  respectively,  is 

/)*  =  a^  +  y*  +  -f'— (a;cosa  +  ycos/8  +  zcosyy 
=      (ycos7  — -?cos)8)* 

+  (z  cos  a  '-x  cos  yY 

+  (x  cos  /8  —  y  cos  a )' ; 

and  the  remark  in  reference  to  it  is  that,  if  at  the  given  point  P  we  draw,  perpen- 
dicular to  the  plane  through  P  and  the  given  line,  a  distance  PK  equal  to  the 
distance  of  P  from  the  given  line,  then  the  expressions 

y  cos  7  —  «  cos  /8,    z  cos  a  —  x  cos  7,    x  cos  /8  —  y  cos  a, 

which  enter  into  the  preceding  formula,  denote  respectively  the  coordinates  of  the  point 
K  referred  to  P  as  origin. 

If  the   given    line   instead   of   passing   through   the   origin   pass   through    the    point 
^oi  yof  ^Of  then  the  corresponding  expressions  are  of  course 

(y -  yo)  cos  7  -  (^  -  Zo)  cos  /8,    {z-Zo)  cos  a  -  (x-x^)  cos  7,     (a;  -a;;^) cos)8  -(y  -  yo)co67, 
and  if  we  denote  the  "  six  coordinates "  of  the  given  line,  viz. 

cosa,     cos)8,     C0S7,    yo  cos  7  — -?o  cos  )8,    ^^ocosa  — irocos7,    aioCOS^S  — yoC08  7, 
bv 

(I    ,         6   ,        c    ,  /  ,  g  ,  h 
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respectively  (so  that  af+bg-^ch  =  0),  then  the  three  expressions  become 

cy  —  bz  — /  ,         az  —  cx  —  g,  bx  —  ay  —  h 

respectively. 

It  is  moreover  clear  that  if  the  point  P  be  moved  to  P'  by  an  infinitesimal 
rotation  to  about  the  given  line,  then  P'  lies  on  the  line  PK  at  a  distance  PP',  =(oPK, 
from  the  point  P,  and  the  displacements  of  P  in  the  directions  of  the  axes  are  con- 
sequently equal  to 

a>{cy  —  bz~'f),     (o{az—cx—g\     m{bx  —  ay  —  h) 

respectively,  which  is  a  fundamental  formula  in  the  theory  of  the  infinitesimal  rotations 
of  a  solid  body. 

Cambridge,  October  26,  1865. 


63—2 


500 


[371 


371. 


ON  A  FORMULA  FOR  THE  INTERSECTIONS  OF  A  LINE  AND 
CONIC,  AND  ON  AN  INTEGRAL  FORMULA  CONNECTED 
THEREWITH. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics^  vol.  vn.  (1866),  pp.  1 — 6.] 

Ix  a  letter  to  me,  dated  15  May,  1862,  Mr  Spottiswoode  has  extracted  from  an 
onpublished  Memoir,  and  he  has  kindly  permitted  me  to  communicate,  the  following 
formula  for  the  points  of  intersection  of  a  line  and  conic;  viz.  if  the  equations  of  the 
line  and  conic  are 

fa?  +  i;y  +  5?  =  0, 

(a,  t,  c,  /,  g,  h^x,  y,  ^^  =  0 ; 
and  if 

^=  f,     V,     K 

I 

I  f,  a,  K  9 
;  ^,  A;  6,  / 
I  ?,   g,  /    c 

or,  what  is  the  same  thing,  if 


=  -  {A,  B,  (7,  F,  G,  H\l  ri,  f )«, 

where  -4  =  6c  — /',  &c.  as  usual ;   then  the  coordinates  (a;,  y,  z)  of  a  point  of  intersection 
of  the  line  and  conic  are  found  from  the  linear  equations 

(a?-^f       )a;  +  (A?-y?-^)y  +  (5r?-cf       )^  =  0, 
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p 

equivalent   of  course   to   two   equations,   and   giving  by   the   elimination  of  (x,  y,  z),  the 
equation 

that  is,  giving  for  0  the  foregoing  value.     And  the  linear  equations  then  give 

X  :  y  :  z, 

where  obviously 

By  changing  the  sign  of  0,  we  have  of  course  the  coordinates  of  the  other  point 
of  intersection.  The  formulae  which,  singularly  enough,  have  since  been  given  incidentally 
by  M.  Aronhold(^),  may  be  easily  obtained  as  follows. 

Writing  for  shortness 

P  =  aa  +  hy  +  gz, 

Q^hx-^hy  -^fz, 

R=gx'¥fy  +CZ, 

then  the  equation  of  the  conic  gives 

and  combining  with  this  the  equation 

f a;  +  lyy  +  5^  =  0, 
we  have 

X  :  y  :  z^Q^^Rr)  :  iif-Pf  :  Pv^Ql 
or  what  is  the  same  thing,  taking  an  indeterminate  multiplier  0, 

-%  +  Pf-i2f=0, 

^  In  his  interesting  Memoir  '*Ueber  eine  neae  algebraische  Behandlungsweise  der  Integrale  irrationaler 
Diflerentiale  von  der  Fonn  n  (x,  y)  dx,  in  weloher  IT  {x,  y)  eine  beliebige  rationale  Function  ist,  and  zwischen 
X  and  y  eine  allgemeine  Gleichang  zweiter  Ordnang  besteht."    CrelUy  t.  lzi.  (1862). 
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which  are,  in  fistct,  Mr  Spottiswoode's  linear  equations,  and  which  lead,  as  before^  to  the 
value 

But  this  value  of  ^  is  obtained  in  a  different  manner  by  expressing  (x,  y,  z)  as 
linear  functions  of  P,  Q,  jB;  viz.  putting  as  usual  -Jr=a6c  — o/*  — igf*  — cA'4-2/5rA,  the 
linear  equations  thus  become 

OP +^  +  CiZ  +  ~  (17P- fQ)  =  0, 
or  eliminating  (P,  Q,  R),  we  have 


F-f .    B 


.    F  + 


e 


^+-0>  ^-^'   ^ 


that  is 


ABO-A{F--^^-B{a'-^-c{H'-S^ 


^^^^-».^')(i..f) 


+ 


or,  reducing, 


(^4f)(« 


K' 


that  is 


as  before. 


ABC ^  AF^ ^ BG^'-CH^  +  2FGH -\-^{A,  ...\l  v>  D*  =  0, 


I  reproduce,  as  follows,  a  fundamental  foiinula  of  Aronhold's  Memoir.    Consider  the 
function 


Tsr 


Sll^g 


(g,  ..."^ari,  y„  z.'^x,  y,  z) 
ua  +  vy  -{-wz 


where  a?i,  yi,  2^1  (corresponding   to  x,  y,  2:   in   the   former  part   of  this   paper)  are  deter- 
mined by  the  conditions 

(a,  ...JiTi,  yi,  2^1)' =0, 

luci  H-  vyi  +  wzy  =  0, 
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SO  that  putting 


and 


we  now  have 


and  the  value  of  v  is 


-^^i  +  QiW  -PiV  =0, 


0     °      iix+vy  +  wz 


Treating  (x,  y,  z)  as  independent  variables  and  differentiating,  we  have 


,    __  1  iPidx  +  Qidy-^-Ridz ^  itdx  +  vdy  +  wdz\ 
^     "BX  PiX -^  Qiy -^  MiZ  ux'\'Vy-\-wz    ) 


_  1  {ady  —  ydx)  (Qi  u  —  Piv)  -f  (yd^  —  gdy)  (i?i  v  —  Qiw)  +  (2:cfcc  —  xdz)  (P^w  —  RiU) 
"  0  {PiX  +  Qiy  +  Eiz)  {ux  +  vy  +  wz) 

__    Xi  (ydz  —  zdy)  +  yi  {zdx  —  a;d2:)  -f  Zi  (xdy  —  ycb?) 
"  {PiX -^  Qiy -^  Riz)  (ux  +  vy  +  wz)  * 

or>  what  is  the  same  thing,  if 

P^ax  +  hy-^-gz, 

Q^hx+by-k-fz, 

B^g^+fy-^cz, 

so  that 

PiX  +  Qiy+RiZ=^{a,...^x,  y,  z'^x^.y^,  ^i)  =  P^i  +  Qyi  +  i2^i, 

then  we  have 

,    __  (ydz  —  zdy)  Xi  +  (zdx  —  xdz)  y^  +  (a?dy  —  ydx)  z^ 
~  (tw?  +  t;y  +  i^^)(P^  +  Qyi  +  it?i) 

Suppose  now  that  (x,  y,  -?)  are  connected  by  the  equation 

(a,...\x,  y,  zf^Oy 

we  have 

P  x-\-Q  y-^  R  z  =  0, 

Pdx  +  Qdy  +  Rdz^O, 
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and  thence 

ydz  —  zdy  =  0P, 

zdx  —  xdz  =  0Q, 

xdy  —  ycJa?  =  Oli, 
and  consequently 

e  ydz -zdy       ^       zdx -xdz       _       xdy-ydx 

" uxTvyTwz"  {ux  +  vy+wz)P'' (ux  +  uy  +  wz)Q     (tia? -f  «y  +  w-g:) iJ * 

or  selecting  the  value 

zdx  —  a?d2:  -z^rfa?  —  xdz 


d«j  = 


and  writing 


we  have 


(tix  +  ty  +  w-j)  Q     (ux  +  vy-\-  wz)  {hx  +  by  -i-fz) ' 


2r  ^ 


(tix  +  vy  +  wz)  (hx  +  by  +fz) 

dX 


(wZ  +  t;F+ w)(AZ  +  6F+/)' 
where  X  and  F  are  connected  by  the  equation 

(a,...$Z.  F,  1)«  =  0, 
that  is,  F  is  a  given   quadric   radical   function   of  X.     Hence   integrating  and   restoring 

X  1/ 

for  «r  its  original  value,  but  writing  therein  -  =  Z  and  -  =  F,  we  have 

z  z 

dX 1 ,      (a,  ...$aa,  yu  ^i$X  F,  1) 


r dz 1 , 


(i*Z  +  t;F+w)(AZ  +  6F+/)     V{- (^i,  ...5«,  v,  wf]  ^  wZ  +  vF+w; 

where,  as  just   mentioned,  F  is  a  given   quadric    radical   function   of  X   determined  bj' 
the  equation 

(a,  6,  c^f.g,  h\X,  F,  1)«  =  0, 

and  the  constants  x^^  yi,  z^  are  such  that 

(a,  ...$aJi,  yi,  ^i)*  =  0, 
wa?!  +  vyi  +  w^^i  =  0, 

the   ratios   of  these   quantities  being   therefore   determinate ;   there  would,  it  is  clear,  be 
no  loss  of  generality  in  assuming  z^^  =  1.     This  is  Aronhold's  Theorem  I. 

2,  Stone  Buildings,  W.C.,  October  23,  1862. 
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ON    THE    RECIPROCATION    OF    A    QUARTIC    DEVELOPABLE. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  vii.  (1866), 

pp.  87—92.] 


It  is  interesting  to  consider  in  a  particular  case  the  system  of  equations  which 
shows  d  posteriori  that  the  reciprocal  of  a  torse  (developable  surface)  is  a  curve  (curve 
in  space);  and  the  reciprocal  system  which  shows  that  the  reciprocal  of  a  curve  is  a 
torse. 

Using  (a,  6,  c,  d)  and  (a;,  y,  z,  w)  for  the  reciprocal  coordinates,  it  will  be  con- 
venient to  collect  the  different  equations  as  follows: 


a«d»  -  6a6cd  +  4ac«  +  46»d  -  36»c»  =  0, 

cwP-36cd  +  2c»  +Xa?  =  0,) 
-3acd  +  66«d  -36c»  +  Xy=0, 
-3a6d  +  6ac*  -36»c-X2r  =  0, 

a«d  -3aicH-26»   +Xi^=0,j 

cw:  +  6y  +  C-?  +  dw  =  0, 

3a;2:-y2=0,    yz-9ww  =  0,    Syw-z^=0, 

Spz-Qqw  -fa  =  0,1 

-2py+    qz  +  Srw  +  b  =  0, 
Spo!  +    qy  —  2rz  +  c  =  0, 
-9qx-¥Sry  -^d^O, 


(1) 


(2) 


(3) 
(4) 


(5) 


0.    V. 
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This  being  so,  the  e<]uation  (I)  belongs  to  a  quartic  torse,  the  reciprocal  whereof 
is  the  skew  cubic  determined  by  the  equations  (4):  and  we  have  to  show  d  posteriori 
that  this  is  so. 

First  if  the  torse  is  given,  then  the  reciprocal  figure  is  the  envelope  of  the 
plane  aa;  +  6y  +  cz  +  dt(;  =  0,  (3),  where  (x,  y,  z,  w)  are  the  coordinates  and  (a,  h,  c,  d) 
are  regarded  as  variable  parameters  connected  by  the  equation  (1);  we  thence  obtain 
the  equations  (2),  where  X  is  an  arbitrary  multiplier;  and  from  the  equations  (1),  (2), 
and  (3),  we  have  to  eliminate  a,  6,  c,  d,  X.  The  equation  (3)  is  at  once  seen  to  be 
included  in  the  equations  (1)  and  (2);  and  the  elimination  would  give  only  a  single 
equation  between  the  {x,  y,  z,  w) — since  however  the  equation  (1)  is  that  of  a  torse, 
we  know  that  the  elimination  must  give  two  equations,  or  more  accurately  a  two-fold 
relation  (represented,  as  in  the  present  case  it  happens,  by  three  equations)  between 
the  coordinates  {x,  y,  z,  w). 

Putting  for  shortness 

D  =  a»d«  -  Got  cd  +  4ttc*  +  46»d  -  3ftV : 

and  substituting  for  \x,  Xy,  \z,  \w,  their  values  from  the  equations  (1),  we  have  identically 

X«(  ^^-Jy»  ) (M-c*)n, 

^*(4y^  ~    ^*^)  =  — (ad-6c)  D. 
^H  yw-i^  )  =  -(ac-6«)n; 

and  hence  (since   0=0)  we  have  between  (x,  y,  z,  w)  the  equations  (4),  showing  that 
the  reciprocal  figure  is  a  skew  cubic. 

Secondly,  let  the  skew  cubic  be  given;  then  the  reciprocal  figure  is  the  envelope 
of  the  plane  aa?  +  6y  +  c^  -f  dw  =  0,  (3),  where  now  (a,  6,  c,  d)  are  the  coordinates  and 
(x,  y,  z,  w)  are  regarded  as  variable  parameters  connected  by  the  equations  (4):  we 
thence  obtain  the  equations  (5)  containing  the  arbitrary  multipliers  p,  q,  r:  and  firom 
the  equations  (3),  (4),  (5)  we  have  to  eliminate  x,  y,  z,  w,  p,  q,  r.  The  equation  (3) 
is  at  once  seen  to  be  included  in  the  equations  (4)  and  (5) :  since  however  the 
equations  (4)  are  those  of  a  curve,  we  know  that  the  elimination  must  give  a  single 
equation  between  (a,  6,  c,  d). 

The  equations  (4)  are  satisfied  if  we  write  therein 

X  :  y  :  z  :  w=^i  :  0  :  ^:J^, 

and   substituting   these   values   of  x,  y,  z,  w  in  the   equations   (5),   these   equations  give 
(a,  6,  c,  d)  in  terms  of  0,  p,  q,  r,  and  we  thence  find  identically 

oc-ft*    =-  0^(p--2q0  +  r0'y, 

6c-ad=-2tf  (P'-2q0  +  r0y, 

bd-d"   =-       (p  "  2q0 -h  r0'y, 
that  is 

ac-b^  :  ad-bc  :  bd-c'=0'  :  -20  :  1, 
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or  we  have 

(a(i-6c)»-4(ac-6*)(6d-c»)  =  0, 

which  is  in  fact  the  equation 

D  =  a«d«  -  Gabcd  +  4ac»  +  46»d  -  36»c«  =  0,  ( 1 ) 

and  thus  the  reciprocal  is  in  fact  the  quartic  torse,  given  by  the  equation  (1). 

The  equations  (3),  (4),  (5)  lead  to 

soBa  +  yBb  +  zBc  +  wBd  =  0 ; 

but  (a,  6,  c,  d)  are  in  consequence  of  these  equations  connected  by  a  single  equation, 
viz.  the  equation  (1);  the  equation  just  obtained  is  thus  the  only  relation  between 
the  differentials  (Sa,  Sb,  Sc,  Sd) :  it  is  clear  from  the  equations  (2)  that  this  is  in  fact 
the  equation 

SU^SaOBa  +  StDSb  +  BeDSc-hhaOSd^O. 

The  equations  (1),  (2),  (3)  lead  in  like  manner  to 

aSx  +  bhy  +  c8z  +  dSw  =  0, 
which  in  virtue  of  the  equations  (5)  is  equivalent  to 

pB  (Sxz  —  y')  -hqBQ/z  —  9anv)  +  rB  (Syw  —  £:•)  =  0, 

viz.  it  is  a  consequence  of 

S(ac^-y«)  =  0,    B(yz'-9xw)^0,    S(3yM;-^)  =  0. 

But  inasmuch  as  (a?,  y,  z,  w)  are  connected  by  a  two-fold  relation,  the  equations 
(1),  (2),  (3)  must  lead  to  one  other  linear  relation  between^- the  differentials  {Bx,  By,  Bz,  Bw): 
and  I  proceed  to  show  that  this  is  so. 

Differentiating  we  have 

c^  Ba  -3cd  S6+ (-3M  +  6c*)Sc  +  (  2a(i - 36c) Sd  +  Xciar  +  a:SX  =  0, 

-3cdSa  +  (  126d-3c")S6+(-3ad-66c)Sc  +  (-3ac-66»)Sd  +  Xdy +yd\=0, 

(- SM  +  6c«) Sa  +  (- 3ad - 66c) 86  +  (  12ac-36*)Sc-  SabBd  +  Xdz +zdk  =0, 

(   2ad  -  36c)  &x  4- (- 3ac  +  66*)  86  -  3a6  Sc+  a*  Sd  +  Xrfw  +  wd\  =  0. 

Consider  the  matrix 

cP  ,    -    3crf  ,     -    36d+6c*,       2ad-36c| 

-3cd  ,        126d-3c^,    -   Sad-Gbc,    -3ac  +  66*  ' 

-36d+6c»,    -   3ad-66c,        12ac-36*,    -3a6 

2ad-36c,    -   3ac  +  66»,     -   3a6  ,  a«  | 

64—2 
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and  suppose  for  a  moment  that  the  determinant  formed  therewith  is  ^  K ;  suppose  also 
that  the  reciprocal  matrix  is 

a,  ^,  ®,  8 

^,  «,  8,  « 
®,  8,  S.  91 
8,    «.    %    2) 

Then  we  have 

KBa  +  d\  (Oi?  +  ^y  +  ®«  +  8w)  +  X  (aida;  +  ^dy  +  ®ck  +  idw)  =  0, 

with  the  similar  eciuations  involving  6,  c,  d  and  (^,  »,  g,  iR).  (®,  g,  6,  «),  (8,  W,  «,  35) 
respectively. 

But,  substituting  for  (x,  y,  z,  w)  their   values  from   the    equations  (2),  it    is  easy 
to  see  that  we  have 

aa?  +  ^y  +  ®z  +  8w=-gr-ifa, 
the  last-mentioned  equation  thus  is 

/r(Sa-i^S\)+X(a[&i:  +  ^Sy  +  ®S^  +  8Sw)  =  0. 

But  K  is   ==  27  D    (see  my  paper  "  On   Certain   Developable    Sur£Eu;es,"   Quarterly 
Mathematical  Journal,  t.  vi.  1864,  pp.  108 — 126,  [344]),  which  is  =0,  and  we  thus  have 


and  similarly 


8l&»  +  ^8y  +  ®Bz'^  iSw  =  0, 

^&x!  +  9By  +  %Bz  +aRSM;  =  0, 
®Sa;  +  gSy  +eS^+«Sti;  =0, 

8&i:  +  3R8y  +  «8^  +  3)St(;  =0. 

But  observing  that  in  virtue  of  the  equation  /T  =  0,  we  have 

81  :  ^  :  ®  :  8  =  ^  :  93  :  g  :  aR  =  ®  :  g  :  S  :  «  =  8  :  HR  :  91  :  % 
these  are,  as  they  should  be,  one  and  the  same  equation. 

The    values    of   the    coefficients    81,    93,  &c.  are    given,  p.   112   of    the   paper  just 
referred  to,  viz.  writing  D  in  place  of  U,  we  have  8l  =  3Z'— 4a'n,  &c.  where 

Z=  tt*d  -3a6c  +  26», 
Y=  abd-'lac^  +6*0, 
Z^-acd  +26^d-6c». 
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and  writing  0=0,  the  values  each  divided  by  3,  are  simply 

X'    ,    ZF,  XZ,  XW, 

FZ  ,     P  ,  YZ,  YW, 

ZX  ,    ZY,  Z»,  ZW, 

WX,    TTF,  WZ,  W\ 

so  that  each  of  the  four  equations  in  fact,  becomes 

ZSa;+  Y8y  +  ZSz  +  WSw  =  0, 

or  multiplying  by  3,  and  attending  to  the  equations  (2),  this  is 

—  SwBx  +  zSy  —  ySz  +  SxSw  =  0. 

This  should  be  a  consequence  of  the  equations 

S(3a?^-y»)  =  0,    S(yz-9xw)  =  0,    S  (Syi^  -  2;*)  =  0, 

that  is,  we  should   be   able  from   the  first  three  to   deduce  the   fourth   equation  in  the 
system 

Sz  Ba)-2y8y  +  SxSz  =0, 

—  dtuBx-k-    zSy+   ySz'-QxSw^O, 

3tuBy'-2zBz  +  SySw  =  0, 

—  3i(;  &c  +   zSy—  ySz  +  Sx8w  =  0, 

or  we  ought  to  have 

Sz,    -2y,        3^7,  =0; 

—  9w,         z,  y,    —9a? 
Sw,    -  2z,        3y 

—  3w;,  z,    —   y,        Sx 

but  expanding,  this  is 

-  6  (Sla^u/'  -  oAixyzw  +  12xz^  +  I2fw  -  Zfz*)  =  0, 


or 


{yz  -dxtuy  —  4i{xz  —  t/^)(yw  —  2!^)=  0, 


which  is  true  in  virtue  of  the  relations  (4).     Or  what  is  the  same  thing,  we  may  show 
without  difficulty  that  the  equation 

—  SwBx+zhy  -  ySz  +  Sxhw  =  0, 


is  satisfied  by  writing  therein  x  :  y  :  z  :  w  =  ^  :  d  :  0^  :  ^$*. 
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I   remark   that  in  general,  if  n^i^(a,  b,  c,  d)^0  is  the  equation  of  a  torse,  then 
for  finding  the  reciprocal  curve,  we  have 

D  =  0,    ax+by4-cz  +  dw^0, 
S.  D  +  X*  =  0, 

Sdn+xw=o, 

and  that  from  these  equations  we  deduce  not  only 

a&c  +  bSy  +  cS^  +  d&w  =  0, 
but  also  the  equation 

(a,  93,  e,  2),  g,  ®,  ^.  «,  9R,  W$a,  1^,  y,  S$&r,  8y,  8z,  M  =  0. 

where  55,...  ai-e  the  inverse  system  derived  from  the  second  differential  coefficients 
of  D  :  (a,  yS,  7,  B)  are  arbitrary  coefficients,  introduced  only  for  symmetry,  and  there 
is  no  real  loss  of  generality  in  reducing  all  but  one  of  them  to  zero,  and  so  reducing 
the  equation  for  example  to  the  form 

The  existence  of  the  two  linear  equations  between  (&r,  Sy,  Bz,  Sw)  proves  that  {x,  y,  z,  w) 
are  connected  by  a  two-fold  relation,  that  is,  that  the  reciprocal  of  the  given  torse 
is  a  curve. 

Cambridge,  Jaimary  26,  1865. 
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ON    A    SPECIAL    SEXTIC    DEVELOPABLE. 


[From   the   Quarterly  Journal  of  Pure  and  Applied  Mathernatics,  vol.  Vll.  (1866), 

pp.  105—113.] 

The   present  paper  contains  some  investigations  in    relation    to    the  special   sextic 

developable  or  torse 

(ae  -  46(0' -  27  (- OK?  -  6>c)'»  =  0, 

considered   Nos.   26   to   35   of  my   paper  "On  Certain  Developable   Surfaces,"  Quarterly 
Mathematical  Journal,  t.  vi.  (1864),  pp.  108—126,  [344]. 

The  cuspidal  curve  is 

and  the  nodal  curve  is 

a«  +  26d  =  0,    ad»- 6*^  =  0, 

viz.  to  put  this  in  evidence,  the  equation  is  to  be  written  in  the  form 

{ae  +  26d)»  (06  -  166c0-  27  (acP  -6»c)>  =  0. 

The  coordinates  of  a  point  on  the  cuspidal  curve  may  be  taken  to  be 

a  =  2,     b  =  -t,    d  =  +t»,    «  =  -2^, 

and  then   if  A,  5,  D,  E  are  current    coordinates,  and   a,  yS,  S,  e  arbitrary  coefficients, 
the  equation  of  a  plane  through  the  tangent  line  is 


a«-46d  =  0,    cMp  +  6*e  =  0, 


A,  5,  D,  E 

2,  -«,  +  t»,  -2^ 

.  -1,  +3«S  -8e» 

a,  /3,  S,  6 


=  0. 
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which  is 

+  (ilS-2)a)(-8t*) 
+  (A€  -Ea  )(-  f) 
+  (B8  -D/3)(-8f») 

+(B€  ^Efi){^m 

-^{De  -JE?S)(-1    )J 
or,  what  is  the  same  thing, 

a(     Bf  +  SDf-^    Ef)] 
+  /8(-   Af  +  SD^  +  SEt') 
+  8  (-  3Af  -  85f»  +  J?  ) 
+  e  (-   Ai^-SBt^-^  D  )^ 


=  0, 


=  0. 


and  by  equating  to  zero  the  coefficients  a,  /3,  S,  €,  we  have  four  equations  which  are 
easily  seen  to  reduce  themselves  to  two  equations  only,  and  which  are  in  fact  the 
equations  of  the  tangent  line,  the  equations  of  this  line  may  therefore  be  taken  to  be 


+  35e«  +  i)  =  01 


^f»+85e«  +  i)  =  0^ 


The  coordinates  of  a  point  in  the  nodal  curve  may  be  taken  to  be 

and   substituting  these   values  in   the    place    of  il,   B,   D,   E  in    the   equations    of  the 
tangent  line,  we  have 

V2«»+3<V-t'       =0, 

3V2f*  +  8<»T-V2T*  =  0, 

or,  what  is  the  same  thing, 

T»-3fV       +V^f'  =  0,  i.e.  {t  +  V2f         )  {t^- V2«T-f»}  =  0, 
T^-4V2e»T-3<»     =0,  {T«  +  V2^r-<«}{T«-V2fT-«»}=0, 

so  that  the  equations  are  satisfied  by  the  values  of  t  given  by  the  equation 

that  is,  by  the  values 

1±  V3, 

T  = j= —  f, 

V2 

which   belong  to  the   points  where   the  tangent   line   meets   the  nodal  curva    Call  these 
values   Ti   and    Tg ;    then   considering    a,   6   as    current    coordinates,   the    values  of   a  :h 
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belonging  to  the  point  where  the  tangent  line  meets  the  cuspidal  curve  considered  as 
three  coincident  points,  and  to  the  points  where  it  meets  the  nodal  curve,  are  given 
by  the  equation 

(26  +  af)»{6V2~aTi}(6V2-aT,}  =  0, 
that  is 

(26  +  aty  (26»  -  2abt  -  a^)  =  0, 

or  say 

(at  +  2by  {aH^  +  2abt  -  26>)  =  0. 

I   proceed  to  find   the  intersections  of  the  tangent;  with  the   Prohessian :  for    this 
purpose  putting  for  a  moment  in  the  last-mentioned  equation  x  for  cat  and  y  for  6,  this  is 

{x  +  2y)»(a^  +  acy-  2y«)  =  0, 

or,  if  in  the  place  of  {x  +  y)  we  write  x,  this  is 

and  the  Hessian  of  this  is  easily  found  to  be 

(a?  +  y)*(3a^  +  &ry  +  4y»); 

whence,  replacing  x  by  (a?  +  y),  the  Hessian  of 

(a:  +  2y)«(  a^+    acy-    2y«), 


IS 


We  have  thus 


that  is 


{x  +  2y)*  (3a^  +  14a;y  +  ISf), 


3a^+14iBy  +  18y«  =  0; 
^x  +{7±V^}y  =  0, 


or 


and  therefore 


3a«  +  {7±vC:5}6  =  0; 

h_       -3      .     -3{7TvCr5}  7tV^ 

a"7±VZ5^"  64  18       ^' 


or  putting 


7  +  V-5 
^  = 18— 


7-V-5 
""- 18— 


80  that  ni  +  nj  =  — J,  nin2  =  J,  and  Wi,  n,  are  the  roots  of  the  equation  18n*+ 14?n  +  3  =  0, 
then  we  have  -=ni^  or  n^t,  say  -=Wi^,  or  assuming  a  =  l,  then  6  =  7iif. 


C.   V. 
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But  the  equations  of  the  tangent  line  being  ut  suprd 

3a<*  +  86<»-c=0. 


we  have  thus 


a  =  l, 

e^(    3  +  8n0^, 


a==  1, 

e  =  (    3  +  8n,)t*, 


as  the  coordinates  of  the  required  points,  viz.  the  tangent  line  meets  the  Prohessian, 
in  the  point  on  the  cuspidal  edge  considered  as  6  points,  in  two  points  on  the  nodal 
curve  and  in  the  last-mentioned  2  points ;  6  +  2  +  2 » 10  the  order  of  the  Prohessian. 

The  foregoing  equations  give 

a^-66d  =  18w,«+14/h  +  3  =  0, 

(in  virtue  of  18fi,«  +  14w,  +  3  =  0), 

80  that  the  two  points  in  question  are  the  intersections  of  the  tangent  line  with  the 
surface  ae  —  6bd  =  0. 

If  we  consider  the  intersection  of  this  surfisu^  with  the  torse 

(a6-4M)»~27(-ad«-6*«)»  =  0, 

the  equation  ae  —  6bd  =  0,  gives 

(a(5~  46d)»  =  (2ftd)»=  86»(?6d=  f  aeb^, 

and   thence 

4a6*cPe  -  81  (ocP  +  6«g)«  =  0 ; 

that  is 

81a>*  -  ISSab^d'e  +  816V  =  0, 

an  equation  which  should  agree  with 

^  =  B»r(U4n,-23). 

*      In  fact  writing 

a;  =  ^(144n,-23), 

the  equation  ISn^^  +  14wi  +  3  =  0  is  (18ni  +  7)»  +  o  =  0;  that  is,  (144 n^  +  56)«  +  320  =  0, 
but  144  Wi  + 56  =  81a; +79,  or  the  equation  becomes  (81a:  + 79)* +  320  =  0,  that  is 

8l^^  + 81. 158a; +  81^  =  0,   or    81a;»+ 158a;  + 81  =0, 
which  is  right. 
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Consider  in  like  manner  the  intersection  of  the  torse  with  the  surface  ae  —  X6d  =  0, 
where  X  is  a  given  constant  coefficient;   we  have 


A. 

(\  -  4>y  adf'd^  -  27\  (od*  +  6»«)«  =  0, 
27Xa«d*  +  [54X  -  (X  -  4)«]  ab^<Pe  +  27x6"e*  =  0, 


and  therefore 
that  is 

which  gives 

ad^^dib^e^O,  or  acf - djt'e  =  0, 
if  6i,  $2  are  the  roots  of 

27X^  +  [54X  -  (X  -  4)»]  ^  +  27X  =  0. 

The  surfaces  ae—Xbd^O,  acP— ^,6*^=0  have  in  common  the  two  lines  (a  =  0,  6  =  0) 
and  (d  =  0,  e  =  0),  and  they  intersect  besides  in  a  quartic  curve.  And  so  for  the 
surfaces  oe  — XW  =  0,  ad*  — ^,6*6  =  0.  That  is,  the  surface  ae  — X6d  =  0  intersects  the 
torse  (ae  —  4ibdy  —  27  (—  ad^  —  6^)'  =  0,  in  the  line  a  =  0,  6  =  0  twice,  in  the  line 
d  =  0,  e  =  0  twice,  and  in  two  quartic  (excubo-quartic)  curves.  The  two  quartic  curves 
become  identical,  if 

(54X)»={54X-(X-4)»}>, 
that  is 

±54X=  54X-(X-4)», 
and  therefore,  if  either 

(X-4)»  =0, 

which  gives  the  cuspidal  curve;   or  else  if 

(X-4)«-108X  =  0, 
that  is 

X»  -  12X«-  60X  -  64  =  (X  +  2)>(X  -  16)  =  0. 

(X  +  2)^  =  0  or  X  =  —  2  gives  the  nodal  curve :  X  —  16  =  0  gives  ae  —  166d  =  0,  a  surface 
which  intersects  the  developable  in  the  line  a=0,  6  =  0  twice,  in  the  line  d  =  0,  e  =  0 
twice,  and  in  the  two  coincident  quartic  (excubo-quartic)  curves  given  by  the  equations 
a€  — 166d  =  0,  acP  — 6*^  =  0.  As  a  verification,  I  remark,  that  the  surfisu^e  ocP  — 6*c  =  0 
combined  with  the  developable  gives 

(a€-46d)»-27(ad«  +  6»e)«=(a6-46d)»-108a6»(?e  =  0, 

that  is  (a«+26d)'(a«  — 166d)  =  0,  or  it  meets  the  developable  in  its  curve  of  intersection 
with  ae+2bd  =  0  twice,  and  in  its  curve  of  intersection  with  oe  — 166d  =  0;  that  is, 
in  the  line  a  =  0,  6=0  three  times,  in  the  line  d  =  0,  e  =  0  three  times,  in  the  nodal 
quartic  a€  +  26d  =  0,  od*  — 6*6  =  0  twice,  and  in  the  quartic  ae  — 166d  =  0,  od*  — 6*e  =  0 
once ;   3  +  3  +  8+4  =  18,  the  order  of  the  complete  intersection. 

Qreenvnch,  January  4,  1864. 
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In  my  theory  of  the  singularities  of  curves  and  torses,  LiouviUe,  t  X.  (1845) 
pp.  245 — 250,  [30],  translated  under  the  title  ''  On  Curves  of  Double  Curvature  and  Deve- 
lopable SurfSeu^es,''  Cambridge  and  Dublin  Mathematical  Journal,  t.  v.  (1850),  pp.  18 — 22, 
[83],  I  omitted  to  take  account  of  a  noteworthy  singularity,  viz.  this  is,  the  stationary 
tangent  line ;  or  when  the  system  has  three  consecutive  points  in  a  line,  or,  what  is 
the  same  thing,  three  consecutive  planes  through  a  line.  I  reproduce  the  theory  with 
this  addition  as  follows.     We  have 

.  m,  the  order  of  the  system,  =  order  of  the  curve, 

r,  „  rank  of  the  system,  =  class  of  curve,  =  order  of  torse, 

n,  „  class  of  the  system,  =  class  of  torse, 

a,  „  number  of  stationary  planes, 

y9  „  „  stationary  points, 

%  „  „  stationary  lines, 

g  ,y  „  lines  in  two  planes, 

h  „  „  lines  through  two  points, 

X  „  „  points  in  two  lines, 

y  „  „  planes  through  two  lines. 

This  being  so,  the  section  of  the  torse  by  an  arbitrary  plane  is  a  plane  curve  for  which 

r  is  the  order, 

n  „      class, 


so 

m  +  & 

9 


)) 


» 


ff 


number  of  nodes, 
cusps, 

double  tangents, 
inflexions ; 

and  we  have  thence  Pliicker*8  six  equations,  which  may  be  considered  as  included   in  the 
three  equations 

n=    r(r-l)-ar-3(m  +  H 

a  =  3r(r  -2)-6a?-8(m+H 

r=   n(ii-l)-2(7-3a. 

Similarly   considering  the   cone   standing  on    the    curve   and    having    an    arbitrary  point 
for  vertex,  then  for  this  cone 


m 

is  the  order, 

r 

„       class, 

h 

„       number  of  nodal  lines. 

ys 

„              „            cuspidal  lines. 

y 

„              „           double  tangent  planes. 

w  +  ^ 

inflexions ; 
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and  we  have  Plticker's  six  equations,  which  may  be  considered  as  included  in  the 
three  equations 

m=  r{r  -  l)-2y- 3(n  +  &), 
/8=3r(r  -  2)- 6y- 8(n  +  &), 
r  =  m(m-l)-  2A-3/8. 

These  two  systems  constitute  together  a  sjrstem  of  six  equations  between  the  ten 
quantities  m,  r,  n,  a,  /8,  &,  g^  h,  x,  y.  Considering  m,  r,  x,  ^  as  arbitrary,  the  six 
equations  determine  the  remaining  quantities  n,  a,  fi,  A,  x,  y. 

The  curve 

is  a  sextic  curve,  the  edge  of  regression  of  the  sextic  torse 

(a«  -  46d  +  3c«)»-- 27  (ac6  + 26cd -ocP- 6^  -  c»)«  =  0, 
and  we  have  in  this  case,  as  is  well  known, 

m,  r,  n,  o,  ^,  &,  g,  K  x,  y 
=  6,  6,  4,  0,  4,  0,  3,  6,  4,  6. 

But  putting  as  above  c  =  0,  then  instead  of  the  sextic  curve  we  have  the  excubo- 
quartic  curve  o^  — 46d  =  0,  acP  + 6*6  =  0,  which  is  a  curve  having  two  stationary  tangents, 
viz.  these  are  the  lines  (a=0,  6  =  0)  and  (c2  =  0,  «  =  0),  which  are  in  fact  given  along 
with  the  curve,  by  the  foregoing  equations  a6-46d  =  0,  (wP+ 6*6  =  0.  We  have  in  this 
case  %=2,  and  the  system  is  thus  found  to  be 

m,  r,  n,  o,  /8,  *,  g,  A,  x,  y 

=  4,  6,  4,  0,  0,  2,  3,  3,  4,  4, 

it  was  in  fact  the  consideration  of  this  case  which  led  me  to  take  account  of  the  new 
singularity  of  the  stationary  tangent  lines. 

I  take  the  opportunity  of  referring  to  a  most  valuable  and  interesting  paper  by 
Schwarz,  "De  superficiebus  in  planum  explicabilibus  primorum  septem  ordinum,"  Crelle, 
t.  LXiv.  (1864),  pp.  1 — 16.  The  author,  after  referring  to  my  paper  "  On  the  deve- 
lopable derived  from  an  equation  of  the  fifth  order,"  Cambridge  and  Dublin  Mathe- 
maiicai  Journal,  t.  v.  (1850),  pp.  162 — 159,  [86],  enters  into  the  enquiry  there  suggested 
as  to  the  means  of  ascertaining  the  degree  of  the  '  planarity '  of  a  developable  surface. 
He  starts  from  certain  theorems  derived  from  Riemaun's  theory  of  transcendental 
functions,  viz.:  If  an  algebraical  (plane)  curve  of  the  order  r  has  ^(r— l)(r  — 1)  — /» 
double  points  (nodes  or  cusps),  then  the  coordinates  of  a  point  of  the  curve  may  be 
expressed  rationally 

If  /»  =  0,  that  is,  if  the  curve  has  the  maximum  number  of  double  points,  by  a 
single  parameter. 
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If  p  s  1,  by  a  single  parameter,  and  the  square  root  of  a  cubic  or  quartic  function 
of  this  parameter. 

If  p » 2,  by  a  single  parameter,  and  the  square  root  of  a  quintic  or  sextic  function 
of  this  parameter. 

If  p  >  2,  by  a  parameter  (,  and  an  algebraical  function  thereof  tf ;  where  (,  17  are 
connected  by  an  equation  of  the  order  i(p  +  3)  or  i0>  +  2)  according  as  p  is  odd  or 
even. 

These  principles  establish  a  division  of  plane  curves  into  algebraical  classes ;  all 
plane  curves  (other  than  the  generating  lines)  situate  on  a  ruled  sur&ce,  belong  to  the 
same  algebraical  class,  and  the  surSsM^e  itself  belongs  to  the  same  class.  Hence,  if  on 
a  ruled  surface  there  is  either  a  right  line  which  is  not  a  generating  line  (this 
cannot  be  the  case  for  developables)  or  a  conic,  or  a  cubic  having  a  double  point,  or 
any  other  plane  curve  having  the  maximum  number  of  double  points,  the  surfiace 
belongs  to  the  class  for  which  p  =  0;  and  in  the  case  of  a  developable  surfieu^e  the 
equation  of  the  tangent  plane  may  be  rationally  expressed  by  means  of  a  single 
parameter;  that  is,  the  degree  of  the  planarity  is  » 1,  or  the  surfSetce  is  planar.  This 
leads  to  the  conclusion,  that  the  developable  surfiEtces  or  torses  of  the  orders  4,  5,  6 
and  7  are  all  of  them  planar. 

The  author  points  out  that  the  '  special  quintic  developable '  of  my  paper  first 
above  referred,  (viz.  that  obtained  by  writing  6  =  0  in  the  equation  of  the  sextic 
developable)  is  in  fact  the  general  developable  of  the  fifth  order,  or  quintic  torse. 

The  foregoing  theoi-em,  that  for  a  curve  which  has  the  maximum  number  of 
double  points,  the  coordinates  may  be  expressed  rationally  by  a  single  parameter,  admits 
of  a  very  simple  algebraical  proof,  as  is  shown  in  the  paper  by  Clebsch  "Ueber 
Curven  deren  coordinaten  rationale  Functionen  eines  Parameters  sind,"  Crelle,  t.  LXiv. 
(1864),  pp.  43 — 65.  In  another  paper  by  the  same  author,  "Ueber  die  Singularitaten 
algebraischer  Curven,"  pp.  98 — 100,  it  is  remarked  that  if  in  any  plane  curve  we  have 
m  the  order,  n  the  class,  S  the  number  of  nodes,  k  of  cusps,  t  of  double  tangents, 
i  of  inflexions,  then  as  a  deduction  from  Riemann*s  principles,  but  also  at  once 
obtainable  from  Pliicker's  equations,  we  have 

i(m-l)(m-2)-S-/c  =  i(«-l)(n-2)-T-A; 

and  moreover  if  from  a  given  curve  we  derive  in  any  manner  another  curve,  such 
that  to  each  tangent  (or  point)  of  the  first  curve  there  corresponds  a  single  point  (or 
tangent)  of  the  second  curve,  then  in  the  second  curve  the  expression 

Hm'-l)(m'-2)-S'-/c',  =i  («'-!)  (^'-2) -r'-t', 

has  the  same  value  as  in  the  first  cur\e. 
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The  like  property  exists  for  curves  in  space — viz.  taking  account  as  above  of  the 
new  singularity  of  the  stationary  lines,  then  we  have 

=  i(r  -l)(r  -2)-y-n  -&, 

=  i(n-l)(n  -2)-5r-a, 

which  equations  are  in  fact  at  once  deducible  from  the  above-mentioned  system  of 
six  equations  between  the  quantities  m,  r,  w,  a,  /8,  &,  g^  A,  a?,  y,  and  may  if  we  please 
be  taken  for  equations  of  the  system. 

If  from  a  given  curve  and  torse  we  derive  a  second  curve  and  torse,  in  such 
manner  that  to  each  point  (or  plane)  of  the  first  figure  there  corresponds  a  single  plane 
(or  point)  of  the  second  figure — then  the  corresponding  expressions  J(m'— l)(m'— 2)— A'— /S', 
Ac,  have  the  same  value  for  the  second  as  for  the  first  figure. 

Cambridge,  April  11,  1865. 


520 


[374 


374. 


ON    THE    HIGHER    SINGULARITIES    OF    A  PLANE    CURVE. 

[From  the   Quarterly  Journal  of  Pure  and  Applied  Mathematics,  voL  vii.  (1866), 

pp.  212—223.] 

The  theory  of  the  singularities  of  a  plane  curve  was  first  established  by  Plilcker 
in  his  great  work  the  Theorie  der  Algtbraiachen  Curven,  (1839),  where  he  establishes, 
in  regard  to  the  ordinary  singularities,  a  sjrstem  of  six  equations ;  viz.  if  we  have 

7?i,  the  order  of  the  curve, 

n ,     „    class, 

8 ,     „    number  of  double  points, 

#C  ,       „  „  cusps, 

T ,     „  „  double  tangents 

#c ,     „  „  inflexions, 

then  Plucker's  six  equations  are 

n  =s  m  (m  —  1)  —  28  —  3#c, 
*  =3m(m-2)-68-8/c, 
T  =im(m-2)(m»-9)-(m«-m-6)(2S  +  3/c)  +  2S(S-l)  +  6Sic  +  |ic(ic-l), 

m=  n{n  —  1)— 2t— 3*, 
K  =  3n  (w  —  2)  -  6t  -  S*, 
8  =  iw(n-2)(ii«-9)-(n«-n-.6)(2T  +  30  +  2T(T~l)  +  6Ti  +  |i(i-l), 

equivalent  to  three  equations;    thus    m   and   (within    proper    limits)   8   and  k  may  be 

considered    arbitrary,   and    the    first    three    equations   then    give    n,   i,   r;    and  in    like 

manner  n  and  (within  proper  limits)  t  and   i  may  be  considered  as  arbitrary,  and  the 
equations  then  give  7w,  /c,  8. 


374]  ON    THE  HIGHER   SINGULARITIES  OF  A  PLANE  CURVE.  521 

I  have  used  the  ordinary  expressions  double  points,  cusps,  double  tangents,  inflexions ; 
but  (using  as  I  have  elsewhere  done  ineunt  as  the  correlative  of  tangent)  it  would  be 
more  precise  and  symmetrical  to  say,  double  ineunts,  stationary  ineunts,  double  tangents^ 
and  stationary  tangents.  The  double  ineunt  is  called  also  a  node,  viz.  it  is  a  crunode, 
or  an  acnode,  according  as  the  tangents  are  real  or  imaginary;  and  the  stationary 
ineunt,  or  cusp,  considered  as  (what  in  the  theory  of  point-coordinates  it  in  fact  is) 
a  psirticular  case  of  the  double  ineunt,  jb  a  spinode;  to  render  this  notation  S3rmmetrical, 
we  require  certain  new  terms,  say  link,  as  the  correlative  to  node,  and  flex  as  the 
correlative  to  cusp ;  then  the  double  tangent  is  a  link,  viz.  it  is  a  colink,  or  an 
allink  according  as  the  ineunts  upon  it  (points  of  contact)  are  real  or  imaginary;  and 
the  stationary  tangent  (inflexion)  or  flex,  considered  as  (what  in  the  theory  of  line- 
coordinates  it  in  fact  is)  a  particular  case  of  the  double  tangent,  is  a  relink.  The 
ordinary  singularities  of  a  plane  curve  would  thus  be  the  node,  the  cusp,  the  link^ 
and  the  flex;  but  I  shall  retain  the  above-mentioned  more  usual  expressions. 

Deducible  from  the  six  equations,  we  have 

w-m  =J(i-ie), 
(n-w)(n  +  m-9)=2(T-S), 

which  are  noticed  by  Plucker;  and  also  the  equation 

i(m~l)(m-2)-S-/c  =  i(n-l)(n-2)-T-i, 

recently  noticed  by  M.  Clebsch,  in  connection  with  Riemann's  investigations  on  the 
Abelian  Integrals;  a  curve  of  the  order  m  may  have  ^(m— l)(m  — 2)  double  points, 
reckoning  the  cusp  as  a  double  point,  and  so  a  curve  of  the  class  n  may  have 
^(n  — l)(n— 2)  double  tangents,  reckoning  the  inflexion  as  a  double  tangent;  the  two 
sides  of  this  equation  exhibit  therefore,  the  right-hand  side  the  deficiency  of  the  actual 
from  the  possible  number  of  double  tangents,  and  the  left-hand  side  the  deficiency  of 
the  actual  from  the  possible  number  of  double  points;  and  these  two  numbers  are 
equal.  We  have  a  division  into  families  based  on  the  value  of  the  expressions  in 
question,  or  say  on  that  of  J  (m  —  1)  (m  —  2)  —  S  —  it ;  when  this  is  =  0,  that  is,  when 
the  curve  has  its  maximum  number  of  double  points  (reckoning  the  cusp  as  a  double 
point),  the  coordinates  co,  y  are  expressible  rationally  in  terms  of  a  parameter  0\  when 
the  number  is  =1,  they  can  be  expressed  rationally  in  terms  of  6  and  of  the  square 
root  of  a  cubic  or  a  quartic  function  of  6,  &c.  &c.  It  thus  appears  that  as  well  the 
number  S  +  ic,  as  the  combinations  2S  +  3/c  and  6S  +  8ie  which  enter  into  PlUcker's 
equations,  plays  an  important  part  in  the  theory  of  the  curve ;  the  bearing  of  this, 
remark  will  be  seen  in  the  sequel. 

Plucker  considers  also  some  of  the   higher  singularities;    it  will  be   convenient   to 
mention  two  of  his  results. 

No.   76,  p.  216.     If  two  branches  of  a  curve   touch  each  other,  or  more  generally 
have  a  ^-pointic  intersection,  the    point  in   question  is  equivalent  to  g  double  points^ 

C.  V.  66 
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and  the  tangent  at  this  point  to  g  double  tangents;  hence,  if  there  is  no  other  point 
singularity,  the  equations  give 

n=   m(m  — 1)  — 2jf, 

S +  flf  =  im  (m- 2)  (m*  -  9)- (m*  -  m- 6)  2flf  +  2gr  (flf  - 1), 
the  last  of  which  may  also  be  written 

S  =  im(m-2)(m«-9)-(m«-w-5r-4i)2flf. 

And  Nos.  77 — 82,  pp.  217—222.     For  a  cusp  of  the  second  kind,  we  have 

n=  m(m— 1)—  5, 
i  =s  3m  (m  —  2)  —  15, 
S  =  im(m-2)(m«-9)-(m*-m-7)o; 

these  equations  PlUcker  establishes  by  an  independent  algebraical  investigation,  and 
having  done  so,  he  remarks  that  they  are  deducible  from  the  foregoing  ones  by  writing 
therein  g^2\\  that  is,  that  the  cusp  of  the  second  kind  may  be  considered  as 
equivalent  to  2^  double  points,  and  the  tangent  at  the  cusp  to  2^  double  tangents. 
And  he  thence  passes  to  the  cusp  of  a  higher  cusp  equivalent  to  A  +  i  double  points 
and  A  +  i  double  tangents.  The  results  in  this  general  case  (although  not,  as  in  the 
original  case,  g  =  2^,  established  independently)  is  perfectly  correct ;  but  the  theory  is 
open  to  a  grave  objection. 

I  remark,  that  assuming  a  certain  singularity  to  be  equivalent  to  the  numbers  S 
of  double  points,  k  of  cusps,  r'  of  double  tangents,  and  i!  of  inflexions,  we  have  in 
the  first  instance  to  determine  S^,  k\  i^  and  i!  in  such  manner  as  to  give  in  the 
class  n,  and  in  the  numbers  t  of  inflexions  and  r  of  double  tangents,  the  reductions 
actually  given  by  the  singularity  in  question.  Thus  in  the  case  of  the  cusp  of  the 
second  kind,  we  ought  to  have 

2S'  +  3ic'  =  5, 

6S'  +  8ic'  +  t'  =  15, 

(^>-,;i^6)(28'  +  3ic')-2S'(S'-l)-6S'ic'-fic'(ic'-l)  +  T'  =  (m>-m-7)5, 

or,  what  is  the  same  thing, 

2S'(S'  -  1)  +  eS'/c'  +  §/c'(/c'  -  1)  -t'  =  5 ; 

and  so  in  general  there  are,  for  the  determination  of  the  four  quantities  S^,  k\  r ,  i', 
three  equations.  In  the  particular  case  these  are  satisfied  by  the  values  £^  =  2^,  /c'  =  0, 
T'  =  2i,  a'  =  0,  which  are  Pltickers  values;  they  are  also  satisfied  by  the  values 
S'ssl,  /c'  =  l,  t'  =  1,  t'  =  l,  which  have  the  advantage  of  being  integer  instead  of 
fractional. 

But    there    is   really  a    further   condition    to    be    satisfied,  viz.   the    number   S'\-ic 
must  have  a  certain    definite  value  dependent   on   the   nature    of   the    singularity;   for 
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the  case  in  hand,  this  is  B'+  tc'  =^2  (I  obtain  this  by  the  consideration  of  a  quartic 
curve,  having  a  cusp  of  the  second  kind,  and  also  a  double  point;  S  +  k  has  here  its 
maximum  value  =  3 ;  and  as  the  double  point  gives  S  =  1,  the  cusp  of  the  second 
kind  gives  S'  +  k=2);  and  joining  to  the  former  conditions  this  new  condition,  we  have 
definitely  S'  =  l,  /c'=l,  t'  =  1,  /  =  1.  I  have  elsewhere  noticed,  [343],  that  the  cusp  of 
the  second  kind  was  equivalent  to  a  double  point  and  cusp,  and  accordingly  proposed 
to  call  it  the  node-cusp;  but  I  had  not  then  remarked  that  it  was  also  necessary  to 
treat  the  tangent  as  equivalent  to  a  double  tangent  and  a  stationary  tangent  (or 
inflexion). 

It  appears  from  the  foregoing  considerations,  that  any  singularity  whatever  is  to 
be  regarded  as  equivalent,  and  that  in  a  perfectly  definite  manner,  to  a  certain  number 
B'  of  double  points,  k'  of  cusps,  r'  of  double  tangents,  and  i'  of  inflexions;  we  have 
only  to  ascertain  how  for  any  given  singularity  the  values  of  these  numbers  are  to 
be  ascertained;  and  when  this  is  done,  Plticker's  equations  will  be  applicable  to  any 
singularities  whatever  of  a  plane  curve. 

At  any  point  of  a  plane  curve  there  is  either  one  branch,  or  any  number  of 
branches,  touching  or  not  touching  each  other:  taking  the  given  point  as  origin,  then 
for  each  branch  the  equation  of  the  curve  gives  for  the  ordinate  y  an  expression  of 
the  form 

where  the  series  is  arranged  in  ascending  powers  of  x,  and  where  the  coefficients 
A,  B,...  have  definite  unique  values;  and,  conversely,  that  which  is  given  by  such 
expression  of  y  is  a  branch  of  the  curve.  It  is  assumed  that  the  axis  of  y,  or  line 
a;  =  0,  is  not  a  tangent  to  the  curve;  this  implies  that  the  exponents  p,  g, ...  are  none 
of  them  inferior  to  1,  or,  what  is  the  same  thing,  that  the  lowest  exponent  p  is  =  1  at 
least:  it  is  for  the  most  part  convenient  to  take  the  axis  of  a,  or  line  y=0,  a  tangent 
to  the  branch ;  the  lowest  exponent  p  is  then  >  1. 

The  exponents  may  be  all  integer,  and   the   branch  is  then  said  to  be  linear;   or 

else    the    exponents    or    some    of   them    may    be    fractional,  and    the    branch   is    then 

superlinear ;  viz.  in  the  latter  case,  assuming  that  the  fractional   exponents  are  all   of 

them  in  their  least  terms,  and  that  a  is  the  least  common  multiple  of  the  denominators 

1 
(so  that  the  expression  for  y  is  a  rational  frinction  of  x*),  then  the  branch  is  quadric, 

cubic,  &c.  according  as  we   have  a  =  2,  a  =  3,  &c.     It  is  clear  that  the  expression  for  y 

I 
has  precisely  a  values,  viz.   the  values  obtained  by  attributing  to  the  radical  w^  each 

of   its  a  values.     C!orresponding   to  each  of   these    a   values,  we  have  what    I  term   a 

partial  branch    of  the  curve,  so  that   the  quadric  branch  is  made   up   of   two   partial 

branches,  the   cubic  branch  of  three  partial   branches  and  so  on;    for  a  linear  branch 

or    when    a=:l,  a    partial    branch    is    nothing    else    than    the    branch   itself;   and    the 

expression  a  partial  branch  will  accordingly  include  the  case  of  a  linear  branch. 

Suppose  that  at  any  point  of  the  curve  we  have  two  partial  branches,  belonging 
or  not  belonging  to  the  same   branch ;    let    these  be    referred  to   the    same    axes,  the 

66—2 
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axis  of  y  not  being  a  tangent  to  either  branch,  so  that  the  exponents  are  none  of 
them  <].  If  in  the  series  for  yi  — yt>  (the  difference  of  the  two  ordinates)  the  least 
exponent  is  sP,  then  (whether  P  is  integer  or  fractional)  the  two  partial  branches  are 
said  to  have,  at  the  given  point,  P  common  points,  or,  more  briefly,  to  intersect  in 
P  point&  We  may  from  this  definition  calculate  the  number  of  intersections  of  two 
branches  with  each  other,  or  of  a  branch  with  itself;  for  instance,  suppose  that  at 
any  point  of  the  curve  we  have  (a  » 6)  the  sextic  branch 

we  have  the  six  partial  branches 

y,«=a)a?^  +  a?*+  ... ,         ^5  =  wa;^  — a?*+  ... , 

y,  =s  a)*a;^  +  a;^  +  ... ,         yg  =  <»*«^  — a?*  +  ... ; 

hence  calculating  (what  is  most  convenient)  twice  the  number  of  intersections  of  the 
branch  with  itself,  the  partial  branch  yi  intersects  the  other  partial  branches  in 
|,  f ,  f ,  |,  I  points  respectively,  giving  the  sum  ^  +  f  =  ^;  each  other  partial  branch 
intersects  the  remaining  five  branches  in  the  same  number  of  points;  and  therefore 
twice  the  number  of  intersections  is  » 47. 

For  the  singularity  y  =sa?^ +a;*+ ...  in  question,  I  say  that  if  this  be  equivalent 
as  above  to  if  double  points,  k  cusps,  r  double  tangents  and  1!  inflexions,  then  that 
the  number  47  just  obtained  is  the  value  of  2S^  +  3/c',  and  moreover,  that  the  value 
oi  k'  is  /c'  =  a  —  1  =s  6 ;  that  is,  we  have  28^  +  3/c'  =  47  and  /c'  =  5 ;  or,  what  is  the  same 
thing,  S'aslG;  /ic'  =  5.  For  the  determination  of  the  numbers  t',  *',  it  is  to  be  observed 
that  the  foregoing  theory  of  branches  is  a  theory  of  the  points  of  a  branch,  by  means 
of  point-coordinates :  there  is  a  precisely  similar  theory  of  the  tangents  of  a  branch 
by  means  of  line-coordinates,  and  we  may  inquire  as  to  the  number  of  the  common 
tangents  of  two  partial  branches ;  and  thence  as  to  the  number  of  common  tangents  of 
two  branches,  or  of  a  branch  with  itself — it  will  appear  that  the  line-equation  of  the 
branch  is  Z=  X* ...  -^  X^ ... ,  so  that  the  branch  (which  is  as  to  its  points  sextic, 
a  =  6)  is  as  to  its  tangents  quadric,  )8  =  2,  the  two  partial  branches  have  with  each 
other  the  number  =  J^  of  common  tangents,  or  twice  this  number  is  =  16 ;  that  is,  we 
have  2t'  +  3*'  =  15,  and  moreover  a'  =  ^8  —  1  =  1,  that  is  t'  =  6,  t'  =  1  ;  or  finally  for  the 
singularity  in  question,  the  numbers  B\  k\  t',  t'  are  =16,  6,  6,  1  respectively. 

And  so  generally  in  the  case  of  a  branch  which  is  as  to  its  points  a-ic,  having 
with  itself  a  number  ^\M  of  common  points;  and  as  to  its  tangents  /8-ic,  having 
with  itself  a  number  ^\N  of  common  tangents,  we  have  28'  +  3/K'=Jf,  /ic'  =  a-l, 
2T'+3t'  =  i\r,  a'  =  /8  — 1,  or,  what  is  the  same  thing,  the  values  of  8',  k\  t',  C  are 

S'  =  H^-3(a-l)], 
ic'=  a-1    , 

T'  =  H^-3()8-.l)], 
t'=  /3-1     . 
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I  say  that  a  singularity  is  simple  when  we  have  one  branch,  compound  when  we 
have  more  than  one  branch;  the  case  above  considered  is  that  of  a  simple  singularity, 
viz.  we  have  on  the  curve  one  point,  one  tangent,  one  branch. 

We  may  have  a  compound  singularity  where  the  branches  all  touch,  that  is  we 
may  have  one  point,  one  tangent,  several  branches.  It  may  be  seen  that  if  ^M  denote 
the  number  of  common  points  of  all  the  branches  (that  is  of  each  branch  with  it«elf, 
and  of  every  two  branches  with  each  other),  and  in  like  manner  if  ^N  denote  the 
number  of  common  tangents  of  all  the  branches  (that  is  of  each  branch  with  itself, 
and  of  every  two  branches  with  each  other),  then  the  formulae  are 

S'  =  H^-32(a-l)], 
k'=  2(a--l), 

T'  =  i[iV'-32()8-l)], 

2()8-l), 

where  the  signs  2  refer  to  the  different  branches. 

Again,  we  may  have  a  compound  singularity,  one  point,  several  tangents  with   to 

each  of  them  a  branch   or  branches ;    here   if  M  denote  the  number  of   the  common 

points  of  all  the  branches,  and  N  the  number  of  the  common  tangents  of  all  the 
branches  belonging  to  any  one  tangent,  then  the  formulae  are 

S'  =  i    [Jf-32'2(a--l)]. 

/c'=  2'2(a-l), 

T'  =  i2'[iV^-32    08--1)]. 

i'=  2'2(/3-l), 

where  the  signs  2  refer  to  all  the  branches  belonging  to  the  same  tangent,  and  the 
signs  2'  to  the  different  tangents.  It  is  to  be  remarked,  that  the  point  on  the  curve 
is  equivalent  to  the  S^  double  points  and  k'  cusps ;  each  tangent  is  equivalent  to 
J[i\^  — 32(/8  — 1)]  double  tangents,  and  2(/8  — 1)  inflexions,  the  numbers  N,  fi  referring 
of  course  to  the  tangent  in  question. 

Lastly,  we  may  have  a  compound  singularity,  one  tangent,  several  points  (of 
contact),  with  to  each  of  them  a  branch  or  branches;  here  if  N  denote  the  number 
of  the  common  tangents  of  all  the  branches,  M  the  number  of  the  common  points  of 
all  the  branches  belonging  to  any  one  point  of  contact,  the  formulae  are 

S'  =  i2'[(Jf-32     (a -1)1 
*'=  2'2(a-l), 

T'  =  i     [(iV-322'(/8-l)]. 
»'=  2'2()8-l), 

where  the  signs  2  i-efer  to  all  the  branches  belonging  to  the  same  point  of  contact, 
and  the  signs  2'  to  the  different   points  of   contact;    it  is  to  be  remarked  that  the 


526  ON   THE   HIGHER   SINGULARITIES    OF   A   PLANE   CURVE.  [374 

tangent  of  the  curve  is  equivalent  to  the  t'  double  tangents  and  C  inflexions;  each 
point  of  contact  is  equivalent  to  ^[Jlf  —  3S(a  — I)]  double  points  and  2  (a  — I)  cusps, 
the  numbers  if,  a  referring  of  course  to  the  point  of  contact  in  question. 

There  is  no  difficulty  in  passing  to  the  case  of  the  compound  singularity  when 
the  formulsB  for  the  simple  singularity,  one  point,  one  tangent,  one  branch,  are  once 
obtained,  and  I  now  go  back  to  the  consideration  of  this  case. 

The  class  of  a  curve  is  equal  to  the  number  of  tangents  which  can  be  drawn 
through  an  arbitrary  point:  the  points  of  contact  of  these  tangents  are  given  as  the 
intersections  of  the  curve  with  a  certain  curve,  the  polar  of  the  arbitraiy  point  in 
regard  to  the  curve;  this  polar  passes  through  each  double  point  and  cusp,  the  double 
point  counting  as  two  points  of  intersection,  and  the  cusp  as  three  points  of  inter- 
section (this  is  in  fisM^t  the  theory  by  which  is  found  the  reduction  =  2S  +  3/c  in  the 
class  of  the  curve).  Hence,  if  the  curve  has  a  singularity  (S',  k,  t',  i!\  which  to  fix 
the  ideas  may  be  assumed  to  be  a  simple  singularity,  'one  point,  one  tangent,  one 
branch ' ;  then  the  polar  passes  through  the  singular  point,  the  number  of  intersections 
being  2S'  +  3/c',  or  if  the  actual  number  of  intersections  be  M^  then  we  have  if  =  28' +  8c'. 
It  is  to  be  shown  that  the  number  if  is  equal  to  twice  the  number  of  common  points 
which  the  curve  has  with  itself  at  the  singular  point,  so  that  the  last-mentioned  number 
is  =^if.  Suppose  in  the  first  instance  that  there  is  only  a  single  branch,  and  let  the 
branch  be  given  by  the  equation 

P  =  y      ^Aa^      +Bafl  +...  =  0, 

or  introducing  for  homogeneity  the  third  coordinate  z,  let  this  equation  be 

and  let  Pi  =  0,  P5=0,  ...P«=  0,  be  the  corresponding  equations  for  the  component  partial 
branches;  it  is  allowable  to  write  PiPj...P.  =  0  for  the  equation  of  the  curve (0. 
Hence  if  (a,  A  7)  be  the  coordinates  of  the  arbitrary  point,  or  putting  in  the  first 
instance  7=1,  if  (a,  /8,  1)  be  the  coordinates,  then  writing  A  =  aSx+ /88y  +  S,,  the 
equation  of  the  polar  is  APjPj  ...  P.  =  0,  or,  what  is  the  same  thing, 

P,P, ...  P.APi  +  PiP, ...  Pa^P^  +  &c.  =0, 
and  we  have 

AP  =  a  (pAai^^z-P  +  qBa^^zr^...)  +  fizr^  -  (pAxPr^^  +  qBufizr^K..), 

or  putting  z  =  \,  this  is 

AP  =  a(p-4a?*^^       -^qBafl'^'^     ...)  +  l3      -(pAxP         ^-qBsfi        ...), 

and  we  have  thence  the  values  of  A  Pi,  AP2...AP.;  the  thing  to  be  observed  is, 
that  the  equation  AP  =  0  is  not  satisfied  (and  therefore  also  each  of  the  equations 
APi  =  0,  ...  AP«  =  0  is  not  satisfied)  by  the  coordinates  a;=0,  y  =  0  of  the  singular 
point.     We   have   now  with   the   equation   APiPj . . .  P«  =  0   of  the  polar  to   combine  the 

^  Of  course  this  is  not  the  equation  in  its  rational  and  integral  form,  and  on  this  account  the  reasoning 
of  the  text  is  not  free  from  difficulty;  the  same  remark  applies  to  a  subsequent  equation. 
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equation  PiP^...  Pa  =  0:  the  last-mentioned  equation  breaks  up  into  the  equations 
P,  =  0,  Pa  =  0, ...  P.  =  0 ;  and  selecting  for  example  the  equation  Pi  =  0,  this  gives  the 
system  Pi  =  0,  PjPs  ...P«APj  =  0,  or  since  we  require  only  the  intersections  at  the 
singular  point,  and  APi  =  0  does  not  pass  through  this  point,  this  may  be  replaced 
by  Pi  =  0,  P,P,  ...P.  =  0.  The  complete  system  is  thus  (Pi  =  0.  P,P, ...  P«  =  0), 
(Pa  =  0,  PiP,...P.  =  0), ...(P.  =  0,  PiPa...P«_i  =  0);  or,  what  is  the  same  thing,  we  have 
each  pair  (Py  =  0,  P,  =  0)  taken  twice.  To  eliminate  y  from  these  equations,  we  have 
merely  to  write  P^  — P,  =  0,  or,  what  is  the  same  thing,  we  have  f(Pi,  Pj...P«)  =  0, 
f  denoting  the  product  of  the  squares  of  the  differences  of  the  functions  (Pi,  Pj...P«). 
Suppose  that  any  two  partial  branches  Pr  =  0,  P,  =  0  intersect  (according  to  the 
above-mentioned  definition)  in  p  points ;  then  P^  -  P,  contains  the  factor  a^,  and  hence 
the  product  f(Pi,  P^...Pa)  contains  as  a  factor  x  to  the  power  22p,  that  is,  the 
equation  in  x  has  2Xp  roots  each  =  0.  Whence  if  Xp  =  ^M,  then  the  equation  in  x  has 
M  roots  each  =0,  or  the  curve  and  polar  have  at  the  singular  point  M  intersections, 
that  is  if=2S'  +  3ic'. 

I  have  no  complete  proof  to  offer  of  the  remaining  equation  /c'  =  o— 1,  it  was 
obtained  from  the  consideration  of  a  particular  case  as  follows.  (Consider  the  linear 
branch  y  =  AxP  + . . .  >  where  the  exponents  are  all  positive  integers,  and  taking  the 
axis  of  d?  to  be  the  tangent,  the  least  exponent  p  is  greater  than  unity ;  if  p  =  2 
there  is  at  the  origin  no  inflexion,  if  |>  =  3  there  is  a  single  inflexion,  and  generally 
the  number  of  inflexions  is  =p  — 2.    Now  it  will  presently  appear  that  in  line-coordi- 


nates the  equation  of   the  branch  is  Z  =  A'Xp'^,  or  replacing  Z,   X   by   the   original 

p 
point-coordinates  y,  x  the  branch  y  =  il'a?P"^  + ...   has  at  the  origin  p  — 2   cusps;    but 

in  the  branch  in  question  we  have  a=|>  — I,  and  the  number  of  cusps  is  thus 
=  a  —  1 ;  this  result  is  confirmed  by  other  particular  instances,  and  I  assume  in 
general  that  we  have  tc'  =  a  —  l]  whence  in  the  case  of  a  simple  singularity,  or  where 
there  is  only  one  branch  we  have  if  =2S'-|-3/c',  /ic'  =  a  — 1,  or,  what  is  the  same  thing, 
8'=i[lf  —  3(a  — 1)],  /c'  =  a  — 1.  The  reasoning  is  easily  adapted  to  the  case  of  a  com- 
pound singularity. 

I  consider  the  branch 

y      +AxP       +Bafl       +...=0, 

(where  it  is  assumed  that  the  axis  of  a;  is  a  tangent  to  the  branch,  and  therefore 
that  the  lowest  exponent  p  is  greater  than  unity),  introducing  the  coordinate  z  for 
homogeneity,  this  becomes 

yzr^ -h  AxPzrP  +  Bafl2r^  -h  ...  =  0, 

and  I  proceed  to  find  the  corresponding  equation  in  line  coordinates,  taking  these  to 
be  Xy  F,  Z,  we  have 

\X  ^pAa^^z-^  -h    Bqafl-^sn  -h  . . . , 

xF=        r■^ 

\Z  =  -         ysr^-pAxiPz-^^  -qBafiz'^^  +  ..., 
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or  writing  ^  =  1,  F=  1,  we  find  X=sl,  and  therefore 

Z-'-y-pAa^    -  qBafi     +...; 

here  subetituting  for  —  y  its  value  ^s  AacP  +  Baf^  +  .., ,  we  have 

Z=  pAa^'+  qBaf^'  +  ..., 

Z^{l-p)Aa^     +(l-g)Ba:«    +.... 

Hence  writing  pAa^^  =  6,  the  equations  are 

Z^    -^'^P-i-B'^^-...,  •' 
so  that  eliminating  0,  we  have 


and  it  is  easy  to  see  by  Lagrange's  theorem,  that  the  general  form  of  the  exponents 
in  the   series  on   the  right-hand  side  is    - — ^-^ —     \Lf~ —    — ~"  »  ^^^^  />  9f'   are 

positive  integers,  zero  included.  The  equation  in  line-coordinates  being  known,  the 
subsequent  investigation  is  precisely  the  same  as  that  for  the  point-coordinates,  and 
hence  in  the  case  of  one  branch,  if  this  be  in  regard  to  its  tangents  ^-ic,  and  have  ^N 
common  tangents  with  itself,  then  ir+Si^N,  t'^^S  — 1,  or,  what  is  the  same  thing, 
t'  =  ^  [iV— 3()8  — 1)],  a'=/8  — 1.  The  investigation  in  the  case  of  a  simple  singularity  of 
the  values  of  S',  fc\  t',  i   is  thus  completed. 
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NOTES    ON    POLYHEDRA. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  vii.  (1866), 

pp.  304—316.] 

Axial  Properties,     Article  1  to  18. 

1.  A   POLYHEDBON  may   have  a  g-axis,  viz.   a  line  about  which  if  it  is  made   to 

27r 
rotate  through  an  angle  = —  (but  not  through  any  sub-multiple  of  this  angle),  it  will 

occupy  the  same  portion  of  space.     It  is  then  clear  that  when   the  rotation  is  repeated 

any  number  of  times  the  body  will  still  occupy  the  same  portion  of  space;   or  if  0 

27r 
denote   the  rotation  through  the  angle  — ,  then  we  have  the  rotations  1,  0,  0',  ...0*"*, 

and  finally  0^  =  1,  that  is,  when  the  rotation  is  g-times  repeated,  the  body  will  resume 
its  original  position.  Similarly  for  any  number  of  axes  (0^  =  1,  0'^  =  1, ...,  where  the 
indices  5,  5',...  may  be  the  same  or  diflFerent)  we  have  the  rotations  1,  0,  0*, ...0*"*, 
0^,  0'", ...  0'^-^ ... ;  and  if  0,  0',...  be  the  entire  system  of  the  axes  of  the  body, 
these  rotations  will  form  a  group.  The  rotations  in  question  are  in  fact  the  entire  series 
of  those  which  leave  unaltered  the  portion  of  space  occupied  by  the  body,  and  since 
any  two  rotations  combine  together  into  a  single  rotation,  any  two  of  the  rotations 
in  question  must  combine  together  into  some  one  of  these  rotations,  that  is,  the 
rotations  in  question  form  a  group.  Some  analytical  consequences  of  this  theorem  will 
be  obtained  in  the  sequel. 

2.  The  number  of  axes  may  be  denoted  by  Si  and  the  number  of  rotations  by 
1+2(^-1);  we  may  say  that  21  is  the  number,  and  l  +  2(g  — 1)  the  efficiency  or 
weight,  of  the  axes. 
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3.  For  any  one  of  the  regular  polyhedra,  E  being  the  number  of  edges,  then 
the  number  of  axes  or  21  is  =i?+l,  and  their  weight  or  l  +  2(j  — l)is  =2^.  In 
fact,  if  as  usual  S  denote  the  number  of  summits,  F  the  number  of  faces,  and  if 
there  be  m  edges  to  a  face,  and  n  edges  to  a  summit,  then  fi»  +  i^=i?+2,  mF=^nS  =  2E, 
Now  in  all  the  polyhedra  except  the  tetrahedron,  we  have  a  number  ^i^  of  m-axes 
passing  through  the  centres  of  opposite  faces  (amphihedral  axes  as  Mr  Kirkman  has  termed 
them)  and  a  number  ^S  o(  n-axes  passing  through  opposite  summits  (amphigonal  axes); 
and  we  have  besides  a  number  ^i?  of  2-axes  passing  through  the  mid-points  of  opposite  edges 
(amphigrammic  axes) :  the  entire  number  of  axes  is  thus  ^  (S  +  F+  E),  which  is  =  i?  + 1 : 
and  the  weight  is  1 +ii^(m  - 1)  +  ^S  (71  -  1)  +  JJF,  which  is  =  1  +  ^mF+  ^nS  ^^(F+S-E), 
^l+E  +  E—  I,  ^2E,  In  the  case  of  the  tetrahedron  S=F^4t,  m  =  ii=s3,  and  the 
only  difiference  is  that  instead  of  the  \F  amphihedral  m-axes  and  the  i^S  amphigonal 
n-axes,   we    have    a    number   {F^8=)\{F-\'S)   of  (n=)7w^gonal   axes    each    through  a 

summit  and  the  centre  of  an  opposite  face  (gonohedral  axes). 

• 

4.  The  theorem  that  the  weight  1  -I-  2  (5  -  1)  =  2i?,  or  say  1  +  2  (y  —  1)  =  mF,  may 
be  extended  so  as  to  apply  to  any  polyhedron  whatever.  In  fact  considering  any  &ce 
A  of  the  polyhedron,  let  F  be  the  number  of  faces  homologous  to  (and  inclusive  of) 
A ;  and,  taking  a  any  edge  of  the  face  -4,  let  m  be  the  number  of  edges  of  A 
homologous  to  (and  inclusive  of)  a:  then  we  have  l  +  2(g— l)  =  mF.  This  is  almost 
a  truism  when  the  signification  of  the  term  ''  homologous "  is  explained.  Imagine  the 
polyhedron  placed  on  a  plane,  say  the  table,  and  draw  on  the  table  a  polygon  equal 
to  the  polygonal  face  A,  and  in  this  polygon  select  some  one  edge  corresponding  to 
the  edge  a.  The  polyhedron  may  be  placed  on  the  table  with  the  face  A  coinciding 
with  the  polygon,  or  say  the  face  A  may  be  superimposed  on  the  polygon,  and  that 
in  m  different  ways,  viz.  any  one  of  the  edges  homologous  to  a  may  be  made  to 
coincide  with  the  assumed  edge:  and  in  like  manner  there  are  F  different  faces  (viz. 
the  faces  homologous  to  A)  which  may  be  superimposed  on  the  polygon,  each  of  them 
in  m  different  ways;  that  is  there  are  in  all  mF  different  positions  of  the  polyhedron 
for  each  of  which  it  occupies  the  same  portion  of  space.  And  we  have  thus  the 
required  theorem  1  +  2 (y— 1)=  mF, 

5.  As  an  example,  take  the  regular  pyramid  on  a  square  base;  there  is  here  a 
single  axis,  viz.  a  4-axis,  and  we  have  1 +2(5  —  1)  =  1 +3  =  4.  If  for  the  face  A  we 
take  the  square  base,  then  there  is  no  other  face  homologous  thereto  and  therefore 
^  =  1 ;  but  the  four  sides  are  homologous  to  each  other  or  m  =  4,  and  we  have 
mF^  4.  Similarly  taking  for  A  one  of  the  triangular  faces,  since  these  are  homologous 
to  each  other,  then  ^=4;  and  if  we  take  for  the  side  a  the  base  of  the  triangle, 
then  there  is  no  other  side  homologous  to  this,  or  ?yi  =  l;  and  therefore  mF=4.  It 
might  at  first  sight  appear  that  the  two  equal  sides  of  the  triangle  were  homologous 
to  each  other,  and  therefore  that  taking  for  the  edge  a  one  of  these  sides  we  should 
have  m  =  2  ;  but  in  fact  although  the  two  sides  in  question  are  homologously  related 
to  the  p)n:umid,  yet  according  to  the  definition  they  are  not  homologous  sides  of  the 
triangular  face,  and  we  still  have  ?/i  =  1,  and  therefore  ?/if  =  4. 
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6.  Of  course  in  the  case  of  a  regular  polyhedron  the  faces  are  all  homologous, 
and  the  edges  of  a  face  are  all  homologous,  that  is  F  will  denote  the  entire  number 
of  faces,  and  m  the  number  of  edges  to  a  face:  so  that  for  this  case  the  theorem 
gives  1  +  2  (^  -- 1)  =  2-ff  as  above. 

7.  Returning  to  the  regular  polyhedra  the  axial  systems  are 

Tetrahedron  M\    3L\ 

Cube  and  Octahedron  3Z*,    4Z»,     6L\ 

Dodecahedron  and  Icosahedron  6Z',  lOi',  loL\ 

where  L^  denotes  a  3-axis,  &c. ;   this  is  in  accordance  with  the  notation  of  M.  Bravais 
in  the  memoir  subsequently  referred  to. 

8.  The  regular  polyhedra  may  be  exhibited  in  connexion  with  each  other  as 
follows :  Imagine  the  polyhedron  projected  on  a  concentric  sphere  by  lines  through  the 
centre;  so  that  the  summits  become  points  on  the  sphere,  the  edges  arcs  of  great 
circles,  and  the  faces  spherical  polygons.  Starting  from  the  dodecahedron,  the  centres 
of  the  pentagonal  faces  are  the  summits  of  the  icosahedron,  and  conversely  for  the 
icosahedron  the  centres  of  the  triangular  faces  are  the  summits  of  the  dodecahedron : 
moreover  each  edge  of  the  dodecahedron  cuts  at  right  angles  an  edge  of  the  icosahedron 
and  the  two  edges  have  the  same  mid-point.  Again  if  in  any  fiEu^e  of  the  dodecahedron 
we  draw  one  of  the  five  diagonals  (arcs  through  two  non-adjacent  summits)  there  is 
in  the  face  a  single  edge  not  met  by  this  diagonal ;  and  in  the  other  fisice  through 
this  edge  a  single  diagonal  not  met  by  the  edge ;  joining  the  extremities  of  the  two 
diagonals  we  have  a  spherical  square,  the  face  of  the  cube;  it  is  to  be  observed  that 
the  summits  of  the  cube  are  eight  out  of  the  twenty  summits  of  the  dodecahedron,, 
and  that  the  centres  of  the  faces  of  the  cube  are  the  mid-points  of  six  out  of  the 
thirty  edges  of  the  dodecahedron  or  the  icosahedron.  The  cube  given  by  the  foregoing 
construction  is  of  course  one  out  of  five  diflferent  cubes.  The  centres  of  the  faces  of 
the  cube  are  the  summits  of  the  octahedron;  and  conversely  the  centres  of  the  faces 
of  the  octahedron  are  the  summits  of  the  cube;  moreover  each  edge  of  the  cube  cuts 
at  right  angles  an  edge  of  the  octahedron;  and  the  two  edges  have  the  same  mid- 
point. Finally,  taking  four  non-adjacent  summits  of  the  cube  (which  can  be  done  in 
two  diflferent  ways),  these  are  the  summits  of  the  tetrahedron,  and  the  mid-points  of 
the  edges  of  the  tetrahedron  are  the  summits  of  the  octahedron. 

9.  Considering  the  polyhedra  in  the  foregoing  mutual  connexion,  all  the  axes  of 
the  tetrahedron  are  axes  of  the  cube  and  octahedron,  viz.  the  2-axes  of  the  tetrahedron 
are  the  4-axes  of  the  cube  and  octahedron;  and  the  3-axes  of  the  tetrahedron  are 
the  3-axes  of  the  cube  and  octahedron ;  moreover  the  3-axes  of  the  cube  and 
octahedron  are  included  among  the  3-axes  of  the  dodecahedron  and  icosahedron  and 
the  4-axes  of  the  cube  and  octahedron  are  included  among  the  2-axes  of  the  dodeca- 
hedron and  icosahedron ;  but  the  2-axes  of  the  cube  and  octahedron  are  not  included 
among  the  axes  of   the  dodecahedron  and   icosahedron.    The    4-axes    of   the  cube  and 
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octahedioa  form  thus  a  system  of  rectangular  axes  common  to  all  the  polyhedra,  and 
representing  these  axes  (or  say  the  summits  of  the  corresponding  rectangular  spherical 
triangle)  by  X,  Y,  Z,  we  have  a  convenient  system  of  coordinate  axes  to  which  to 
refer  all  the  other  axes  of  the  polyhedron,  viz.  if  P  be  the  extremity  (cboeen  at 
pleasure)  of  the  axis  in  question,  then  the  position  of  the  axis  may  be  determined 
by  its  distance  PZ  and  azimuth  XPZ  (measured  in  the  direction  &om  JT  to  F),  or 
by  its  distances  PX,  PT,  PZ,  or  say  X,  Y,  Z  from  the  three  rectangular  axes  (we 
have,  it  is  clear,  coe  Z  =  sin  dist  coe  azim.,  cos  F=  sindi8t.sinazim.,  cos  J?  =  cos  dist).     The 

rotation   angle   of  a   j-axis   is   = —    (Le.    this   is   the  angle   through  which   if  the   body 

be   turned  about  the  axis,  it  still  occupies  the  same  portion  of  space)  and  the   half- 


symbols,  then  the  "rotation  symbol"  of  the  axis  is 


the  application  of  which  will  be  presently  explained. 

10.  The  angular  coordinates  of  the  different  axes  may  be  found  by  spherical 
trigonometry  without  much  difficulty;  and  we  are  then  able  to  form  the  following  axial 
tables  of  the  several  polyhedra :  the  extremity  of  each  axis  is  chosen  in  such  manner 
that  the  distance  PZ  is  not  >  90°. 


Axial  System  of  the  Tetrahedron. 
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Axial  System  of  the  Cube  and  Octahedron. 
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11.    Before  proceeding  further   I    remark    that    exclusively  of    the    foregoing   axial 
systems  of  the  regular  polyhedra  the  only  cases  are  as  follows : 

A.    A  polyhedron   may  have  a  single  g-axis,  say  A^:  taking  this  as  the  axis  of  Z 
the  table  is 


XT      Z   \     Rot  Symbol 


90"    90'     0"  i   cos  '^  +  sin  -  .  Ar 


B.  It  may  have  a  single  g-axis,  and  (symmetrically  arranged  in  a  plane  at  right 
angles  thereto)  q  2-axes,  say  A^,  qL\  Taking  the  g-axis  as  the  axis  of  Z  and  some 
one  of  the  2-axes  as  the  axis  of  X,  the  table  i^ 


90' 


Rot.  Symbols 


One  ^-axis,  \  Rot  angle  =  - . 
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q  2-axes,  ^  Rot  angle  =90". 
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and  in  particular  if  9  =  2,  the  axes  are  3Z'^  and  the  table  is 


Rot  Symbols 
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This  in  fact  appears,  Bravais,  "  M^moire  sur  les  polyfedres  de  forme  symdtrique,"  lAauville, 
t.  XIV.,  pp.  141 — 180  (1843),  observing  that  for  the  present  purpose  there  is  no  dis- 
tinction between  his  three  cases 

A*«+S  m  +  1)  i« ;    A^  qL\  qlJ^ ;    A>«,  "iqU. 

12.  The  meaning  of  the  rotation  symbol  is  as  follows :  viz.  if  in  general  we  have 
a  rotation  6  about  an  axis  inclined  at  the  angles  X,  F,  ^  to  any  three  rectangular 
axes,  and  if  U  be  the  rotation  symbol, 

n  =  cos  Jtf  +  sin i  tf  (i cos X  +j cos  Y+k  cos Z), 

then  if  x,  y,  z  are  the  original  coordinates  of  any  point  of  the  body,  and  od,  y',  s!  the 
coordinates  of  the  same  point  after  the  rotation;  the  values  of  a/,  y',  z'  are  given  in 
terms  of  a?,  y,  z  by  the  formula 

ia!  '\-jy  +  Ar-?'  =  11  (ia?  +  jy  +  kz^  II-^ 

This  is  in  fact  the  form  under  which,  in  the  paper  "On  certain  results  relating  to 
Quaternions,"  Phil,  Mag,,  vol.  xxvi.  (1845),  p.  141,  [20],  I  exhibited  the  rotation  formulae 
of  Euler  and  Rodrigues.  See  also  my  paper  "  On  the  application  of  Quaternions  to 
the  Theory  of  Rotation,"  Phil  Mag.,  vol.  xxxiii.  (1848),  p.  196,  [68]. 

13.  We  have,  it  is  clear, 

H*  =^ cos 80 •\- smsO {icos X •\- j cos  T-^-kcosZ) 

which  shows  that  11*  is  the  symbol  for  the  rotation  11  repeated  8  times :  (more 
generally  performing  on  the  body,  first  the  rotation  11  and  then  the  rotation  <I>  about 
any  axis,  the   same   or  diflferent,  the   symbol   of  the  resultant  rotation   is   =<I>n).     If  11 

27r 
be  the  symbol  for  a  rotation  through  the  angle  — ,  then  the  rotation  which  corre- 
sponds to  the  symbol  U^  is  a  rotation  through  360°,  that  is  the  body  returns  to  its 
original  position;  it  might  at  first  sight  appear  that  we  ought  to  have  119  =  1,  and 
that  the  symbols  1,  U,  11',  ...  11^*  would  form  a  group;  this  however  is  not  so,  for 
we  have  not  119  =  1,  but  119  =  — 1;  in  fact,  it  is  to  be  observed  that  to  pass  from 
ix  -hjy  +  kz  to  ia?'  +jy'  +  A:/,  we  have  to  multiply  by  11  (  )  II-^  so  that  the  symbol  of 
the  rotation  is  indifferently  ±  11,  and  that  the  rotation  symbol  —  1  is  thus  equivalent 
to  the  rotation  symbol  +1.  But  as  regards  the  formation  of  the  group,  the  only 
difference  is  that  it  is  not  1,  11,  11',  ...  XI^-^  which  form  a  group  of  q  symbols,  but 
±  1,  +n,  ±11',  ...±119-1  which  form  a  group  of  2q  symbols.  And  so  in  the  axial 
system  of  any  polyhedron,  if  11  be  the  rotation  symbol  of  any  9-axis,  then  taking  for 
each  axis  of  the  polyhedron  the  set  of  symbols  ±  11,  ±11',...  ±119-^  and  besides  the 
two  symbols  ±  1,  the  whole  series  of  symbols  form  together  a  group. 

14.  Thus  in  the  before-mentioned  case  B(q=^2)  we  have  the  eight  symbols 

±1,  ±h  ±j,  ±k 
forming  (as  they  obviously  do)  a  group.     In  the  general  case  B,  putting  for  shortness 


=  COS  —  H-  sm  — .  A'  and  <P,  =  i  cos h  ?  sm 

9  9  9  9 


C.    V. 
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the  group  consists  of  the  4^  symbols 

±1,  ±©,...  ±e^^     ±<I>i,  ±  *«,...  ±*9-i, 
(to  verify  that  this  is  so,  it  is  only  necessary  to  form  the  equations 

which  are  at  once  seen  to  be  true). 

15.  The  +  general  case  A  gives  merely  the  group  of  the  2q  symbols 

±1,  ±e,...±e«-s 

which  has  been  already  mentioned. 

16.  The  tetrahedron  gives  the  group  of  24  symbols, 

H±  1  ±  ♦  ±j  ±  ^0     16  cube  roots  of  ±  1 
±  h  ±j,  ±k  6  square     „     „     „ 

±1  2  terms 

24 

(the  signs  ±  being  all  independent). 

17.  The  cube  and  octahedron  give  the  group  of  48  symbols 

;^(±1±0,     j=(±l±j).     j^i±l±k)  12  fourth  roots  of  ±  1 


i(±l±»±j±*)  16  cube 


»  99  » 


±  t,  ±j.  ±k,   ^(±J±  *)>     vl  ^*  *  *  *^'     V2  ^*  *  ^•'^    ^^  **""*     " 
+  1  2  terms 

48 
(the  signs  +  being  all  independent). 

18.     The  dodecahedron  and  icosahedron  give  the  group  of  120  symbols 

±—^±h±-^-lc, 

+  ^±1  +  ijk  +  ^+J  V     .   48  fifth  roots  of  ±  1 
-       4      ~  ^    ""       4 

v^  + 1    ,  . .  Vs  +  1  . 

A  (±  1  ±  t  ±  J  ±  *) 


»  tt 
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±i  ± 


±4  ± 


±i  ± 


V5-1  .  .  V5  +  1  ,    ^ 


4 


J± 


k. 


V5-1.  .  V5  +  1  . 


4 


k± 


», 


-   40  cube  roots  of  ±  1 


Vo-1  ,  .  VI  +  l  . 


t± 


±i.  ±j,  ±k, 


±4»± 


.    V5  +  1  . .  Vs-i .  1 


3± 


k, 


...     V6  + 1 ,     V5  -  1  .    .    - - 

±  i;  ±  — T —  k  ±  — ;; —  I,   y   30  square 


±1 


4 


^/5  +  l  ,     V5-1  . 


t± 


4 


>» 


» 


2  terms 


120 


(The  signs   ±   are  all   independent,  except  that  in  each  of  the  three  expressions  in  the 

top  line  the  signs  in  V5  ±  1,   a/5  T  1,  are  opposite  to  each   other,  so  that  each  of  the 
three  expressions  has  16  values.) 

It  is  to  be  remarked  that  in  the  groups  of  24*  and  48,  the  group  is  not  altered 
by  any  permutation  whatever  of  the  symbols  i,  j,  k;  whereas  the  group  of  120  is  not 
altered  by  the  cyclical  permutation  of  these  s3nQttbols,  but  it  is  altered  by  the  inter- 
change of  any  two  of  them ;  the  geometrical  reason  of  this  diflference  may  be  perceived 
without  diflBculty. 

P.S.  I  found  accidentally,  Oergonne,  t.  xv.,  p.  40,  (1824 — 25),  the  following 
problem :  "  De  combien  de  mani^res  m  couleurs  diflE^rentes  les  unes  des  autres  peuvent- 
elles  etre  appliqudes  sur  les  faces  d'un  polyMre  r^gulier;  m  repr^entant  tour  k  tour 
les  nombres  4,  6,  8,  12,  20?" 

Instead  of  the  m  of  the  problem,  writing  as  before  F  for  the  number  of  faces, 
and  writing  also  E  for  the  number  of  edges;  then  if  different  positions  of  the  same 
polyhedron  were  reckoned  as  different  polyhedra,  the  number  of  ways  would  of  course 
be   Tl(F)  (=1 .2.3...i^;    and  since  by   what    precedes    the    same    polyhedron    can  be 

placed  in  2E  positions,  the  required  number  of  ways  is  ^^  11  (F). 

Thus  for  the  tetrahedron,  if  the  colours  are  black,  white,  red,  green,  we  may  place 
it  with  the  black  face  on  the  table  and  the '  white  face  in  front ;  the  only  variation 
in  the  disposition  of  the  colours,  is  according  as  the  right  hand  and  the  left  hand 
teuces  are  coloured  red  and  green  or  else  green  and  red  respectively;  and  the  number 
of  ways  therefore  is  =2,  which  agrees  with  the  formula. 


2,  Stone  Buildings,  W.C,  30  January,  1863. 
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THEORfiME  RELATIF  A  L'EQUILIBRE   DE  QUATRE   FORCES. 


[From  the  Comptea  Rendtis  de  VAccuUmie  des  Sciences  de  Paris,  torn.  LXL  (JuHlet — 

Dicembre  1865),  pp.  829—830.] 

On  sait  que  si  quatre  forces  (]ui  agissent  siir  un  corps  solide  se  tiennent  en 
^uilibre,  alors  (th(k>r^nie  de  M.  Mobius)  les  droites  suivant  lesquelles  ces  forces  agissent 
sont  quatre  generatrices  d'un  mdme  hjrperboloide :  et  de  plus  en  representant  chaque 
force  par  une  longueur  proportionnelle  sur  la  direction  de  cette  force,  alors  (theorfeme 
de  M.  Chasles)  le  tetra^dre  form^  par  deux  quelconques  des  forces  est  ^gal  au  tetra^dre 
forme  par  les  deux  autres  forces. 

En  cherchant  les  valeurs  des  quatre  forces  lesquelles  en  agissant  selon  quatre 
generatrices  domiees  d'un  m^me  h)rperb()loide  se  tiennent  en  equilibre,  j'ai  reussi 
k  trouver  pour  ces  valeurs  une  expression  assez  remarquable  qui  comprend  comme 
corollaire  le  theor^me  de  M.  Chasles. 

Je  nomme  moment  de  deux  droites  la  distance  perpendiculaire  de  ces  droites 
multipliee  par  le  sinus  de  leur  inclinaison  mutuelle.  Cela  etant,  en  considerant  quatre 
droites  1,  2,  3,  4  generatrices  d*un  mSme  hyperboloTde,  je  denote  par  ces  memes 
symboles  1,  2,  3,  4  les  forces  qui  agissent  selon  ces  quatre  droites  respectivement,  et 
par  12  le  moment  des  droites  1  et  %  et  de  mSme  pour  les  autres  combinaisons  de 
deux  droites. 

Or  je  dis  que  les  forces  1,  2,  3,  4  qui  se  tiennent  en  equilibre  ont  les  valeurs 
proportionnelles  que  voici,  k  savoir  en  prenant  les  radicaux  avec  des  signes  convenables: 

1  =  ^/23 .  34 .  42, 

2  =  V84 .  41 .  13, 

3  =  V41.12.24, 

4  =  Vl2  723731. 
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On  d^uit  de  ]k,  en  ^rivant  pour  abr^ger 

V=V23.31.12.14.24.34, 
les  Equations 

V  V23T1 4  =  2 . 3 . 2  3  =  1 .  4 . 1 4, 

V  ^/3^^24  =  3 . 1 .  31  =  2 .  4 .  24, 

V  >/T2T34  =  1.2.12  =  3.4   34, 

oil  par  exemple  T^uation  1.2. 12  =  3. 4. 34  exprime  que  le  prcxluit  des  forces 
1  et  2  par  le  moment  12  des  droites  suivant  lesquelles  ces  forces  agissent  est  ^gal 
au  produit  des  forces  3  et  4  par  le  moment  34  des  droites  selon  lesquelles  ces  forces 
agissent. 

J'ajoute  que  Ton  a,  en  prenant  les  radicaux  avec  les  signes  convenables, 

V23714  +  V3r724  +  V12734  =  0, 

Equation  qui  subsiste  non  seulement  pour  quatre  generatrices  quelconques  d'un  mdme 
hjqperboloMe,  mais  pour  quatre  droites  li^es  par  une  relation  g^ometrique  plus  g^n^rale, 
k  savoir,  pour  quatre  droites  telles  que  les  deux  droites  qui  rencontrent  ces  quatre 
droites  se  r^duisent  k  une  seule  droite:  ou  (ce  qui  est  la  mSme  chose)  telles  que 
chacune  des  quatre  droites  touche  Thyperbolo'ide  qui  passe  par  les  trois  autres  droites. 
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NOTE    8UR    LA    C0RRE8P0NDANCE    DE    DEUX    POINTS    8UR 

UNE  COURBE. 


[From  the  Comptes  Rendus  de  VAcad6m%e  des  Sciences  de  Paris,  torn.  lxii.  {Janvier— 

Juin,  1866),  pp.  586—590.] 

Dans  la  thdorie  k  laquelle  se  rapporte  cette  Note,  un  point  de  rebroussement, 
s'il  ^tait  n^ssaire  d'en  parler,  serait  cens^  un  cas  particulier  du  point  double;  mais, 
pour  simplifier,  je  ne  ferai  attention  qu'aux  courbes  sans  point  de  rebroussement. 

Une  courbe  de  Tordre  m  peut  avoir  au  plus  J(m  — l)(m— 2)  points  doubles;  la 
diflKrence  entre  ce  nombre  et  le  nombre  aetuel  B  des  points  doubles  dune  courbe 
donn^e,  savoir  le  nombre 

Z)=n^«-l)(wi-2)-S, 

que  je  nomme  le  dd/aut  (en  anglais,  deJicienct/X  joue,  comme  on  sait,  un  rule  important 
dans  la  th^orie  de  la  courbe.  En  particulier,  pour  une  courbe  de  Tordre  m  avec  le 
d^&ut  2)  =  0,  oil,  comme  je  dis,  pour  une  courbe  unicursale  de  Tordre  m,  les 
coordonn^es  (a?,  y,  z)  d*un  point  quelconque  de  la  courbe  (je  me  sers  toujours  des 
coordonn^es  homogfenes)  sont  proportionnelles  k  des  fonctioDs  rationnelles  et  entiferes  du 
degr^  m  d'un  paramfetre  variable  0. 

Cela  ^tant,  le  th^orfeme  de  M.  Chasles :  "  Lorsque  sur  une  droite  deux  series  de 
points  P,  P'  se  correspondent  de  maniere  qu'k  un  point  donn^  P  correspondent  a 
points  P',  et  quk  un  point  donn^  P'  correspondent  a'  points  P,  alors  le  nombre  des 
points  P  qui  coincident  avec  les  points  correspondants  P'  est  a  +  a';"  ce  th^rfeme, 
dis-je,  s*^tend  sans  changement  k  des  points  correspondants  situfe  sur  une  courbe 
unicursale  quelconque;    et  Ton  peut  ^noncer  le  thdor^me  comme  il  suit: 

Lorsque,  sur  une  courbe  unicursale,  il  y  a  deux  series  de  points  qui  ont  une 
correspondance  (a,  a'),  le  nombre  des  points  unis  est  a  +  a'. 
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Cela  donne  lieu  au  tht^or^me:  "Lorsque,  sur  une  courbe,  avec  le  d^faut  D,  il  y 
a  deux  series  de  points  qui  ont  une  correspondance  (2,  a'),  le  nombre  des  points  unis 
est  o  +  a'  +  2A;i),"  oti  2k  est  un  facteur  qu'il  s'agit  de  determiner.  Cela  pent  se  faire, 
sinon  toujours,  au  moins  dans  la  plupart  des  cas,  au  moyen  du  th^or^me  que  voici, 
tir^  d'une  induction  qui  me  parsdt  suffisante: 

En  cousid^rant  sur  la  courbe  17=0  un  point  donn^  P',  et  puis  les  intersections 
de  la  courbe*  tr=0  par  une  courbe  8  =  0  dont  T^uation  contient  d'une  mani^re 
quelconque  les  coordonn^s  (a/,  y\  /)  du  point  donn^  P*  \  s'il  y  a  A?  intersectious  qui 
coincident  avec  le  point  P^,  et  que  les  autres  intersections  ferment  un  syst^me  de 
points  P  qui  correspondent  au  point  donn^  P',  et  si  cette  correspondance  est  une 
correspondance  (o,  a'),  alors  le  nombre  des  points  unis  est  o  +  a'4-2ii). 

Je  donne  quatre  exemples  de  ce  thdorfeme: 

1°.  Recherche  de  la  classe. — Si  les  points  correspondants  P,  P'  sont  situds  en 
ligne  droite  avec  un  point  donn^  0,  alors  les  points  unis  sont  les  points  de  contact 
des  tangentes  men^  par  le  point  0;  done  le  nombre  des  points  unis  est  egal  k  la 
classe  de  la  courbe.  La  courbe  8  =  0  est  ici  la  droite  OP*,  il  y  a  done  une  seule 
intersection  P";  done  A?  =  l,  et  nous  avons  entre  les  points  P,  R  une  correspondance 
(m  —  1,  m  —  1).     Done  nous  avons  pour  la  classe  M  de  la  courbe  Texpression 

Jlf=2(m-1)+2A 
oil,  en  substituant  pour  D  la  valeur 

2)=^(m-l)(m-2)-S, 
nous  trouvons 

Jlf  =  774*  — m  — 2S, 
comme  cela  doit  etre. 

2°.  Recherche  du  nombre  des  inflexions, — Si  les  points  P  sont  les  points  de 
rencontre  avec  la  courbe  de  la  tangente  au  point  P',  alors  les  points  unis  seront  les 
points  d'inflexion.  La  courbe  8  =  0  est  ici  la  tangente  au  point  P';  il  y  a  ainsi 
deux  intersections  au  point  P ;  done  A?  =  2 ;  de  plus,  k  chaque  point  P'  correspondent 
(m— 2)  points  P,  et  k  chaque  point  P  correspondent  if— 2  points  P'.  On  a  done 
pour  le  nombre  des  inflexions 

i  =(m  +  if-4)  +  4D, 

ou,  en  substituant  pour  Jf,  D,  leurs  valours, 

i  =3m(m-2)-6S, 
ce  qui  est  juste. 

Avant  d'aller  plus  loin,  il  convient  de  g^n^raliser  le  th^orfeme,  en  remarquant  que 
les  intersections  des  courbes  [7  =  0,  8  =  0  peuvent  former  plusieurs  syst^mes  simples 
ou  multiples  de  points:  les  intersections  peuvent  Stre  le  point  R  (k  fois),  un  syst^me 
de   points  P  (p  fois),  un   systfeme   de  points   Q  {q  fois),  etc.     Cela   ^tant,  s'il   y  a  entre 
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les  points  P'  et  P  une  correspondance  (a,  a'),  et  si  le  nombre  dee  points  unis  de  ce 
sjrstime  est  a;  s'il  y  a  entre  les  points  P'  et  Q  une  correspondance  (/9,  /SO,  et  si  le 
nombre  des  points  unis  de  ce  syst^me  est  b,  et  ainsi  de  suite;  alors  le  th^rfeme  prend 
la  forme 

pa  +  9b  +  ...=p(a  +  aO  +  ?(i8  +  /90+...+2*i); 

c'est  la  forme  applicable  k  Texemple  qui  suit. 

3^  Recherche  du  nombre  des  tangentee  doubles. — Prenons  pour  la  courbe  B^Q  le 
syst^me  des  (if— 2)  tangentes  men^  k  la  courbe  par  le  point  donn6  P";  on  a  ici  les 
points  P  qui  sont  les  points  de  contact  de  ces  tangentes,  et  les  points  Q  qui  sont 
les  autres  intersections  de  la  courbe  par  ces  tangentes;  les  intersections  sont  le  point 
P'(if— 2)  fois  (done  k^M^2),  le  syst^me  des  points  P  (2  fois)  et  le  syst^me  des 
points  Q  (1  fois).  Le  syst^me  P,  P'  est  pr^is^ment  celui  qui  donne  les  points 
d'inflexion.     On  a  done 

a  est  ^gal  au  nombre  de  points  d'inflexion  (mais,  pour  plus  de  commodity,  je  retiens 
le  symbole  a);  j>s2.  Le  systfeme  P,  Q  est  un  syst^me  qui  a  pour  points  unis  les 
points  de  contact  des  tangentes  doubles,  le  nombre  b  des  points  unis  sera  done  2r, 
en  d^notant  par  r  le  nombre  des  tangentes  doubles.  On  a  pour  la  correspondance 
(fi,  ff)  entre  les  points  P*  et  Q 

/9  =  /9'  =  (m-3)(if-2); 
enfin 

Le  th^or^me  donne  ainsi 

2a+b  =  2(m  +  if-4)  +  2(m-3)(J/-2)H-2(if-2)i); 
mais  nous  avons  ci-dessus  trouve 

a  =  (mH-Af-4)  +  4Z); 
done  enfin 

b  =  2t  =  2  (m  -  3)  (ilf  -  2)  H-  2  ( Jf  -  6)  A 

oil,  en  substituant  pour  M  et  D  leurs  valeurs,  on  retrouve  la  formule  ordinaire 

2t  =  m  (m  -  2)(m*  -  9)  -  (m«  -  m  -  6)  4a?  +  4r(a?  -  1). 

Parmi  les  intersections  des  courbes  U  =  Oy  8  =  0,  il  pent  y  avoir  un  systeme 
simple  ou  multiple  de  points  fixes,  c'est-&-dire  independants  de  la  position  du  point 
P';  disons  un  systfeme  de  X  points  A  (I  fois).  II  y  aura  dans  ce  cas,  entre  les 
points  P',  A,  une  correspondance  (0,  X),  et  les  points  unis  du  systfeme  sont  les  points 
A  mdmes;  le  nombre  des  points  unis  est  done  X;  les  deux  c6t^  de  I'^uation 
contiendront  les  termes  ^gaux  l\  et  I  (0  +  X)  respectivement,  qui  se  d^truisent,  ce  qui 
fait  voir  qu'il  est  permis  de  n^gliger  les  points  fixes  il,  et  ne  faire  attention  qu'aux 
points  d'intersection  variables. 
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II  est  assez  remarquable  que  le  th^or^me  g^n^ral  peut  s'^rire  sous  cette  forme  plus 
simple 

pa  +  9b +  ...=p(a  +  a')  +  9(/8 +  /»')  +  ..., 

en  comprenant  parmi  les  syst^mes  formds  par  les  intersections  des  courbes  U=:0, 
©  =  0,  le  systfeme  du  point  P*  (k  fois),  et  en  posant  pour  ce  syst^me 

a  =  0,    a  =  a'  =  D; 

le  syst^me  du  point  P  (k  fois)  donne  ainsi  un  terme  =0  au  cdt^  gauche,  un  terme 
^2kD  au  cdt^  droit  de  T^uation. 

Comme  dernier  exemple  appartenant  k  la  formule  simple 

a  =  o  +  a'  +  2kD, 
je  prends: 

4°.  Recherche  du  nombre  dee  points  aextcLCtiques,  c'est-^-dire  des  points  qui  sont 
tels,  que  par  chacun  passe  une  conique  qui  a  dans  ce  point  un  contact  du  cinqui^me 
oixire  avec  la  courbe. — II  faut  prendre  pour  les  points  P  les  intersections  avec  la 
courbe  de  la  conique  qui  a  au  point  P'  un  contact  du  quatrifeme  ordre;  les  points 
unis  seront  ceux  dont  il  s'agit.  La  courbe  8  =  0  est  la  conique  qui  a  au  point  P' 
un  contact  du  quatri^me  ordre.  On  a  ainsi,  parmi  les  intersections,  le  point  P'  5 
fois;  done  A:  =  5.  A  chaque  point  P'  correspondent  2m  — 5  points  P;  k  chaque  point 
P,  (lOm^  —  20m  —  5  —  20S)  points  F  (j'emprunte  le  terme  — 20S  d'une  formule  que  vient 
de  donner  M.  Zeuthen);  done  la  formule  donne  pour  le  nombre  des  points  unis 

10m«  -  18m  -  10  -  20S  +  lOA 
c'est-it-dire 

15m»-33m-30S. 

Mais  cette  expression  comprend  le  nombre  3m  (m  -  2)  —  6S  des  inflexions ;  en  effet, 
pour  un  point  d'inflexion,  la  conique  avec  contact  du  quatri^me  ordre  se  r^uit  k  la 
tangente  prise  deux  fois,  ce  qui  est  une  conique  avec  contact  du  cinqui^me  ordre. 
Done  enfin  le  nombre  des  points  sextactiques  sera 

m(12m-27)-24S, 
ou,  pour  une  courbe  sans  points  doubles, 

m  (12m  -  27) : 
ce  qui  s'accorde  avec  la  valeur  que  j'ai  trouv^e  par  d'autres  moyens,  [341]. 


C,    V. 
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REPORT  OF  A  COMMITTEE  APPOINTED  BY  THE  BRITISH 
ASSOCIATION  FOR  THE  ADVANCEMENT  OF  SCIENCE,  TO 
CONSIDER  THE  FORMATION  OF  A  CATALOGUE  OF  PHILO- 
SOPHICAL  MEMOIRS. 


[From   the   Report  of  the  British  Association  for  the  Advancement  of  Science,  (1856), 

pp.  463—464] 

The  Committee  were  appointed — on  the  occasion  of  a  communication  from  Professor 
Henry  of  Washington,  containing  a  proposal  for  the  publication  of  Philosophical 
Memoirs  scattered  throughout  the  Transactions  of  Societies  in  Europe  and  America, 
with  the  offer  of  cooperation  on  the  part  of  the  Smithsonian  Institute,  to  the  extent 
of  preparing  and  publishing,  in  accordance  with  the  general  plan  which  might  be 
adopted  by  the  British  Association,  a  Catalogue  of  all  the  American  Memoirs  on 
Physical  Science — to  consider  the  best  system  of  arrangement,  and  to  report  thereon 
to  the  Council. 

The  Committee  are  desirous  of  expressing  theii*  sense  of  the  great  importance 
and  increasing  need  of  such  a  Catalogue. 

They  understand  the  proposal  of  the  Smithsonian  Institute  to  be,  that  a  separate 
Catalogue  should  be  prepared  and  published  for  America. 

In  the  opinion  of  the  Committee, 

The  Catalogue  should  embrace  the  Mathematical  and  Phjrsical  Sciences,  but  should 
exclude  Natural  History  and  Physiology,  Geology,  Mineralogy,  and  Chemistry,  which 
would  properly  form  the  subject-matter  of  a  distinct  Catalogue  or  Catalogues.  The 
diflBculty  of  drawing  the  line  would  perhaps  be  greatest  with  regard  to  Chemistry 
and  Geology;  but  the  Committee  would  admit  into  the  Catalogue  memoirs  not  purely 
Chemical  or  Geological,  but  having  a  direct  bearing  upon  the  subjects  of  the  Catalogue. 
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The  Catalogue  should  not  be  restricted  to  memoirs  in  Transactions  of  Societies, 
but  should  comprise  also  memoirs  in  the  Proceedings  of  Societies,  in  Mathematical 
and  Scientific  Journals,  in  Ephemerides  and  volumes  of  Observations,  and  in  other 
collections  not  coming  under  any  of  the  preceding  heads.  The  Catalogue  would  not 
comprise  separate  works. 

The  Catalogue  should  begin  from  the  year  1800. 

There  should  be  a  Catalogue  according  to  the  names  of  authors,  and  also  a  Catalogue 
according  to  subjects;  the  title  of  the  memoir,  date,  and  other  particulars  to  be  in 
each  case  given  in  full,  so  as  to  avoid  the  necessity  of  a  reference  from  the  one 
Catalogue  to  the  other. 

The  Catalogue  should,  in  referring  to  a  memoir,  give  the  number  as  well  of  the 
last  as  of  the  first  page,  so  as  to  show  the  length  of  the  memoir. 

The  Catalogue  should  give  in  every  case  the  date  of  a  memoir  (the  year  only), 
namely,  in  the  case  of  memoirs  published  in  the  Transactions  of  a  Society,  the  date 
of  reading,  and  in  other  cases  the  date  on  the  title-page  of  the  volume.  Such  date 
should  be  inserted  as  a  distinct  fact,  even  in  the  case  of  a  volume  of  transactions 
referred  to  by  its  date. 

The  Catalogue  should  contain  a  list  of  volumes  indexed,  showing  the  complete 
title;  in  the  case  of  transactions,  the  year  to  which  the  volume  belongs,  and  the 
year  of  publication ;  and  in  other  cases,  the  year  of  publication,  and  the  abbreviated 
reference  to  the  work. 

The  references  to  works  should  be  given  in  a  form  sufficiently  full  to  be  easily 
intelligible  without  turning  to  the  explanation  of  such  reference. 

The  authors  name  and  the  date  should  be  printed  in  a  distinctive  type,  so  as 
to  be  conspicuous  at  first  sight;  and  generally  the  typographical  execution  should  be 
such  as  to  facilitate  as  much  as  possible  the  use  of  the  Catalogue. 

As  to  the  Catalogue  according  to  the  authors'  names,  the  memoirs  of  the  same 
author  should  be  arranged  according  to  their  dates. 

As  to  the  Catalogue  according  to  subjects,  the  question  of  the  arrangement  is 
one  of  very  great  difficulty.  It  appears  to  the  Committee  that  the  scheme  of  arrange- 
ment cannot  be  fixed  upon  according  to  any  A  priori  classification  of  subjects,  but 
must  be  determined  after  some  progress  has  been  made  in  the  preliminary  work  of 
collecting  the  titles  of  the  memoirs  to  be  catalogued.  The  value  of  this  part  of  the 
Catalogue  will  materially  depend  upon  the  selection  of  a  proper  principle  of  arrange- 
ment, and  the  care  and  accuracy  with  which  such  principle  is  carried  out.  The 
arrangement  of  the  memoirs  in  the  ultimate  subdivisions  should  be  according  to  their 
dates. 

The  most  convenient  method  of  making  the  Catalogue  would  appear  to  be,  that 
each   volume  to  be  indexed   should   be   gone   through   separately,  and   a   list   formed   of 
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all  the  memoirs  which  come  within  the  plan  of  the  proposed  Catalogue.  Such  list 
should  be  in  triplicate,  one  copy  for  reference,  a  second  copy  to  be  cut  up  and 
arranged  for  the  Catalogue  according  to  authors'  names,  and  another  copy  to  be  cut 
up  and  arranged  for  the  Catalogue  according  to  subjects. 

The  Committee  have  endeavoured  to  form  an  estimate  of  the  space  which  the 
Catalogue  would  occupy.  The  number  of  papers  in  a  volume  of  transactions  is  in 
general  small,  but  there  are  works,  such  as  the  Comptes  Rendus,  the  Astronomiache 
NachruMeriy  the  Philosophical  Magazine,  Sic,  containing  a  very  great  number  of  papers, 
the  titles  of  which  would  consequently  occupy  a  considerable  space  in  the  Catalogue. 
Upon  the  whole,  the  Committee  consider  that,  excluding  America,  they  may  estimate 
the  number  of  papers  to  be  entered  at  125,000;  or  since  each  paper  would  be 
entered  twice,  the  number  of  entries  would  be  250,000.  The  number  of  entries  that 
could  conveniently  be  brought  into  a  page  4to.  (double  columns)  would  be  about  30, 
so  that,  according  to  the  above  estimate,  the  Catalogue  would  occupy  ten  quarto 
volumes  of  rather  more  than  800  pages  each. 

It  appears  to  the  Committee  that  there  should  be  paid  Editors,  who  should  be 
familiar  with  the  several  great  branches  respectively  of  the  Sciences  to  which  the 
Catalogue  relates;  but  that  the  general  scheme  of  arrangement  and  details  of  the 
Catalogue  should  be  agreed  upon  between  all  the  Editors,  and  that  they  should  be 
jointly  responsible  for  the  execution.  It  would  of  course  be  necessary  that  the  Editors 
should  have  the  assistance  of  an  adequate  staff  of  clerks. 

The  principal  scientific  transactions  and  works  would  be  accessible  in  England  at 
the  Library  of  the  British  Museum,  and  the  libraries  of  the  Royal  Society  and  other 
Philosophical  Societies.  It  would  be  the  duty  of  the  Editors  to  ascertain  all  the 
different  works  which  ought  to  be  catalogued,  and  to  procure  information  as  to  the 
contents  of  such  of  them  as  may  not  happen  to  be  accessible. 

The  Catalogue  according  to  authors*  names  would  be  the  most  readily  executed, 
and  this  Catalogue,  if  it  should  be  found  convenient,  might  be  first  published.  The 
time  of  bringing  out  the  two  Catalogues  would  of  course  depend  upon  the  suflBciency 
of  the  assistance  at  the  command  of  the  Editors;  but  if  the  Catalogue  be  undertaken, 
it  is  desirable  that  the  arrangement  should  be  such,  that  the  complete  work  might  be 
brought  out  within  a  period  not  exceeding  three  years. 

A.  Cayley. 
R.  Grant. 
G.  G.  Stokes. 

13^  June,  1856. 
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NOTICES   OF  COMMUNICATIONS  TO  THE  BRITISH  ASSOCIATION 

FOR  THE  ADVANCEMENT  OF  SCIENCE. 


[From  the  Reports  of  the  British  Association  for  the  Advancement  of  Science,  1854  to  1860, 
Notices  and  Abstracts  of  miscellanemis  Communications  to  the  Sections.] 

1.     On  the  Solution  of  Cubic  and  Biquadratic  Equations,     Report,  1854,  p.  1. 


2.     On  the  Porism  of  the  In-and-circutnscribed  Triangle.     Report,  1855,  p.  1. 

The  porism  of  the  in-and-circumscribed  triangle  in  its  most  general  form  relates 
to  a  triangle  the  angles  of  which  lie  in  fixed  curves,  and  the  sides  of  which  touch 
fixed  curves,  but  at  present  I  consider  only  the  case  in  which  the  angles  lie  in  one 
and  the  same  fixed  curve  which  for  greater  simplicity  I  consider  to  be  a  conic.  Wjb 
have  therefore  a  triangle  ABC  the  angles  of  which  lie  in  a  fixed  conic  @  and  the 
sides  of  which  touch  the  fixed  curves  21,  95,  S.  And  if  we  consider  the  conic  @  and 
the  curves  $(,  93  as  given,  the  curve  G  will  be  the  envelope  of  the  side  AB  of  the 
triangle.  Suppose  that  the  curves  21,  93  are  of  the  classes  m,  n  respectively;  there  is 
no  difficulty  in  showing  that  the  curve  S  is  of  the  class  2mn.  But  the  curve  S  has 
in  general  double  tangents  forming  two  distinct  groups,  the  first  group  arising  from 
the  quadrilaterals  inscribed  in  the  conic  <3  and  such  that  two  opposite  sides  touch 
the  curve  21,  and  the  other  two  opposite  sides  the  curve  93;  the  second  group  arising 
from  quadrilaterals  such  that  two  adjacent  sides  touch  the  curve  2[  and  the  other 
two  adjacent  sides  touch  the  curve  93.  The  number  of  double  tangents  of  the  first 
group  is  =wn(mn  — 1),  and  the  number  of  double  tangents  of  the  second  group  is 
=  mn  {mn  —  m  —  n  +  1) ;  the  number  of  double  tangents  of  the  two  groups  is  therefore 
=  mn  (2mn  —  m^  —  n).  The  curve  S  has  not  in  general  any  inflexions,  hence,  being  of 
the  class  2mn  with  mn(2mn  — m  — n)  double  tangents,  it  will  be  of  the  order 
2mn(m  +n  — 1). 
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When  the  curves  21  and  93  are  conies,  the  curve  6  is  therefore  of  the  class  8, 
with  16  double  tangents  but  no  inflexions,  consequently  of  the  order  24.  But  there 
are  two  remarkable  cases  in  which  the  order  is  further  diminished. 

First  when  each  of  the  conies  S(,  9  has  double  contact  with  the  conic  @.  The  four 
points  of  contact  give  rise  to  8  new  double  tangents  or  there  are  in  all  24  double 
tangents,  the  curve  @  is  therefore  of  the  degree  8:  and  being  of  the  class  8  with  24 
double  tangents,  it  must  of  necessity  break  up  into  4  curves  each  of  the  class  2,  Le. 
into  4  conies.  Each  of  these  has  double  contact  with  the  conic  @,  or  attending  to  only 
one  of  the  four  conies  we  have  the  well-known  theorem  which  I  call  the  porism 
(homographic)  of  the  in-and-circumscribed  triangle,  viz.  "there  are  an  infinity  of 
triangles  inscribed  each  in  a  conic,  and  such  that  the  sides  touch  conies  having  each 
of  them  double  contact  with  the  circumscribed  conic." 

Secondly,  the  conies  S(  and  9  may  intersect  the  conic  €  in  the  same  four 
points.  Here  every  tangent  of  the  curve  6  is  in  fact  a  double  tangent  belonging  to 
the  first-mentioned  group,  the  curve  S  in  fact  consists  of  two  coincident  curves:  each 
of  them  is  therefore  of  the  class  4.  But  this  curve  of  the  class  4  has  itself  four 
double  tangents  arising  from  the  common  points  of  intersection  of  the  conies  9,  9 
with  the  conic  ©;  it  must  therefore  break  up  into  two  curves  each  of  the  class  2, 
Le.  into  two  conies:  each  of  these  intersects  the  conic  @  in  the  same  four  points 
in  which  it  is  intersected  by  the  conies  81,  S3.  Attending  only  to  one  of  the  two 
conies  we  have  the  other  well-known  theorem  which  I  call  the  porism  (allographic)  of 
the  in-and-circumscribed  triangle,  viz.  "there  exist  an  infinity  of  triangles  inscribed  in 
a  conic,  and  such  that  the  sides  touch  conies,  each  of  them  meeting  the  circumscribed 
conic  in  the  same  four  points.*' 


3.     On  Hie  Notion  of  Dista^ice  in  Analytical  Geometry,     Report,  1858,  p.  3. 

The  author  remarks  that  the  principles  of  Modern  Geometry  show  that  any 
metrical  property  whatever  is  really  based  upon  a  purely  descriptive  property,  and  that 
these  principles  contain  in  fact  a  theory  of  distance — but  that  such  theory  has  not 
been  disengaged  from  its  applications  and  stated  in  a  distinct  and  explicit  form.  The 
paper  contains  an  account  of  the  theory  in  question,  viz.  it  is  shown  that  in  any 
system  of  geometry  of  two  dimensions  the  notion  of  distance  can  be  arrived  at  from 
descriptive  principles  by  means  of  a  conic  called  the  Absolute,  and  which  in  ordinary 
geometry  degenerates  into  a  pair  of  points. 


4.     On  Curves  of  Uve  Fourth  Order  Irving  Three  Dovhle  Points,     Report,  1860,  p.  4. 

The   paper  is   a   short   notice   only   of  researches   which   the   Author  is   engaged  in 

with   reference   to   curves  of  the  fourth   order   having   three   double   points.     A   curve  of 

the   kind   in    question    is    derived    from    a    conic    by   the    well-known    transformation  of 

substituting   for   the   original    trilinear   coordinates   their   reciprocals:    and   the   species  of 

the   curve   of    the   fourth   order  depends   on    the   position  of   the   conic   with   respect  to 
the  fundamental  triangle. 
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5.     On  Curves  of  the  Third  Order,     Report,  1861,  p.  2. 

A  CURVE  of  the  third  order  or  cubic  curve  is  a  section  of  a  cubic  cone  and  such 
cone  is  intersected  by  a  concentric  sphere  in  a  spherical  cubic.  It  is  an  obvious 
consequence  of  a  theorem  of  Sir  Isaac  Newton's  that  there  are  five  principal  kinds 
of  cubic  cones,  or  what  is  the  same  thing  five  principal  kinds  of  spherical  cubics — 
but  the  nature  of  these  five  kinds  of  spherical  cubics  was  first  distinctly  explained  by 
Mobius.  They  may  be  designated  the  simplex,  the  complex,  the  crunodai,  the  acnodal 
and  the  cuspidal:  where  crunode,  acnode,  denote  respectively  the  two  species  of  double 
points  (nodes),  viz.  the  double  point  with  two  real  branches,  and  the  conjugate  or 
isolated  point.  The  foregoing  results  are  known:  the  special  object  of  the  paper  is 
to  establish  a  subdivision  of  the  simplex  kind  of  spherical  cubics.  The  simplex  kind 
is  a  continuous  reentering  curve  cutting  a  great  circle,  to  fix  the  ideas  say  the 
equator,  in  three  pairs  of  opposite  points,  which  are  the  three  real  inflexions  of  the 
curve.  The  three  great  circles  which  are  the  tangents  at  the  inflexions  and  the 
equator  divide  the  entire  surfietce  of  the  sphere  into  fourteen  regions  whereof  eight 
are  trilateral  and  the  remaining  six  are  quadrilateral.  The  curve  may  be  entirely  in 
six  out  of  the  eight  trilateral  regions,  and  it  is  in  this  case  said  to  be  simplex 
trilcUeral;  or  it  may  lie  entirely  in  the  six  quadrilateral  regions,  and  it  is  in  this 
case  said  to  be  simplex  quadrilateral;  and  there  is  an  intermediate  form,  the  simplex 
neutral;  viz.  in  this  case  the  three  great  circles  tangents  at  the  inflexions  meet  in 
a  pair  of  opposite  points  and  there  are  in  all  only  twelve  regions  all  of  them 
trilateral ;   the  curve  lies  entirely  in  six  of  these  regions. 


6.     On  a  Certain  Curve  of  the  Fourth  Order,     Report,  1862,  p.  3. 

The  curve  in  question  is  the  locus  of  the  centres  of  the  conies  which  pass 
through  three  given  points  and  touch  a  given  line;  if  the  equations  of  the  sides  of 
the  triangle  formed  by  the  three  points  are  x  =  0,  y  =  0,  z  =  0,  these  coordinates  being 
such  that  a?  +  y  +  ^  =  0  is  the  equation  of  the  line  infinity,  and  if  cu?  +  )8y  +  7-2^  =  0  be 
the  equation  of  the  given  line,  then  (as  is  known)  the  equation  of  the  curve  is 

Vour  {y-\-Z'-x)-\-  V/9y  (2:  +  a;  -  y)  +  '^yz^(x  -\-y-z)  =  0. 

The  special  object  of  the  communication  was  to  exhibit  the  form  of  the  curve  in 
the  case  where  the  line  cuts  the  triangle,  and  to  point  out  the  correspondence  of  the 
positions  of  the  centre  upon  the  curve,  and  the  point  of  contact  on  the  given  line. 
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7.     On   the  BepresenUUian  of  a   Curve  in  Space  by  means  of  a  Cone  and  Monoid 

Surface.     Report,  1862,  p.  3. 

The  author  gave  a  short  account  of  his  researches  recently  published  in  the 
Comptea  Rendus.  The  difficulty  as  to  the  representation  of  a  curve  in  space  is,  that 
such  a  curve  is  not  in  general  the  complete  intersection  of  two  surfistces;  any  two 
surfiEu^es  passing  through  the  curve  intersect  not  only  in  the  curve  itself,  but  in  a 
certain  companion  curve,  which  cannot  be  got  rid  of;  this  companion  curve  is  in  the 
proposed  mode  of  representation  reduced  to  the  simplest  form,  viz.  that  of  a  system 
of  lines  passing  through  one  and  the  same  point.  The  two  surfeu^es  employed  for  the 
representation  of  a  curve  of  the  Tith  order  are,  a  cone  of  the  nth  order  having  for 
its  vertex  an  arbitrary  point  (say  the  point  ^^Q,  ys=0,  ^  =  0),  and  a  nionoid  surbce 
with  the  same  vertex,  viz.  a  surface  the  equation  whereof  is  of  the  form  Qw^P^O, 
P  and  Q  being  homogeneous  functions  of  {a,  y,  z)  of  the  degrees  p  and  p  —  1 
respectively  (where  jp  is  at  meet  =sn~l).  The  monoid  surfieu^e  contains  upon  it 
pip  — I)  lines  given  by  the  equations  (P^O,  Q=sO);  and,  the  cone  passing  through 
n(j>^l)  of  these  lines  (if,  as  above  supposed,  jpl^n— 1,  this  implies  that  some  of 
these  lines  are  multiple  lines  of  the  cone),  the  monoid  surface  will  besides  intersect 
the  cone  in  a  curve  of  the  nth  order. 


8.     On  a  Formula  of  M,  Chasles  relating  to  the  Contact  of  Conies,     Report,  1864,  p.  1. 

The  author  gave  an  account  of  the  recent  investigations  of  M.  Chasles  in  relation 
to  the  theory  of  conies,  viz.,  M.  Chasles  has  found  that  the  properties  of  a  sjrstem 
of  conies,  containing  one  arbitrary  parameter,  depend  upon  two  quantities  called  by 
him  the  characteristics  of  the  system ;  these  are,  /a,  the  number  of  conies  of  the 
system  which  pass  through  a  given  point,  and,  i/,  the  number  of  conies  of  the  system 
which  touch  a  given  line  ;  or,  say,  /x  is  the  parametric  order,  v  the  parametric  class, 
of  the  system.  And  he  exhibited  a  transformation  obtained  by  him  of  a  formula  of 
M.  Chasles  for  the  number  of  conies  which  touch  five  given  curves,  viz.,  if  {M,  m) 
(i\r,  n)  (P,  p)  (Q,  q)  (R,  r)  be  the  orders  and  classes  of  the  five  given  cui-ves  respec- 
tively, then  the  number  of  curves  is 

=  (1,  2,  4,  4,  2,  l)(if,  m){N,  n)  (P,  p)  (Q,  q)  (R,  r), 

where  the  notation  stands  for  1 .  MNPQR  +  2^mNPQR  +  42mnPQi2  +  &c.  The  trans- 
formed formula  in  question  was  communicated  by  the  author  to  M.  Chasles,  and  had 
appeared  in  the  Comptea  Rendtis;  but  it  is,  in  fact,  included  in  a  very  beautiful  and 
general  theorem  given  in  the  same  Number  by  M.  Chasles  himself. 
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9.     On  the  Problem  of  the  Inrand-circumscribed  Triangle,     Report,  1864,  p.  1. 

The  general  problem  of  the  in-and-cireumscribed  triangle  may  be  thus  stated,  viz., 
to  find  a  triangle  the  angles  whereof  severally  lie  in,  and  the  sides  severally  touch,  a 
given  curve  or  curves;  and  we  may,  in  the  first  instance,  inquire  as  to  the  number 
of  such  trianglea  The  first  and  easiest  case  is  when  the  curves  are  all  distinct;  here, 
if  the  angles  lie  in  curves  of  the  orders  m,  n,  p,  respectively,  and  the  sides  touch 
curves  of  the  classes  Q,  R,  S,  respectively,  then  the  number  of  triangles  is  ^2mnpQRS. 
The  number  may  be  obtained  for  some  other  cases;  but  the  author  has  not  yet 
considered  the  final  and  most  difficult  case,  viz.  that  in  which  the  angles  severally 
lie  in,  and  the  sides  severally  touch,  one  and  the  same  given  curve. 


The  foregoing  notices  relate  to  verbal  communications  upon  questions  with  which 
I  was  at  the  time  occupied  and  which  are  for  the  most  part  more  fully  discussed  in 
papers  printed  elsewhere.     I  remark  upon  them  as  follows : 

1.  I  have  no  remembrance  as  to  this ;  I  think  no  paper  printed  or  written. 

2.  See  175. 

3.  See  158. 

4.  No  paper  printed.  The  intention  was  to  consider  the  different  forms  of 
trinodal  quartic  curves,  in  particular  those  with  real  nodes,  as  obtained  from  the 
inversion  of  a  conic  according  to  the  different  relations  of  the  conic  to  the  fundamental 
triangle.  Thus  according  as  the  conic  cuts  in  two  real  points,  touches,  or  cuts  in  two 
imaginary  points,  a  side  of  the  triangle,  the  tangents  at  the  corresponding  node  are 
real,  coincident,  or  imaginary;  viz.  the  node  is  a  crunode,  cusp,  or  acnode.  And  in 
the  case  of  real  intersections  there  is  a  further  distinction  according  as  the  inter- 
sections lie  each  or  either  of  them  on  the  side  itself,  or  on  the  side  produced  in 
one  or  other  of  the  two  directions.  By  considering  the  different  relations  of  the  conic 
to  the  fundamental  triangle  we  thus  obtain  the  different  forms  of  the  trinodal  quartic. 

5.  See  351. 

6.  I  think  no  paper  printed  or  written. 

7.  See  302  and  305. 

8.  See  306. 

9.  The  question  is  considered  in  a  memoir  On  the  Problem  of  the  In-and-circum- 
scribed  Triangle,  Phil.  Tram,  t.  CLXi.  (for  1871),  pp.  369—412. 
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NOTE    ON    THE    RECTANGULAR    HYPERBOLA. 


[From  the  Oxford,  Cambridge  a)id  Dublin  Messenger  of  Mathematics,  vol.  i.  (1862),  p.  77.] 

Every  conic  which  passes  through  the  points  of  intersection  of  two  rectangular 
hyperbolas  is  a  rectangular  hyperbola.  In  fact  if  a  conic  be  referred  to  rectangular 
axes,  the  condition  that  it  may  be  a  rectangular  hyperbola  is  Coeff.  of  a^  =  ^  Coeff,  of  y*. 
Hence  if  J7,  F  be  any  two  quadratic  functions  of  a,  y,  and  if  X  be  a  constant,  the 
condition  in  question  being  satisfied  for  each  of  the  functions  U,  V,  is  satisfied  for 
the  function  174-XF:  and  the  equation  of  any  conic  through  the  points  of  intersection 
of  the  conies  17=0,  V=0  is  U  +  \V=0:  which  proves  the  theorem  in  question. 

In  particular  if  from  two  of  the  angles  of  a  triangle  perpendiculars  are  let  fall 
on  the  opposite  sides,  and  if  the  point  of  intersection  of  the  perpendiculars  and  the 
third  angle  be  joined:  then  since  the  first  side  and  the  perpendicular  upon  it  are  a 
rectangular  hyperbola,  and  the  second  side  and  the  perpendicular  upon  it  are  a 
rectangular  hyperbola;  the  third  side  and  the  joining  line  must  be  a  rectangular 
hyperbola:  that  is,  these  two  lines  must  be  at  right  angles  to  each  other.  We  have 
thus  the  well-known  theorem  that  the  perpendiculars  let  fall  from  the  angles  of  a 
triangle  on  the  opposite  sides  meet  in  a  point. 

The  theorem  as  to  the  hyperbolas  is  a  particular  case  of  the  theorem  that  three 
conies  which  pass  through  the  same  four  points  are  met  by  any  line  whatever  in 
six  points  forming  a  system  in  involution.  In  fact  a  rectangular  hyperbola  is  a  conic 
meeting  the  line  at  infinity  in  two  points  harmonically  related  to  the  circular  points 
at  infinity:  hence  two  of  the  conies  being  rectangular  hyperbolas,  the  foci  of  the 
involution  are  the  circular  points  at  infinity:  hence  these  points  and  the  points  in 
which  the  line  at  infinity  meets  the  third  conic  are  harmonically  related  to  each  other; 
that  is,  the  third  conic  is  a  rectangular  hyperbola. 
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NOTE    ON    BEZOUT'S    METHOD    OF    ELIMINATION. 


[From  the  Oxford,  Cambridge  and  Dublin  Messenger  of  Mathematics,  vol.  ir.  (1864), 

pp.  88.  89.] 


Let    U,   V  be  any  two  rational  and   integral   functions  of  x  of   the    same  order; 
to  fix  the  ideas  let  them  be  the  cubic  functions 


U  =aa?  +ba? 

+  ca?  +d, 

U'  =  a'x'  +  Va?  +  o'x  +  d'. 

Write 

il  = 

U,  U' 
a,  a' 

\  a,  a' 

» 

B  = 

U.  V 
b,  V 

.   Q  = 

U       ,  U' 

ax  +  b,  a'x  +  b' 

) 

(7  = 

U,  U' 
c,  c' 

.   R  = 

U               .  W 

aa^  +  bx  +  c,  a'x'  +  b'x  +  c' 

f 

■ 

U,  IT 

.    8  = 

u                .ir 

U.  IT 

d,  d' 

aa?  +  ba? -k- ex  +  d,  a' a?  +  b'afi  +  c'x  +  d' 

U,  V 

then  we  have 

P^A, 
Q=Ax  +B, 
R^Aai'  +  Bx  +C, 

i 

^  =A!ll?- 

\'Ba^'\-C 

'x  +  D,  =0, 

.  =0, 
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and  thence 

B=Q-Px, 
C  =R-Qx, 
D  =  S  -Rx.  =-Ar. 

Let  a  be  an  arbitrary  quantity  and  write 


we  have  it  is  clear 


and  thence 


D^=     U  ,  IT 

D 


a  — a: 


=  a»P  +  oQ  +  ii. 


The  equations  P  =  0,  Q  =  0,   iJ  =  0  are  respectively  quadratic    equations   in  x,  the 
equations  which  are  used  in  Bezout's  method  of  elimination;  and  representing  them  by 

i2-ZV  +  if'a:+i\r',  =0, 
we  have 

L  ,    M  ,    N     =0 

I  Z",  i/",  j\r' 

as  the  equation  resulting  from  the  elimination  of  x  from  the  equations  [7=0,  £r  =  0. 
The  foregoing  investigation  shows  that  the  functions  P,  Q,  R  are  obtained  as  the 
coeflScients  of  a^  a,  1  in  the  development  of 


1_ 

a  —  x 


U  ,     IT 

cw*4-  6a'  +  ca  +  d,     aV  4-  6V  +  c'a  +  d' 


or  more  generally,  taking  CT,  IT'  to  be  any  two  functions  of  the  order  n,  that  the  n 
functions  P,  Q,  -R,  &c.  each  of  the  order  n  —  1  are  obtained  as  the  coefficients  of 
a"~\  a'*^,  ...a,  1  in  the  development  of 

U ,     IT 


1_ 

OL  —  X 


where  17«,  £7/  are  what  tT",  IT  become  when  x  is  replaced  therein  by  a:  and  we 
have  thus  a  simple  A  posteriori  verification  of  the  form  in  which,  several  years  ago, 
I  presented  Bezout's  Method  of  Elimination. 

2,  Stom  Buildingsy  F.C,  March  5,  1863. 
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NOTE   ON    THE    TETRAHEDRON. 


[From  the  Oxford,  Camlridge  and  DMin  Messenger  of  Mathematics,  t.  ill.  (1866), 

pp.  8—10.] 

The  following  simple  properties  of  a  tetrahedron  seem  worth  noticing. 

In  the  tetrahedron  ABCD  if  AC  =  BD  and  AD^BC,  then  the  line  joining  the 
middle  points  of  AB-^-CD,  or  say  the  points  ^AB  and  ^CD,  cuts  at  right  angles 
these  lines  AB  and  CD. 

If  AB  =  CD,  then  the  line  joining  the  points  ^AC,  ^BD,  and  the  line  joining 
the  points  ^AD,  i^BC  (lines  which  in  any  tetrahedron  meet  each  other),  cut  each 
other  at  right  angles. 

In  fact  if  A,  B,  C,  D  have  for  their  coordinates  (aj,  ^j,  71),  (aj,  /8„  7,),  (oj,  A,  7,), 
(«4,  A»  74)*  then  the  coordinates  of  the  point  \AB  are  ^(ai  +  aj),  i(/8i  +  y8,),  and  so 
for  the  points  \  CD,  &c. :  the  equations  of  the  line  through  the  points  J  AB,  \  CD 
therefore  are 

'^ - ^ («!  4- aa)  ^  y  -  H A  4-  ^g)  ^    ^-H7i  +  72) 

and  I  observe  in  passing  that  this  line  passes  through  the  point  whose  coordinates  are 

Hai  +  Oa  +  Oj  +  fl?,),  i(A  +  A  +  A  +  A),  i(7i  +  72  +  7«  +  74); 

the    other    two    similar  lines    pass    through   the    same    point,  and    the  above-mentioned 
property  of  the  general  tetrahedron  is  thus  proved. 

The  condition  that  the  foregoing  line  may  cut  at  right  angles  the  line  AB,  the 
equations  whereof  are 

«!  -  Oa      A  -  A      7i  -  7j  ' 
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Or  it  may  be  constructed  even  more  simply  as  follows:  viz.  if  ABCIf  and 
A'BCD  be  parallel  faces  of  any  rectangular  parallelopiped  (the  angles  A  and  A\ 
B  and  R,  C  and  (7,  D  and  1/  being  respectively  opposite  to  each  other),  then  ABCD 
or  A'BICiy  is  a  tetrahedron  of  the  form  in  question.  The  consideration  of  the 
rectangular  parallelopiped  puts  in  evidence  the  foregoing  geometrical  property. 

In  such  a  tetrahedron  the  line  joining  the  centres  of  a  pair  of  opposite  sides 
is  in  the  language  of  Bravais,  see  his  "  Me'moire  sur  les  polyfedres  de  forme  sym^trique," 
Liouville,  t,  xiv.  (1849),  pp.  141 — 180,  a  binary  axis  of  symmetry:  viz.  the  figure  is 
not  altered  by  turning  it  round  such  axis  through  an  angle  =^360°.  There  are  thus 
three  such  axes  at  right  angles  to  each  other,  but  the  figure  has  not  any  centre  of 
symmetry,  nor  (assuming  that  it  is  not  further  particularised)  any  plane  of  symmetry: 
each  of  the  three  axes  is  a  principal  axis,  and  the  figure  belongs  to  the  sixth  of 
Bravais'  twenty-three  classes  of  polyhedra,  see  the  table  p.  179.  It  was  in  fact  by 
seeking  to  construct  a  figure  of  this  class  that  I  was  led  to  the  investigation. 
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PROBLEMS    AND    SOLUTIONS. 


[From   the   Matheniatical  Questions  with  their  Solutions  from   the  Educational   Times, 

vols.  I.  to  IV.,  1863  to  1865.] 

[Vol.  I.  (June  1863  to  June  1864),  pp.  18,  19.] 

1373.  (By  T.  T.  Wilkinson,  F.R.A.S.) — Given  a  circle  (C)  and  any  point  A,  either 
within  or  without  the  circle:  through  A  draw  BAD  cutting  the  circle  in  B,  D. 
Then  it  is  required  to  find  another  point  E,  such  that,  if  LEM  be  drawn  cutting 
the  circle  in  L,  if,  we  may  always  have  AE^^  LE  .EM  ±BA  .AD. 


Solution  by  Professor  Cayley. 

Consider  a  circle  centre  0  and  radius  OA,  and  in  relation  thereto  a  point  M 
either  outside  or  inside  the  circle,  and  suppose  that 

{OAy  —  {OMy,  or  the  "squared  inner  potency**  of  M  is  denoted  by  Di.if, 
and 

{pMy  —  iOAy,  or  the  "squared  outer  potency"  oi  M  \b  denoted  by  Do.Jlf, 

so  that,  for  an  outside  point.  Do. if,  =-01.  if,  is  the  square  of  the  tangential 
distance  of  M  from  the  circle;  and,  for  an  inside  point,  Di.  if,  ^--Zlo .  M,  is  the 
square  of  the  shortest  semi-chord  through  M. 

Suppose  now  that  if  is  a  given  point ;  the  proposed  question  is  in  effect  to  find 
the  locus  of  a  point  P  such  that  ±  Do.  P  ±  Do.if  =(ifP)^;  but  we  have  thus  in 
reality  four  diflferent  questions  according  as  the  signs  are  assumed  to  be  +4-,  H — ,—  +  » 
or ;  the  case  4-4-,  or  when  Do.P  4- Do.  if  =  (ifP)*^,  is  perhaps  the  most  inter- 
esting. 
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Taking  the  radius  as  unity,  (a,  ff)  as  the  coordinates  of  M,  and  {x,  y)  as  the 
coordinates  of  P,  we  have  here 

(ir»  +  j/»-l)  +  (a«4-/8«-l)=(«-a)»4-(y-/9)».  or  flur+)Sy-l=0; 

that  IB,  the  locus  of  P  is  a  right  line,  the  polar  of  M  in  regard  to  the  circle. 

It  may  be  remarked,  that,  when  Jlf  is  an  inside  point,  then  throughout  the  locus 
P  is  an  outside  point;  and,  replacing  the  negative  quantity  Do. if  by  its  value, 
=  — Dt.if,  we  have  Do.P  — Di.  if  =(ilfP)^.  If,  however,  if  is  an  outside  point,  then 
in  part  of  the  locus  P  is  an  outside  point,  and  we  have  nd.P  + Do.  if  =  (ifP)*,  while 
in  the  remainder  of  the  locus  P  is  an  inside  point,  and,  replacing  the  negative 
quantity  Do.P  by  its  value,  =--ni.P,  we  have  --Di.P+ Do.if  =(ifP)».  For  the 
case    +--,  the    locus    of   P    is   a    right  line,  but    for    each    of   the    other    two   cases 

— h   and the   locus   is  a  circle ;    the  discussion  of  the  several   cases  presents  no 

particular  difficulty. 


[Vol.  L  pp.  43—45.] 


1387.  (By  W.  K.  Clifford.) — 1.  Four  common  tangents  are  drawn  to  a  circle 
and  an  ellipse  which  passes  through  the  centre  (0)  of  the  circle;  if  -4,  5  be  opposite 
intersections  of  the  tangents,  prove  that  OA  and  OB  are  equally  inclined  to  the 
tangent  at  0  to  the  ellipse. 

2.  If  a  straight  line  A  join  the  poles  of  B  with  respect  to  two  conies,  prove 
that  the  lines  joining  AB  to  a  pair  of  opposite  intersections  of  common  tangents, 
form,  with  -4,  5,  an  harmonic  pencil 

3.  If  a  point  A  be  the  intersection  of  the  polars  of  B  with  respect  to  two 
conies,  and  AB  be  cut  by  a  pair  of  common  chords  in  C,  JO,  prove  that  ACBD  is 
an  harmonic  range. 


2.    Solutim  by  Professor  Cayley. 

This  elegant  theorem  is  included  as  a  particular  case  in  the  known  theorem, 
"Given  three  conies  inscribed  in  the  same  quadrilateral,  the  tangents  from  any  point 
to  these  conies  form  a  pencil  in  involution." 

Mr  Clifford's  theorem  is  in  fact  as  follows:  viz..  Four  common  tangents  are  drawn 
to  a  circle  and  an  ellipse  which  passes  through  the  centre  0  of  the  circle ;  if  A,  B 
be  opposite  intersections  of  the  tangents,  then  OA,  OB  are  equally  inclined  to  the 
tangent  at  0  to  the  ellipse. 

This  comes  to  saying  that  the  tangent  at  0  to  the  ellipse,  say  OT,  is  the  double 
or  sibi-conjugate  line  of  the  involution  of  the  pencil  formed  by  the  lines  OA,  OB, 
and  the  lines  01,  OJ  drawn  from  0  to  the  circular  points  at  infinity;  and  if  we 
replace  the  circle  by  an  arbitrary  conic  S,  and  the  line  at  infinity  by  an  arbitrary 
line  IJ,  the  theorem  will  be  as  follows : 

c.  V.  71 
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Consider  a  conic  8;  a  line  meeting  this  conic  in  the  points  /,  J;  and  the  point 
0,  the  intersection  of  the  tangents  at  /,  J,  or  (what  is  the  same  thing)  the  pole  of 
the  line  IJ  in  regard  to  the  conic.  If  through  the  point  0  there  be  drawn  any 
other  conic  B,  and  if  il,  £  be  opposite  intersections  of  the  common  tangents  of  the 
conies  8,  B;  then  the  tangent  OT  at  the  point  0  to  the  conic  B  is  the  double  or 
sibi-conjugate  line  of  the  involution  of  the  pencil  formed  by  the  lines  OA,  OB,  and 
the  lines  01,  0J\  or,  as  we  may  also  express  it,  the  lines  OT,  OT,  the  lines  OA,  OB, 
and  the  lines  01,  OJ  form  a  pencil  in  involution. 

Now,  considering  the  two  points  or  point-pair  {A,  B)  as  ek  conic  inscribed  in  the 
quadrilateral  formed  by  the  common  tangents  of  the  conies  8  and  B,  the  conies 
S  and  B  and  the  point-pair  {A,  B)  are  a  system  of  three  conies  inscribed  in  the 
same  quadrilateral;  and  hence,  by  the  general  theorem  above  referred  to,  if  O'  be  any 
point  whatever,  the  tangents  firom  0  to  the  conic  8,  the  tangents  from  (X  to  the 
conic  B,  and  the  tangents  from  (X  to  the  point-pair  (that  is,  the  two  lines 
O'A,  O'B)  form  a  pencil  in  involution.  But,  if  &  coincide  with  0,  then  the  tangents 
to  the  conic  8  are  the  lines  01,  0J\  and  the  tangents  to  the  conic  B  are  the 
ooincident  lines  OT,  OT;  and  we  have  thence  the  theorem  in  question;  viz.,  that  the 
lines  OT,  OT,  the  lines  01,  OJ,  and  the  lines  OA,  OB  form  a  pencil  in  involution. 


[VoL  1.  pp.  77—79.] 


1409.  (By  W.  K.  Clifford.) — For  every  point  il  on  a  conic  section  there  exists 
a  straight  line  BC,  not  meeting  the  curve,  such  that,  if  through  any  other  point  K 
on  the  conic  there  be  drawn  any  two  straight  lines  meeting  BG  in  B,  G,  and  the 
curve  in  D,  E,  the  angles  BAG,  DAE  are  either  equal  or  supplementary. 


Solution  by  Professor  Cayley. 

I  find  that  this  very  elegant  theorem  depends  on  the  lemma  to  be  presently 
stated,  and  that  it  is  intimately  connected  with  Newton's  theorem  for  the  organic 
description  of  a  conic,  or,  what  is  the  same  thing,  with  the  theorem  of  the  anharmonic 
relation  of  the  points  of  a  conic. 


Lemma.     If  -AT  be   the   tangent,  and   AS  any  other  line  through  a  point  ^  of  a 
conic,   and   if    two    lines    equally   inclined   to   AT  and   AS  respectively   meet   the  conic 
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in  the  points  K  and  D  (viz.,  if  ^TAK  =  8AD,  the  two  angles  being  measured  in 
opposite  directions  fix)m  AT,  AS  respectively);  then  the  line  KD  meets  AS  in  a 
fixed  point  B,  that  is,  a  point  the  position  of  which  is  independent  of  the  magnitude 
of  the  equal  angles. 

To    prove    this,   take  A   for  the    origin,   and  the    bisectors  of   the  angle   TAS  for 
the  axes  of  x  and  y :  then  the  equation  of  the  conic  is 

aod'  +  2ha!y  +  bf  +  2f]/  +  2gra?  =  0 ; 

the  equation  of  the  tangent  at  the  origin,  that  is,  the  line  AT,  is  gx-k-fy^Q',  and 
hence  the  equation  of  the  line  AS  is  gx-^fy^O,  Taking  y  =  aaj  for  the  equation 
of  the  lineiliT,  we  have,  for  the  coordinates  Xi,  y^  of  the  point  K  where  this  meets 
the  conic, 

(a  +  2Aa  +  6a«)a?i  +  2(ya  +  5r)  =  0,    yi=     aa^; 

and  then  the  equation  of  the  line  AD  will  be  y^  —  ax,  and  we  shall  have,  for  the 
coordinates  x^,  y%  oi  the  point  D  where  this  meets  the  conic, 

(a  —  ihoL  4-  baf)  a^  4-  2  (/a  +  ^)  =  0,    yj  =  —  ax^. 
The  equation  of  the  line  KD  is 


Oh*        oa?!,     1 
a?2,    —  OiCj,     1 


=  0, 


that  is 

CM?  (o^  +  flJi)  +  y  (flJi  —  rci)  —  2axiXi  =  0 ; 

and  for  the  coordinates  of  the  point   B  where  this   meets   the   line   AS,   the  equation 
whereof  is  gx  ^fy  =  0,  we  have 

X  [fa  {x^^x^-¥g  («,  -  a?i)}  -  2f(Uhx^  =  0, 
or,  as  this  may  be  written, 

But  we  have 

•^"^  =  -i(a  +  2Aa  +  6a«),    ^^^?^±^  =  - J  (a-2Aa  +  6a«); 

Xx  ^^  ^  X^  ^  ^ 

and  hence  the  equation  is 

X  (-  2h(i)  -  2/a  =  0, 

giving   x  =  '~j-,  and    thence  y  =  —f,  for   the    coordinates    of  the    point  B;    and,  these 

being  independent  of  a,  the  lemma  is  seen  to  be  true. 

71—2 
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Consider  now  the  points  A,  K  2A  fixed  points  on  the  conic;  then,  revolving  about 
A  the  constant  angle  DAB,  and  about  K  the  constant  (zero)  angle  DKB,  the  locus 
of  B  iB  (by  the  theorem  of  the  anharmonic  relation  of  the  points  of  a  conic)  given 
in  the  first  instance  as  a  conic  through  the  points  A,  K;  but,  observing  that 
a  position  of  the  angle  DAB  is  TAK,  and  that  the  corresponding  position  of  DKB 
is  AKA,  the  line  AK  is  part  of  the  locus;  and  the  locus  is  made  up  of  this  line 
and  a  line  BC.  And,  conversely,  given  the  fixed  points  A,  K,  and  the  line  BC,  the 
original  conic  is,  by  Newton's  theorem,  described  by  means  of  the  constant  angles 
DAB,  DKB  revolving  about  these  points  in  such  a  manner  that  the  arms  AB,  KB 
generate  by  their  intersections  the  line  BC,  This  being  so,  the  other  two  arms 
AD,  KD  generate  by  their  intersections  the  conic. 

And  then,  considering  the  two  positions  DAB,  EAC  of  the  angle  DAB  (so  that 
D,  B  are  in  a  line  with  K,  and  E,  C  are  also  in  a  line  with  K),  we  have 
/^DAB=  Z  EAC,  that  is,   /:  DAE=  Z  BAC,  which  is  Mr  Cliflford's  theorem. 

It  has  been  seen  that,  A  being  given,  the  same  line  BC  is  obtained  whatever 
be  the. position  of  the  point  K;  and,  taking  AK  for  the  normal  at  J,  it  at  once 
appears  geometrically  that  (as  remarked  by  Mr  Clifford)  the  line  BC  is  the  polar  of 
the  point  B  of  intersection  of  all  the  chords  which  subtend  a  right  angle  at  A. 

{Professor  Cayley*s  lemma  may  be  otherwise  proved,  as  follows: 

The  trilinear  equation  of  the  conic,  referred  to  two  tangents  (a  at  -4,  yS  at  S) 
and  their  chord  of  contact  (7  or  AS),  is  i7=Xay8  — 7^  =  0;  and  the  equation  of  two 
straight  lines  (AK,  AD)  equally  inclined  to  a,  7  is 

(a  -  /A7)  (/Lta  -  7)  =  0,     or     7  =  a*  +  7"  -  (^+fjr^)ay  =  0 ; 

also  U-^V=0  denotes  a  conic  passing  through  the  intersections  of  U  and  F;  but 
17+  F  is  resolvable  into  a  =  0,  or  the  tangent  AT,  and 

which  is,  therefore,  the  equation  of  the  chord  KD:  whence  we  see  that  KD  meets 
AS  (or  7)  in  a  point  B  (given  by  7  =  0,  a  +  X/8  =  0)  whose  position  is  independent  of 
ji,  that  is,  of  the  equal  angles  SAD,  TAK,] 


[Vol.  I.  pp.  125—127.] 

1478.     (By  J.   McDowell,   M.A.) — (a)  Two   sides  of   a  given   triangle  always  pass 
through  two  fixed  points ;  prove  that  the  third  side  always  touches  a  fixed  circle. 

()8)    Two  sides  of  a  given   triangle   touch   two   fixed  circles;    prove   that  the  third 
side  also  touches  a  fixed  circle. 

(7)    Two  sides  of  a  given  polygon  touch  fixed  circles;  prove  that  all  the  remaining 
sides  also  touch  fixed  circles. 
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3.    Solution  by  Professor  Catlet. 

Since  the  theorem  (7)  follows  at  once  fix)m  (yS),  and  (a)  is  included  in  (^), 
it  is  only  necessary  to  prove  (yS).  Consider  three  given  circles,  and  let  it  be  proposed 
to  construct  a  triangle  the  sides  whereof  touch  the  given  circles,  and  which  is  similar 
to  a  given  triangle;  the  direction  of  one  side  may  be  assumed  at  pleasure,  and  then 
the  triangle  is  determined.  Impose  now  on  the  triangle  the  condition  that  the  area 
is  equal  to  a  given  quantity;  we  obtain  for  the  given  area  an  expression  involving 
the  angle  0  which  fixes  the  direction  of  one  of  the  sides,  and  we  have  thus  an 
equation  for  the  determination  of  the  angle  6.  But,  for  a  properly  determined 
relation  between  the  data  of  the  problem,  the  expression  for  the  area  becomes 
independent  of  the  angle  0,  that  is,  every  triangle,  the  sides  whereof  touch  the  three 
circles,  and  which  is  similar  to  a  given  triangle,  is  of  the  same  area,  or  say,  the  area 
of  every  such  triangle  is  equal  to  a  given  quantity  A;  and,  this  being  so,  it  is 
clear  that,  if  we  construct  a  triangle  similar  to  a  given  triangle  and  of  the  given 
area  A  (that  is,  a  triangle  equal  to  a  given  triangle),  in  such  manner  that  two  of 
the  sides  touch  two  of  the  given  circles,  then  the  envelope  of  the  remaining  side  will 
be  the  remaining  given  circle;  which  is  in  fact  the  theorem  (yS). 

It  only  remains  therefore  to  show  that  the  foregoing  porismatic  case  of  the  problem 
exists. 

For  the  first  circle,  let  the  coordinates  of  the  centre  be  a,  6,  and  the  radius 
be  c;  and  suppose  in  like  manner  that  we  have  a\  h\  and  c'  for  the  second  circle, 
and  a",  6",  and  c"  for  the  third  circle.  Let  X,  X',  X"  be  the  inclinations  to  the  axis 
of  X  of  the  perpendiculars  on  the  sides  which  touch  these  circles  respectively;  then 
the  equations  of  the  three  sides  respectively  are 

(a;  —  a)  cos  X  +  (y  —  6)  sin  X  —  c  =  0,  (a?  —  a*)  cos  X'  4-  (y  —  6')  sin  X'  —  c'  =  0, 

{x  -  a")  cos  X"  +  (y  -  h")  sin  V  -  c"  =  0. 

If   the    triangle    be    similar   to    a   given   triangle,  then    the    differences   of    the    angles 
X,  X',  X"  will  be  given  angles,  or,  what  is  the  same  thing,  we  may  write 

X  =  d  +  f,    V  =  ^  +  f,    x"=r  +  f, 

where  0,  ffy  ff'  are  given   angles,  and   f  is  a  variable  angle.     Let  A  be  the   area  of 
the  triangle,  then  (disregarding  a  merely  numerical  factor)  we  have 

VA  =  sin  (X'  ~  X")  (a  cos  X  4-  6  sin  X  4-  c) 

4-  sin  (X''  -  X)  (a'  cos  X'  4-  V  sin  V  4-  c')  4-  sin  (X  -  V)  (a"  cos  X"  4-  6"  sin  X"  4-  c") ; 

or,  what  is  the  same  thing, 

VA=  sin(^-r){a  co8(5  4-f)4-6sin(5  +f)H-c} 
4-8in(r-5  ){a'cos(^  4- f) 4- 6' sin (^  +f)  +  c'} 
+  8in(d  -^){a"cos(r  +  f)4-6"sin(r4-f)4-c"}. 
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It  is  now  clear  that  the  right-hand  side  will  be  independent  of  f,  if  only 

8in(^-r)(aco8d+68ind)  +  8in(r-d)(a'coed'  +  6'8in^) 

+  8in(d-^)(a"co8r  +  r8mr)  =  0, 

8in(^-r)(~a8ind  +  6co8d)  +  8in(r-d)(-a'8in^  +  6'coB^ 

+  8in(5-^)(-a"8inr4-5"co8^0  =  0; 

equations  which  show  that,  given  the  form  of  the  triangle  and  the  centres  of  two  of 
the  circles,  the  centre  of  the  third  circle  (in  the  porismatic  case)  is  a  determinate 
unique  point:  and  the  theorem  is  thus  proved. 


[VoL  I.  pp.  137—141.] 


1273.  (By  the  Editor  [W.  J.  Miller,  B.A.].)— In  a  given  triangle  let  three 
triangles  be  inscribed,  by  joining  the  points  of  contact  of  the  inscribed  circle,  the 
points  where  the  bisectors  of  the  angles  meet  the  sides,  and  the  points  where  the  per- 
pendiculars meet  the  sides;  then  will  the  corresponding  sides  of  these  three  triangles 
pass  through  the  same  point;  also  the  triangle  formed  by  the  three  points  of  inter- 
section will  be  a  circumscribed  co-polar  to  the  original  triangle,  and  the  pole  will  be 
on  the  straight  line  in  which  the  sides  of  the  given  triangle  meet  the  bisectors  of  its 
exterior  angles. 


1.    Soluiim  by  Professor  Cayley. 

The  theorem  is,  in  &ct,  included  in  the  following  more  general 

Theorem.  Let  the  points  0,  C/,  0",  ...  lie  on  a  conic  circumscribed  about  a 
triangle  ABC;  then  first  the  polars  of  the  points  0,  0\  0",  ...  in  regard  to  the 
triangle  (see  Note  at  the  end  of  the  Solution)  pass  through  a  fixed  point  fl.  And 
secondly,  if  by  means  of  the  point  0,  joining  it  with  the  vertices  A,  B,  C,  and  taking 
the  intersections  of  these  lines  with  the  sides  BC,  CA,  AB,  respectively,  we  form  a 
triangle  inscribed  in  the  triangle  ABC;  and  the  like  for  the  points  0\  0",...;  the 
corresponding  sides  of  the  inscribed  triangles  meet  in  three  points  forming  a  triangle 
circumscribed  about  the  original  triangle  ABC,  and  such  that  the  lines  joining  the 
corresponding  vertices  of  the  last-mentioned  two  triangles  meet  in  the  point  fl. 

But,  in  order  to  see  that  the  proposed  theorem  1273  is  in  fact  included  under 
the  foregoing  more  general  one,  it  is  necessary  to  state  the  following 

Subsidiary  Theorem.  Consider  a  conic  inscribed  in  the  triangle  ABC,  and 
passing  through  the  points  /,  J. 

Take  0  the  pole  of  the  line  //  in  regard  to  the  conic;  (/  the  point  of  inter- 
section of  the  lines  joining  the  vertices  of  the  triangle  with  the  points  of  contact 
on  the  opposite  sides  respectively ;  0"  the  point  of  intersection  of  the  lines  Al,  Bm,  Cn, 
where  Z  is  a  point  on  BC  such  that  the  lines  I  A,  IBC,  II,  U  form  a  harmonic  pencil 
and  the  like  for  the  points  m  and  7i  respectively. 
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Then  the  points  0,  0',  0"  lie  on  a  conic  circumscribed  about  the  triangle  ABC, 

In  £Etct,  if  in  the  subsidiary  theorem  the  inscribed  conic  be  a  circle,  and  the 
points  /,  ty  be  the  circular  points  at  infinity,  the  point  0  will  be  the  centre  of  the 
circle,  that  is,  the  point  of  intersection  of  the  interior  bisectors  of  the  angles;  O  will 
be  the  point  of  intersection  of  the  lines  to  the  points  of  contact  of  the  inscribed 
circle;  and  0"  the  point  of  intersection  of  the  perpendiculars  on  the  sides  of  the 
triangle;  and,  these  three  points  being  on  a  conic  circumscribed  about  the  triangle, 
the  general  theorem  will  apply  to  the  three  points  in  question. 

I  first  prove  the  subsidiary  theorem.  Taking  a?  =  0,  y  =  0,  ^  =  0  for  the  equations 
of  the  sides  of  the  triangle  and  (a,  ^,  7),  («',  /8',  */)  for  the  coordinates  of  the  points 
/,  J  respectively ;  the  equation  of  the  inscribed  conic  is 


Va',     V/S',     H 


=  0, 


or  say 

where 

a  =  V^S^'  —  V^/8'7  =p  — pi,    h  =  ^70^  —  V7'a  =  5  —  51,    c  =  '^dff  —  Va'^  ^r  —  Vi^  suppose. 

The  coordinates    of   the  point    of   intersection    of   the    lines    firom    the  vertices  to  the 
points  of  contact  on  the  opposite  sides  are 

1  1  1 

that  is, 


The  equation  of  the  line  IJ  is 

W-/S'7)a?  +  (7a'-ya)y  +  (a/S'-a')8)0  =  O; 
or,  what  is  the  same  thing, 

Representing  this    for  a    moment  by  \a;  +  /xy  +  v^=0,   the    coordinates    of   the    pole   of 
this  line,  in  regard  to  the  inscribed  conic  a  V^  +  6  Vy  +  c  V^  =  0,  are  as 

Now 

c»/A  +  6»i/  =  (r-n)«(?»-gi»)  +  (?-?i)'(r»-ri«), 

=  (r-rO(?-?i)[(r-ri)(g  +  ?i)  +  (?-?i)(r  +  rO], 

=  2(r-n)(?-?i)(?r-5ir0, 
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but,  observing  that  pqr^piqiVi,  we  have 

^     ^' '    Vp      /  ^  P  ppi 

hence 

^  PPl 

and  we   have   the  like   values  for  a*p-h<f\  and    If\  +  a*fi  respectively;   hence,   omitting 
the  symmetrical  factor,  we  have,  for  the  coordinates  of  the  point  in  question, 

111 
^  PPl     ??i     rr, 

Taking  the  equation  of  the  line  Al  to  be  Qy  +  i2«  =  0,  those  of  the  lines  II,  U  will  be 

x^XiQy-^Rz),  x  =  X'(Qy  +  Rz\ 


where 


X  =  ^^_?_.,     v  = 


Q^  +  ity'  Q^  +  Ry" 

and  the  harmonic  condition  gives  X  +  X'  =  0,  that  is, 

Q  (o/y  +  a')8)  +  iJ  (ay  +  aV)  =  0 ; 

the  equation  of  the  line  il2  is  thus  found  to  be 

and,  since  we   have   the   like  forms  for  the  equations   of  the   lines  Bm  and  Gn,  we  have 
for  the  coordinates  of  the  point  of  intersection  of  these  three  lines 

111 

X  :  y  :  z  =  -z-f 


that  is 

111 

The  equation  of  a  conic  circumscribed  about  the  triangle  ABC  is 

-  +  -  +  -  =  0, 
X     y     z 

where  X,  /x,  p  are   arbitrary   coefficients;  and   the   condition   for   the   three   points  being 
in  the  conic  is  thus  found  to  be 

(P-Pif>    (5-5i)'.     (r-nY  j  =  0, 

PPl    ,       qqi    ,       rt\ 
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but,  in  virtue  of  the  relations 

this  equation  is  identically  true,  and  the  subsidiary  theorem  is  thus  proved. 

Passing  now  to  the  general  theorem,  I  prove  the  first  part  of  it  as  follows : 

The  equation  of  a  conic  circumscribed  about  the  triangle  x  —  0,  y  =  0,  z  =  0  is 

A     B     C    ^ 
-  +  -  +  -=0; 
X      y      z 

hence,  if  (a,  ^,  7),  («',  ff,  7'),  (a",  ff\  7")  are  the  coordinates  of  any  three  points  on 
the  conic,  we  have 


and  thence 


ABC^ABC^A      B      C     ^ 


=  0, 


111 

III 

1     J_     1 

a"'  /8"'  7" 

which  is  the  condition  for  the  intersection  in  a  point  of  the  three  lines 

«        P       7 

X      y      z    ^ 

and  the  theorem  in  question  is  thus  proved.  I  remark,  in  passing,  that  the  theorem 
might  also  be  stated  as  follows: — The  locus  of  a  point  0,  such  that  its  polar  in 
regard  to  the  triangle  ABC  passes  through  a  fixed  point  11,  is  a  conic  circumscribed 
about  the  triangle. 

To  prove   the  second  part  of  the  theorem,  take  for  the  coordinates  of  the  points 
0,  0\  (y  respectively  (a,  ^8,  7),  (a\  ff,  7'),  (a'',  ff\  i') ;  then 


=  0, 


1 

1 

1 

a' 

y8' 

7 

1 

1 

1 

0" 

/S" 

7 

1 

1 

1 

a"' 

/S"' 

7 

C.    V. 
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and  if  Xt  Y,  Z  are  the  coordinates  of  the  point  il,  then  we  have 

0/87 

a      ^      7 
XT     Z_ 

«       P       7 

The  equations  of  the  sides  of  the  inscribed  triangle  obtained  by  means  of  the 
point  0  are 

a     p     fi  a     13     y  a      fi      y        ' 

and  the  like  for  the  triangles  obtained  by  means  of  the  points  0"  and  (/'  respectively. 
Hence,  for  a  set  of  corresponding  sides  of  the  three  triangles,  we  have,  e.g., 

-Mi-».  -M^7=<>.  -;-|.---«. 

and  it  is  clear  that  these  equations  are  simultaneously  satisfied  by  the  values 

X  :  y  :  z^  —  X  :  Y  :  Z, 

and   we  have  the  like  expressions  for  the  other  sets  of   corresponding  sides;    that  is, 
we  have  for  the  coordinates  of  the  vertices  of  the  resulting  triangle 

(-Z:F:Z).     (Z:-.F:Z),    (Z  :  F  :  -Z); 
and  hence  also  the  equations  of  the  sides  of  the  triangle  in  question  are 

y     z     ^     z  ,  X     ^      X      y     ^ 

that  is,  it  is  a  triangle  circumscribed  about  the   triangle  ABC.     The   equations  of  the 
lines  joining  the  corresponding  vertices  of  the  two  triangles  are 

y  _  z       z  ^  X       ^  _y 
Y^Z'    Z'X'    X^Y' 

and  these  lines  meet  in  the  point  (X  :  Y  :  Z),  which  is  the  point  ft,  the  intersection 
of  the  polars  of  0,  0',  0" ;  the  demonstration  of  the  theorem  is  thus  completed. 

{The  expression  Polar  of  a  point  in  regard  to  a  triangle  denotes  a  line  constructed 
as  follows : — viz.,  0  being  the  point  and  ABC  the  triangle,  then,  taking  on  BC  a  point 
a,  the  harmonic  in  regard  to  the  points  B  and  C  of  the  intersection  of  BC  by  A0\ 
and  in  like  manner  on  CA  and  AB  the  points  b  and  c  respectively,  the  three  points 
a,  6,  c  lie  on  a  line  which  is  the  polar  of  the  point  0.  If  the  equations  of  the 
sides    are    x  =  0,  y  =  0,  -er  =  0,   and    the    coordinates    of   the    point    are    (a,    /8,   7),   then 
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(c      ti     z 
the     equation    of    the    polar    is    -  +  5  +  -  =  0;     the    equation    may    also    be    written 

(oBx  +  l3^  +  yBgyxyz=0,  and  it  thus  appears  that  the  line  just  defined  as  the  polar  is 
in  fact  the  second  or  line  polar  of  the  point  in  regard  to  the  three  lines  BC,  CA,  AB 
considered  as  forming  a  cubic  curve.} 


[Vol.  IL  July  to  December  1864,  pp.  6—9.] 

1506.  (Proposed  by  Professor  Cayley.) — If  P,  Q,  1,  2,  3,  4  be  points  on  a  conic, 
then  the  four  points  PI,  Q2 ;  P2,  Ql ;  P3,  Q4 ;  P4,  Q3  lie  on  a  conic  passing  through 
the  points  P  and  Q. 


Solution  by  the  Proposer. 

This  is  an  immediate  consequence  of  the  theorem  of  the  anharmonic  property  of 
the  points  of  a  conic.  For  if  (PI,  P2,  P3,  P4)  denote  the  anharmonic  ratio  of  the 
lines  Pi,  P2,  P3,  P4,  and  so  in  other  cases;  then 

(P2,  PI,  P4,  P3)  =  (P1,  P2,  P3,  P4)  =  (Q1,  Q2,  QS,  (24); 
that  is 

(P2,  PI,  P4,  P3)  =  ((21,  Q2,  (23,  (24), 

which  proves  the  theorem. 

In  particular,  if  P,  Q  are  the  circular  points  at  infinity,  then  the  conic  is  a  circle. 
Moreover  the  points  PI,  Q2 ;  P2,  Ql  are  the  antifocal  points  of  1,  2 ;  viz.,  calling  these 
1',  2',  then  12  and  1'2'  are  lines  at  right  angles    to    each    other,  having    a    common 

centre  0,  but  such  that  r2'  =  i.l2,  (i  =  V— 1,  as  usual);  or,  what  is  the  same  thing, 
01  =  02  =  i .  01'  =  % .  02'.  And  the  theorem  is  as  follows :  viz.,  if  1,  2,  3,  4  are  points 
on  a  circle,  and 

1',  2f  are  the  antifocal.  points  of  1,  2, 
3'   4'  3   4 

then  1',  2',  3',  4'  are  points  on  a  circle. 

As  an  d  posteriori  proof,  take  the  centre  of  the  given  circle  as  origin,  so  that 
(^>  A)r  (^>  A)>  (^»  I3»),  (^,  fii)  being  the  coordinates  of  1,  2,  3,  4,  and  the  radius 
being  taken  as  unity,  we  have 

Suppose  for  a  moment  that  x,  y  are  the  coordinates  of  the  antifocal  points  of  1,  2;   we 

have 

a?-ai±i(y-)8i)  =  0,    a?-a,  +  i(y-A)  =  0, 

that  is 

a?  +  iy  =  ai  +  iA,    x-iy^a^-i0^, 
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for  the  coordinates  of  the  one  point ;  and  similarly 

for  the  coordinates  of  the  other  point. 
Hence,  taking  the  new  coordinates 

and  similarly  ili  =  ai  +  t/3i,  £i  =  ai  — t)8i,  &c.;  the  coordinates  of  the  antifocal  points  1',  2^ 
are  (-4,,  B,)  and  (-4,,  B^)  respectively ;  but  we  have  AiBi  =  Oi^  +  ffi*  =  1,  A  A  =  Oj*  +  i9j»  =  1 ; 

so    that    B,  = -J-,   Bj=  .  ;    and    the    coordinates   are   (Ai,   -j-1,   [-4,,   -j]   respectively. 

Similarly  the  coordinates  of  the  antifocal  points  (8',  4')  are  (A^,  -j-J,  (A4,  -j-j  respec- 
tively, i 

Take  as  the  equation  of  the  circle  through  the  two  pairs  of  antifocal  points 

«*  +  y»  +  2Xa?+2/Ay  +  i/  =  0, 
or,  what  is  the  same  thing, 

ZF+X(Z+F)-»>(Jf«F)  +  i;=0, 


that  is 

if 

We  ought  then  to  have 


XY+LY+MX  +  N^O, 
ill        -^1 

ii4  -^4 


and  these  will  exist  simultaneously,  if 


Ai        -4, 

jifii. 

+  N  =  0: 

isly,  if 

A,       1 

^1. 

1 

=  0. 

A,       1 

4,. 

1 

A,'    A,' 

A», 

1 

A,       1 

A»'  ^• 

A,. 

1 
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an  identical  equation  which  is  easily  verified.    It,  in  &ct,  gives 

which  is  obviously  true.     The  equation  may  also  be  written 

=  0. 


1,  ill. 

A,. 

A^A, 

1,    A,. 

Au 

A,A, 

1.    A„ 

A„ 

A»A, 

1,    A,. 

A». 

AA. 

and  in   this  form  it  expresses  the  known  theorem  of  the  equality  of  the  anharmonic 
ratios  of  {A^^  A^,  il,,  A^  and  {Att  A^,  A^,  As). 

But,  in  order  to  actually  find  the  circle,  we  may  write 

XY'\-L7+MX      +N     =0, 

A^    +L    -{-MA.A^  +  NA^^O, 
A^   ^-L    +MA^A^  +  NA^^O, 

As    +Z     +  ilfilail^  + -flTil*  =  0, 
and  eliminating  L,  M,  N,  the  equation  of  the  circle  is 

ZF,     F,    JT      ,    1      =0, 

Ai  ,     1 ,    A1A2,    A^ 

A3    ,        1  ,        •^1^12,        ^1 

As  ,    1 ,    AsA^f    A4 
or,  reducing,  this  is 

(A,--A0[X7{A^,--A,A,)+Y{A,A,(As  +  A,)-A^Mi'\'^^)\ 

+  X(A^  +  A,^As-'A,)  +  (A^,-A,A,)]  =  0, 
or  say 

X7(A,A,  -  AsA,)  +  F  {A^,  {A,  +  A,)  -  A,A,  (As  +  A,)} 

+  X{As  +  A^-Ai-A^}  +  (A^Ao''A;^^)  =  0; 
that  is 


XY+1 ,    X      ,    Y 

^8      +  A4,        A^4,        1 


=  0, 
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which  ia  the  required  equation;  or,  transforming  to  the  original  axes,  we  have  x  +  iy^X, 
x  —  iy=T,  &C.,  and  therefore  XT=a?  +  y*',  and  the  equation  becomes 


a'  +  y»  +  l  ,ar  +  ty  ,    x  —  xy 

a,  +  a,  + 1  (A  + /9.),    (ai  + 1/8,)  (o,  + 1/8,),    1 
o,  +  «,  + 1  (j8,  + /9«),    (0,  +  »/3,)  (0.  +  tA).    1 


=  0, 


«*,  -T  w»4  -r  •  VMS  T  M4/»        V'*S  T^  •A-'S/  V'*4  ^  »A-»47>        ■■■ 

which  is  the  equation  of  the  circle  through  the  two  pairs  of  antifocal  points. 

{Note.    The  second  form  of  the  equation  of  the  circle  may  be  otherwise  deduced 
from  the  first,  without  expanding  the  determinants,  by  the  following  method : 


therefore 


XY, 

F,         X.      1 

= 

XY+l,    Y,         X,      1 

=: 

A,, 

1 ,    AiAi,    A^ 

Ai+Af,     1,    AiAi,    A2 

A,, 

1 ,     AiA2t     Ai 

Ai-^-A^,     1,     AiAf,     Ai 

A,, 

1 ,     A^4,     A^ 

A^-^-Ai,     1,     A^4,     A^ 

XY+\,     Y, 

X.              1 

=  (il,-il,)    XY+l.         X,    Y 

A^  +  A„    1, 

^1^3 1                        -^2 

A1+A2,    AiAi,     1 

0,    0, 

0.    A^-A, 

Ai  +  A4,    A^if     1 

A,-\-A 

4.        1. 

A^4,             Ai 

i 

XY+l,        X,     Y 

Ai-\'A'2,     AiA^t     1 
A^-^-A^f     A^i,     1 


=0. 


Ed.  [W.  J.  M.]} 


[Vol.  11.  pp.  22—24.] 
1613.     (Proposed  by  the  Rev.  J.  Blissard,  B.A.) — Prove  the  following  formulae 


(1) 


x(x-\- 1)  ..(x+n  —  1) 


'■^^   '   r'x  r-        -  x  +  l^  1».2»  'x+2     ^'l 
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(2)    The  above  formula  expressed  as 

r(fl;-w)r(a:  +  n)"        I'x'^      1.2      'x{x+l)  1.2.3  *  a?  (a?  +  l)(a?  +  2)  ■*"      * 

and  show    that   this   equation    is  subject    to  the  sole   restriction    that  when  n  is    not 
integral  x  must  not  be  negative. 


Solution  by  Professor  Cayley;  and  X.  U.  J. 

Let  w  be  a  positive  integer,  and  suppose   that   [a?]**  denotes  as  usual  the  factorial 
x{x-'l),...(x—n  +  l);  then  we  have 

[a?4.Jfc]«  =  (l  +  A)*M*»  =  (l  +  M+^^^^A«  +  &c.)[a?]~ 


=  M  +y  M     +-^^ f-y ^-[xy^  +  &c] 


or  putting  fc  =  — w  we  have 


Writing  herein  (x  +  n  —  l)  for  x,  and  dividing  by  [a?  +  ii  — 1]**,  we  have 

[a?-l]^     ^        n»    1     n'  (n'  - 1»)  1  ^ 

[a?+n-lf  l-a?"*"       1.2       •a?(a?+l)     ®^'' 

or,  what  is  the  same  thing, 

(Txy  __^     ri'    1  ^n^(n^-V)^       1 ^^ 


r(a?".n)r(a?  +  w)  I'x^       1.2      •a?(a?+l) 

which  is  the  formula  (2).  The  foregoing  demonstration  applies  to  the  case  of  n  a 
positive  integer;  but  as  the  two  sides  are  respectively  unaltered  when  n  is  changed 
into  —  n,  it  is  clear  that  the  formula  holds  good  also  for  n  a  negative  integer.  The 
right  hand  side  is  the  hjrpergeometric  series  F(n,  —  n,  x,  1)  and  the  formula  therefore  is 

^     ^  =^(w,  -n,  X,  1), 


a  particular  case  of  the  known  formula 


r(Y)r(Y-a-;8)_p.     ^   ^   .. 


which  when  a  or  /8  is  a  positive  integer  is  a  mere  identity,  true  therefore  for  all 
values  of  7;  but  if  neither  a  nor  ^  is  a  positive  integer,  then  the  right  hand  side 
is  an  infinite  series  which  is  only  convergent  for  7  >  a  +  )9.     In  the  particular  case  we 
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have  a  =  H,  0^  —  n,  y^x;  hence  if  n  be  a  positive  or  negative  integer,  the  formula 
is  an  identity,  but  if  n  be  fractional,  the  condition  of  convergency  is  a;>0,  that  is, 
X  must  be  positive. 

To  prove  the  formula  (1)  it  is  only  necessary  to  remark,  that  (n  being  a  positive 

fa?— 11**      . 
integer)  the  quantity  j.-^^ Tin  ^  *  rational  fraction,  the  numerator  and  denominator 

whereof  are  of  the  same  degree  n,  and  which  becomes  =1  for  x=70.  Hence,  decom- 
posing it  into  simple  fractions,  we  may  write 


[a?  +  n  — 1J» 


x  +  r 


w 


here  the  summation  extends  from  r  =  0  to  r  =  n  —  1  both  inclusive.    And  we  have 


or,  observing  that  [a?  +  n- !]•»  =  [« +  n— l]*"'^'(a:+ r)[a?  +  r— l]^  we  have 


[-  r  - 1]» 


«-— r 


[n-r-  i]<*-r-i  [_  l]< 


(-)»  [»  +  r]» 


[n_r-l]'>-^»(-y[r]' 


[' 


Hence  the  formula  is 


[ 


or,  as  this  may  also  be  written, 


[x  —  11**  [ji  4-  r]*''*"'     1 


(a;-l)(^-~2)..(a?^n)^  f      1      n(n'~P)        1         n  (7i»  -  P)  (n« -^  g)    _J ^J 

a:(ic  +  i)..(a?  +  n-i)  ^    ^    (    *  a:  1«         'x+l  1* .  2« 


'ar+2 


which  is  the  formula  in  question. 


[Vol.  II.  pp.  51,  52.] 

1512.  (Proposed  by  Professor  Cayley.) — It  is  possible  to  construct  a  hexagon 
123456,  inscribed  in  a  conic,  and  such  that  the  diagonals  14,  25,  36  pass  respectively 
through  the  Pascalian  points  (intersections  of  opposite  sides)  23,  56 ;  34,  61 ;  45,  12. 
Given  the  points  1,  2;  4,  5;  to  construct  the  hexagon. 
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Solution  by  the  Proposer. 

Let  12,  45,  meet  in  0,  and  through  0  draw  at  pleasure  a  line  meeting  14  in  P, 
and  25  in  Q;  let  P2,  Q4  meet  in  3,  and  P5,  Ql  in  6;  then  the  line  36  will  pass 
through  0,  and  this  being  so,  the  hexagon  123456  satisfies  the  required  conditions. 


We  have  to  show  that  36  passes  through  0.  Let  Q4  meet  012  in  A,  and  P2 
meet  045  in  jB;  then  the  points  6,  3,  0,  are  the  intersections  of  corresponding  sides 
of  the  triangles  AlQ,  BoP\  and  in  order  that  these  points  may  lie  in  a  line,  the 
lines  joining  the  corresponding  vertices  must  meet  in  a  point,  that  is,  we  have  to  show 
that  the  lines  15,  AB,  PQ  meet  in  a  point.  The  property  is  in  fact  as  follows;  viz., 
given  the  points  2,  4;  and  also  the  points  Q,  0,  P  lying  in  a  line;  then  constructing 
the  points  1,  5,  A,  B,  which  are  the  respective  intersections  of  P4,  02;  Q2,  04; 
Q4,  02;  P2,  04;  the  lines  15,  AB,  PQ  will  meet  in  a  point.  Take  a:=0,  y=0, 
z  =  0  for  the  respective  equations  of  P2,  Q4,  PQ;  then  0  is  an  arbitrary  point  in  the 
line  PQ,  say  that  for  the  point  0  we  have  z  =  0,  cw?  +  6y  =  0;  also  02,  04  are 
arbitrary  lines  through  0:  say  that  their  equations  are  ax  +  by  +  \z  =  0;  ax+by-^ fiz  =  0; 
then  we  have  for  the  points  A  and  B,  respectively,  ax  +  by  +  fjkz  =  0,y  =  0;  ax-hby  +  fiz^O, 
x=0;  hence  the  equation  of  AB  is  fiax  +  \by  +  \fjLZ  =  0.  The  equation  of  P4  is 
aa?  +  /i^  =  0,  and  that  of  Q2  is  6y  +  \2:  =  0;  the  point  1  is  therefore  given  by 
ax  +  fiz  =  0,  ax  +  by  +  \z=iO;  and  5  by6y  +  \2:  =  0,  cw?+6y  +  /A0  =  O;  hence  the  equation 
of  15  is  /iaa7+\6y  +  (/A'  — /LtX  +  X*)£r  =  0;  and  the  equation  of  PQ  being  z  =  0,  it  is 
clear  that  the  three  lines  AB,  15,  PQ  intersect  in  the  point  given  by  the  equations 
fiax  +  Xby  =  0,  z  =  0. 

Obs.  1.  By  inspection  of  the  figure  we  see  that  3PQ  is  a  triangle  whereof  the 
sides  3P,  3Q,  PQ  paas  respectively  through  the  fixed  points  2,  4,  0;  while  the  vertices 
P  and  Q  lie  in  the  fixed  lines  14,  25 ;  the  locus  of  the  vertex  3  is  consequently  a 
conic;  and  the  like  as  regards  the  triangle  6PQ. 

Obs.  2.  The  regular  hexagon  projects  into  a  hexagon  inscribed  in  a  conic  and 
circumscribed  about  another  conic  having  double  contact  therewith ;  in  the  hexagon 
so    obtained  (as    appears    at    once    by  the    consideration    of   the    regular   hexagon)   the 
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above-meDtioned  property  holds;  but  the  in-aDd-circumscribed  hexagon  has  the  additional 
property  that  the  three  diagonals  meet  in  a  point,  and  it  is  therefore  a  less  general 
figure  than  the  hexagon  of  the  foregoing  theorem.  It  would,  I  think,  be  worth  while 
to  study  further  the  hexagon  of  the  theorem. 

{Note.  In  the  solution  of  Question  1548  it  is  shown  that  if  two  pairs  of 
opposite  sides  of  any  hexagon  intersect  each  on  a  diagonal  produced,  so  likewise  will 
the  third  pair. 

A    slight    variation    of   Professor   Cayley's   proof   may  be  obtained    by  finding  the 
equations  of  P6,  Ql,  and  thence  of  36,  which  are  respectively 

cue  — (X  — /a)«  =  0,  6a:  +  (X  — /a)^  =  0,  (M?4-6y  =  0, 

showing  that  36  passes  through  0.     Ed.  [W.  J.  M].}. 


[Vol.  IL  pp.  70—72.] 

1662.  (Proposed  by  F.  D.  Thomson,  M.A.) — Find  the  locus  of  the  points  of  contact 
of  tangents  drawn  from  a  given  point  to  a  conic  circumscribing  a  given  quadrangle 
The  quadrangle  being  supposed  convex,  trace  the  changes  of  form  of  the  locus  for 
different  positions  of  the  given  point. 


Solution  by  Professor  Cayley;  and  the  Proposer. 

Let  0  be  the  given  point;  1,  2,  3,  4  the  vertices  of  the  given  quadrangle; 
A,  B,  C  the  centres  of  the  quadrangle,  viz.,  A  the  intersection  of  the  lines  14,  23; 
B  of  24,  31 ;  C  of  34,  12.  The  polars  of  0  in  regard  to  the  several  circumscribed 
conies  intersect  in  a  point  (/.  This  being  so,  the  locus  is  a  cubic  passing  through 
the  nine  points  1,  2,  3,  4,  A,  B,  C,  0,  0\  and  which  is  moreover  such  that  the 
tangents  at  the  four  points  1,  2,  3,  4  meet  the  cubic  in  the  point  0,  and  the 
tangents  at  the  four  points  A,  B,  C,  0  meet  the  cubic  in  the  point  (/,  It  is  to  be 
remarked  that  the  nine  points  are  so  related  to  each  other  that  a  cubic  through 
any  eight  of  these  points  passes  through  the  remaining  ninth  point ;  say  a  cubic 
through  1,  2,  3,  4,  -4,  B,  C,  0  passes  through  0';  the  nine  points  consequently  do 
not  determine  the  cubic;  but  the  cubic  will  be  determined,  e.g.,  by  the  conditions 
that  it  passes  through  1,  2,  3,  4,  -4,  £,  (7,  0,  and  has  01  for  the  tangent  at  1. 
The  series  of  cubics  corresponding  to  different  positions  of  the  point  0  is  identical 
with    the    series    of    cubics    passing    through    the    seven    points    1,    2,    3,    4,    ^,   ^,   C 
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Conversely  any  given  cubic  curve  may  be  taken  to  be  a  cubic  of  the  series;  and 
the  points  1,  2,  3,  4  will  then  be  determined  as  follows,  viz.,  1,  2,  3,  4  are  the  points 
of  contact  of  the   tangents   to  the  cubic  from  an  arbitrary  point  0  on  the  cubic;  and 


then  taking  as  before  A,  B,  C  for  the  intersections  of  14,  23,  of  24,  31  and  of 
34,  12,  respectively,  the  points  A,  B,  C  will  lie  on  the  cubic,  and  the  tangents  at 
A,  By  C^  0  will  meet  the  cubic  in  a  point  (f,  I  call  to  mind  that  a  cubic  curve 
without  singularities  is  either  complex  or  simplex;  in  the  simplex  kind  there  can  be 
drawn  from  any  point  of  the  curve  two,  and  only  two,  real  tangents  to  the  curve; 
in  the  complex  kind,  there  can  be  drawn  four  real  tangents  or  else  no  real  tangent, 
viz.  from  any  point  on  a  certain  branch  of  the  curve  there  can  be  drawn  four  real 
tangents,  from  a  point  on  the  remaining  portion  of  the  curve  no  real  tangent 
Hence,  in  the  foregoing  construction,  in  order  that  the  points  1,  2,  3,  4  may  be  real, 
the  given  cubic  must  be  of  the  complex  kind,  and  the  point  0  must  be  taken  on 
the  branch  which  has  through  each  of  its  points  four  real  tangents. 

The  foregoing  results  may  be  established  geometriccdly  or  ancUytically ;  but  for 
brevity  I  merely  indicate  the  analytical  demonstration.  Suppose  first,  that  the  points 
1,  2,  3,  4  are  given  as  the  intersections  of  the  conies  U=0,  F=0;  let  a,  fi,  y  be 
the  coordinates  of  the  point  0,  and  write  D  =  aSx  +  l3Sy  +  ySg,  so  that  /)£/'=  0  and 
Z)F=0  are  the  equations  of  the  polars  of  0  in  regard  to  the  conies  J7  =  0,  V=0 
respectively.  The  equation  of  any  conic  through  the  four  points  is  J7+A;F=0;  and 
the  equation  of  the  polar  of  0  in  regard  thereto  is  DU-\-kDV=^0\  eliminating  k 
from  these  equations,  we  have  UDV-VDU^O,  which  is  the  equation  of  the  given 
locus.  We  see  at  once  that  it  is  a  cubic  curve  passing  through  the  points 
(U=0,  F=0),  that  is,  the  points  1,  2,  3,  4;  and  through  the  point  DU^O,  DV=0, 
that  is,  the  point  (/ ;  it  also  follows  without  difficulty  that  the  curve  passes  through 
the  point  0.  But  for  the  remaining  results  it  is  better  to  particularize  the  conies 
J7=0,  F=0.  Let  the  equations  of  12,  23,  34,  41  be  a?  =  0,  y  =  0,  z=0,  w=^0 
respectively,  (where  a?  +  y  +  -^  +  w  =  0);  and  in  the  same  system,  let  a,  13,  7,  S  be  the 
coordinates  of  0  (a  +  )9  +  7  +  S  =  0),  then  xz  =  0,  yw  =  0  are  each  of  them  a  conic 
(pair  of  lines)  passing  through  the  four  points;  and  we  may  therefore  write  U  =  yWy 
V=xz\  the  equation  UD V  —  VD U=0  thus  becomes  yw {az  +  yx)  —  xz (fiw  +  Sy)  =  0,  or, 
as  this  equation  may  also  be  written, 


X     y      z      w 


73—2 
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which    is    the    equation    of    the    cubic  curve;    and    from    this    form   the  several    above- 
mentioned  results  may  be  obtained  without  difficulty. 

To  give  an  idea  of  the  fonn  of  the  curve  corresponding  to  a  given  convex 
quadrangle  1234,  and  given  position  of  the  point  0,  I  suppose  that  0  is  situate 
tvitliin  the  quadrangle,  for  instance  in  the  triangle  B12.  The  mere  inspection  of  the 
figure,  and  consideration  of  the  conditions  which  are  to  be  satisfied  by  the  cubic  curve, 
is  enough  to  show  that  this  is  of  the  form  described  by  Newton  as  anguinea  cum 
ovali,  viz.,  the  oval  passes  through  the  points  3,  4,  A,  B,  and  the  serpentine  branch 
through  the  points  1,  2,  C,  0,  0'.  But  the  complete  discussion  of  the  different  cases 
would  be  somewhat  laborious. 

{A  geometrical  investigation  of  the  locus  is  given  on  p.  124  of  Cremona's  Teoria 
Oeometrica  deUe  Curve  Piane,    Ed.  [W.  J.  M.].} 


[Vol.  II.  pp.  89,  90.] 


1533.  (Proposed  by  Professor  Cayley.) — If  on  the  sides  of  a  triangle  there  are 
taken  three  points,  one  on  each  side ;  and  if  through  the  three  points  and  the  three 
vertices  of  the  triangle  there  are  drawn  a  cubic  curve  and  a  quartic  curve,  inter- 
secting in  six  other  points;  then  there  exists  a  quintic  curve  passing  through  each 
of  the  three  points,  and  having  each  of  the  six  points  for  a  double  point. 


Solution  by  the  Proposer. 

Let  P  =  0  be  the  equation  of  the  quartic  curve,  Q  =  0  the  equation  of  the  cubic 
curve,  M=0  the  equation  of  the  three  sides  of  the  triangle;  then  if  we  can  find 
A,  B,  C  functions  of  the  orders  0,  1,  2  respectively,  and  U  a  function  of  the  fifth 
order,  such  that  we  have  identically  MU  =  AP*  +  BPQ-^- CQ*;  we  have  MU  =  0,  a  curve 
of  the  eighth  order,  having  a  double  point  at  each  of  the  points  (P  =  0,  Q  =  0),  which 
points  are  the  three  vertices  of  the  triangle,  the  three  points,  and  the  six  points; 
but  the  curve  MU=0  is  made  up  of  the  cui*ve  M  =  0  (the  three  sides  of  the 
triangle,  being  a  cubic  curve  having  eiich  of  the  vertices  for  a  double  point,  and 
passing  through  each  of  the  three  points)  and  of  a  certain  quintic  curve  Z7=0; 
hence  the  quintic  curve  must  pass  through  each  of  the  three  points,  and  have  a 
double  point  at  each  of  the  six  points;  or  there  exists  a  quintic  curve  satisfying  the 
conditions  of  the  theorem. 

I  take  x  =  Oy  y  =  0,  z  =  0  for  the  equations  of  the  three  sides  of  the  triangle,  and 
then  (the  constants  being  all  of  them  arbitrary)  writing  for  shortness 

r)  =  a'x        .  +  cZy         Y  =ia!x        .    +  7'^, 
^:=a'x-\-Vy     .,         Z=a"x-\-ff'y     ., 
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I  assume  that  the  three  points  are  given  by  the  equations  (a?  =  0,  f  =  0),  (y  =  0,  17  =  0), 
(-^  =  0,  f=0),  respectively.     This  being  so,  we  may  write 

Q  =  yz^S  +  zxfjh'  +  a;y58"  +  oiyze  =  0,       —  P  =  yz^X  +  zxrjY  +  xyl^Z  •{-  xyz%  =  0, 

for  the  equations  of  the  cubic  curve  and  the  quartic  curve  respectively.  We  have 
of  course  M  =  xyz  =  0  for  the  equation  of  the  three  sides  of  the  triangle,  and  the 
identity  to  be  satisfied  is  xyzU ^  AP^  +  BPQ -\' C(f. 

I  was  led  to  the   values  oi  A,  B,  C  hy  considerations  founded   on  the   theory   of 
curves  in  space.     We  have 

A  =  hW,       B  =  (SV  +  S"a)  ix  +  {S'p  +  h^')  h'y  +  (87'  +  SV)  8"^, 

C  =  aV'&c*  +  ff'^h'y^  +  ry'8"^  +  (7i9"8'  +  7/88")  y^  +  (a'78"  +  a'VS)  ^^  +  (/8"a'8  +  poi'h')  xy ; 

and  with  these  values  it  is  easy  to  show  that  the  function  ilP*  +  -BPQ+ CQ*  contains 
the  factor  xyz\  for  substituting  the  values  of  P,  Q,  all  the  terms  of  ilP'  +  SPQ  +  CQ* 
contain  explicitly  the  factor  xyz^  except  the  terms 

A  {fz^^X^  +  z^aH^Y^  +  a^y^K'Z')  -  B  (y^z^^XB  +  z^a^rj^YS'  +  a^f^ZS') 

and  these  terms  will  contain  the  factor  xyz,  if  only  the  expressions  AX^^BXS+CS\ 
AY^'-BYB'-^-CS^  AZ^  -  BZh'' +  GZ"^  contain  respectively  the  factors  x,  y,  z.  But 
ilX'  — 5X8  +  (78'  will  contain  the  factor  a?,  if  only  the  expression  vanishes  for  a?  =  0; 
and  for  a;  =  0  we  have 

ilZ»-5Z8  +  C8«  =  0  = 
88'8"  (^y  +  r^zy  -  [8X  (/Sy  +  7^)  +  8  {^Ty  +  y8"^)]  8  {^y  +  7^)  +  (^y  +  yz)  (0''S'y  +  y'B^'z)  8» ; 

that  is,  AX^  •- BXS -{- CS^  contains  the  factor  x;  and  by  symmetry  the  other  two 
expressions  contain  the  factors  y  and  z  respectively.  The  excepted  terms  contain  therefore 
the  factor  ojy-?;  and  there  exists  therefore  a  quintic  function  U=(AP^ '^BPQ+CQ^)'i- xyz; 
which  proves  the  theorem. 

p 
The  values  ot  A,  B,  C  were  obtained   by   considering  the  surface  ^  =  7^1   which, 

as  is  at  once  seen,  contains  upon  itself  the  three  lines 

or  as  these  equations  may  be  written 

(a:  =  0,  .  I3y  +  yz  +Sw  ^  0), 
(y  =  0,  a'x  .  +yz  +  S'w  =  0), 
(^=0,     a''x  +  ^'y    .  +S"w  =  0); 
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% 

and  then  seeking  for  the  equation  of  the  hyperboloid  which  passes  through  the  three 
lines,  this  is  found  to  be  Auf-^Bw-^  0=^0,  where  A,  B  G  have  the  before-mentioned 
values. 

If  in  the  foregoing  theorem  the  cubic  is  considered  as  a  given  cubic  cun'e,  and 
the  three  points  as  three  arbitrary  points  on  the  cubic,  the  question  then  arises  to 
find  the  triangle ;  or  we  have  the  problem  proposed  as  Question  1607. 


[Vol.  IL  p.  91.] 

1642.  (Proposed  by  Professor  Cayley.) — If  a  given  line  meet  two  given  conies 
in  the  points  {A,  B)  and  {A\  R)  respectively;  and  if  (A'\  R')  be  the  sibi-conjugate 
points  (or  foci)  of  the  pairs  {A,  A')  and  (5,  R\  or  of  the  pairs  {A,  B)  and  {A\  B\ 
then  {A*\  B')  lie  on  a  conic  passing  through  the  four  points  of  intersection  of  the 
two  given  conies. 


[Vol.  IL  pp.  97—100.] 

1606.    (Proposed  by  the  Editor,  [W.  J.  M.]). — Solve  the  following  problems: 

(a)     Through   three  given  points  to  draw  a  conic  whose  foci  shall   lie  in  two  given 
lines. 

()9)     Through   four  given  points  to  draw  a  conic   such   that    one  of   its   chords  of 
intersection  with  a  given  conic  shall  pass  through  a  given  point. 

(7)     Through   two    given   points    to  draw  a    circle    such   that    its    chords   of    inter- 
section with  a  given  circle  shall  pass  through  a  given  point. 


Holutim  by  Professor  Cayley. 

(a)  Through  three  given  points  to  draw  a  conic  whose  foci  shall  lie  in  two  given 
lines. 

The  focus  of  a  conic  is  a  point  such  that  the  lines  joining  it  with  the  two 
circular  points  at  infinity  (say  the  points  /,  J)  are  tangents  to  the  conic.  Hence  the 
question  is,  in  a  given  line  to  find  a  point  A,  and  in  another  given  line  to  find  a 
point  By  such  that  there  exists  a  conic  touching  the  four  lines  AI,  A  J,  BI,  BJ 
(where  /,  J  are  any  given  points)  and  besides  passing  through  three  given  points. 
More  generally,  instead  of  the  lines  from  A,  B  to  the  given  points  /,  J,  we  may 
consider  the  tangents  from  -4,  JB,  to  a  given  conic  B;  the  question  then  is,  in  a 
given   line   to   find   a   point   A,  and   in  another  given  line  to   find  a  point   B,  such  that 
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there  exists  a  conic  touching  the  tangents  from  ^,  jS  to  a  given  conic  0,  and  besides 
pa&sing  through  three  given  points.  It  is  rather  more  convenient  to  consider  the 
reciprocal  question — though  it  is  to  be  borne  in  mind  that  for  any  two  reciprocal 
questions  a  solution  of  the  one  question  by  means  of  coordinates  (x,  y,  z)  regarded  as 
point-coordinates  is  in  fact  a  solution  of  the  other  question  by  means  of  the  same 
coordinates  {x,  y,  z)  regarded  as  line-coordinates.  The  reciprocal  question  is:  through 
a  given  point  to  draw  a  line  A,  and  through  another  given  point  to  draw  a  line  B, 
such  that  there  exists  a  conic  passing  through  the  intersections  of  these  lines  with  a 
given  conic  0,  and  besides  touching  three  given  lines.  The  given  points  may  be  taken 
to  be  (a:  =  0,  z  =  0),  (y  =  0,  ^  =  0) ;  this  determines  the  line  z  —  0,  but  not  the  lines 
a?  =  0,  y  =  0,  so  that  the  point  (a;  =  0,  y  =  0)  may  without  loss  of  generality  be  supposed 
to  lie  on  the  conic  0 ;   the  equation  of  this  conic  will  therefore  be 

(a,  6,  0,  /,  (jr,  A$a?,  y,  zf  =  0. 

I  take  0L?  + 707  =  0  for  the  equation  of  the  line  A,  fiy  +  pz^^O  for  the  equation  of  the 
line  B  (so  that  the  quantities  to  be  determined  are  the  ratios  a  :  y  and  fi  :  v);  this 
being  so,  the  required  conic  passes  through  the  intersections  of  these  lines  with  the 
conic  0;  its  equation  will  therefore  be 

(a,  6,  0,/,  g,  h'$x,  y,  zy  +  2(ax  +  yz){fMy  +  pz)^0; 

or  what  is  the  same  thing 

(a,  6,  2i/7,  f+M^y  g  +  pa,  h  +  fia^x,  y,  zy  =  0; 

where   a,  %  /x,   i/  have  to  be  determined   in  such   manner   that    this  conic  may  touch 

three    given    lines.     It    is    to  be    observed    that    a,  7,   fM,  v,  enter    into    the    equation 

thtt)ugh  the  combinations  Ofi,  a  :  y,  and  fi  :  y,  so  that  there  are  really  only  three 
disposable  quantitiea 

The  condition  in  order  that  the  conic  may  touch  a  line  fa?  +  lyy  +  ?^  =  0  is 

(  261/7  -  (/+  fMyf,  2avy  -  (gr  +  vaf,  ab-(h  +  fiaf,  \ 

(g  +  va)  {h  +  /xa)  -     a  (/+  fjuy), 

(h  - fia) (/+  /t7) -     6 (5r  +  i^), 
l(/  +  A*7) (5^  +  ^a ) -  21/7 (A  +  /^)  ) 


QLf ,  V,  ?)» =  0, 


that    is,   putting    for    shortness    (7  =  a6-A^   F=gh--af,   G^hf-hg,   and    reversing    the 
sign  of  the  whole  expression, 

{  /»P+  fv'-  C^-  2F77?-  2(??f-  2fg^} 

+  2/i{   fy^  +&«?»  + (07 -5^a)^?- (Ay +/«)?f-  97^] 

-h2i/{-67f-(a7-5ra)i;»  -  /tai;?+  ba^^ +  {hy-'af)  ^] 

+    M''   M  -  O'l  +  2/^  {atf  (7f  -  a?)}  +  i/«  {aV}  =0; 
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or  what  is  the  same  thing 

where  p,  q,  r,  «,  t  are  given  functions  of  (f,  17,  f). 
I  write  for  greater  convenience 

(so   that   the    quantities   to    be    determined   will   be    the    ratios  X   :    Y  :   Z  :    W);  the 
foregoing  equation  then  becomes 


{• 


W     1 


3 


2  .    „.       _      2 


or  what  is  the  same  thing 

{vYW+X(^Z^iW)Y  +  2XYHpW  +  qZ)+2X'Y(rW+8Z)  +  tX^Y^  =  0. 

Hence,   considering    in    place    of    the    line    fa:  +  lyy  +  f?  =  0,   the    three    given    lines 

f  1^  +  ViV  +  ^i^  =  0>  f 2^  +  V^  +  ?3^  =  0>  f f'^  +  ^jy  +  ?i2^  =  0  successively,  we  have  the  three 
equations 

{v,YW  +  X(^,Z-^,W)Y  +  2XYHpiW-^q,Z)  +  2X'Y(r,W-¥s,Z)  +  t,X^'Y'  =  0, 
[r)^YW  +  &c  J«  +  &c.  =0, 

{VsYW  +  Szc.  }«+&c.  =0; 

which,  treating  A",  F,  Z,  W  as  the  coordinates  of  a  point  in  space,  are  each  of  them 
the  equation  of  a  quartic  surface  having  the  line  (X  =  0,  Y  =  0)  for  a  cuspidal  line. 
The  required  values  of  X,  F,  Z,  W  are  the  coordinates  of  a  point  of  intersection  of 
the  three  surfaces,  and  these  beiug  found  the  equation  of  the  conic  satisfjang  the 
conditions  of  the  t|uestion  is 

(a,  6,  0,/  5r,  h^x,  y,  zr-\'2(Wx  +  Zz)(^^+ ^^  =  0. 

As  to  the  intersection  of  surfaces  having  a  common  line,  see  Salmon's  Solid 
Geometry,  p.  257 ;  but  the  case  of  a  cuspidal  line  not  having  been  hitherto  discussed, 
I  am  not  able  to  say  now  how  many  points  of  intersection  there  are  of  the  three 
surfaces,  nor  consequently  what  is  the  number  of  the  solutions  of  the  question  in 
hand.     It  of  course  appears  that  64  is  a  superior  limit. 

(/8)  Through  four  given  points  to  draw  a  conic  such  that  one  of  its  chords  of 
intersection  with  a  given  conic  shall  pass  through  a  given  point. 

Let  the  four  points  be  given  as  the  intersections  of  the  conies  f/'=0,  F=0,  and 
let  If  =  0  be  the  equation  of  the  given  conic,  (a,  /8,  7)  the  coordinates  of  the  given 
point. 
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The  equation  of  the  required  conic  may  be  taken  to  be  ©  =  Xt/'4-/iF=0,  and 
this  being  so,  the  equation  of  any  conic  passing  through  the  points  of  intersection  of 
the  conic  ©  =  0  and  the  given  conic  Tr=0,  will  be  XtT+zAF-hi/TT^  0;  and  if  i/  be 
properly  determined,  viz.  by  the  equation 

Disct.  (XCr+/iAF+i;TF)  =  0, 

which  it  will  be  observed  is  a  cubic  equation  in  (X,  /i,  i;),  then  \U -\' fiV •{•vW^Q  will 
be  the  equation  of  a  pair  of  the  chords  of  intersection  of  the  conies  0  =  0,  Tr  =  0. 
The  chord  which  passes  through  the  given  point  (a,  )9,  7)  may  be  taken  to  be  one 
of  the  pair  of  chords;  the  pair  of  chords,  regarded  as  a  conic,  then  passes  through 
the  given  point  (a,  /8,  7);  or  if  J7o,  V^,  W^  are  what  U,  V,  W  become  on  sub- 
stituting therein  the  values  (a,  )9,  7)  for  the  coordinates,  we  have 

which  is  a' linear  equation  in  (X,  fi,  1/);  and  combining  it  with  the  before-mentioned 
cubic  equation, 

Disct.  (\U+fiV+vW)=^0, 

the  two  equations  give  the  ratios  (X  :  /i  :  1/),  and  the  equation  of  the  required  conic 
is  X[7H-/iF=0.  There  are  three  S3rstems  of  ratios  \  :  fi  :  u,  and  consequently  three 
conies  satisfying  the  conditions  of  the  Question. 

Suppose  that  the  conies  U=0,  F=0,  Tr  =  0,  have  a  common  chord,  then  the 
conies  0  =  XCr-l-ftF=O,  W  =  0,  have  this  common  chord,  say  the  fixed  chord;  and  they 
have  besides  another  chord  of  intersection,  say  the  proper  chord,  which  is  the  line 
joining  the  two  points  of  intersection  not  on  the  fixed  chord.  It  follows  that,  in 
the  equation  Xi74-ftF+i/Tr  =  0,  v  may  be  so  determined  that  this  equation  shall 
represent  the  fixed  and  proper  chords;  the  required  value  of  1^  is  one  of  those  given 
by  the  before-mentioned  cubic  equation,  which  will  then  have  a  single  rational  factor 
of  the  form  a\'\'bfi  +  cv,  and  the  value  of  i^  is  that  obtained  by  means  of  this  &ctor, 
that  is,  by  the  equation  a\  +  bfi  +  cv  =  0. 

{The  value  in  question  may,  however,  be  found  independently  of  the  cubic  equation; 
thus,  if  the  three  conies  have  the  common  chord  P  =  0,  then  their  equations  may  be 
taken  to  be  Cr=0,  U+PQ  =  0,  U+PR^O]  we  have  then  S=^\U+ fi{U  +  PQ\  and 
the  value  of  i/  is  at  once  seen  to  be  1;  =  —  (X -f- /a),  for  then 

xcr+/iF+i;Tr=xJ7+At(cr+PQ)-(x+M)(tr-fPiJ)=o, 

that  is,  P[^Q  — (X-f-/i)iJ]  =  0,  which  is  the  conic  made  up  of  the  fixed  chord  P  =  0 
and  the  proper  chord  fiQ  —  (X  +  ft)  iJ  =  0.} 

But  returning  to  the  equations  17  =  0,  F=0,  W=0,  the  value  of  1/  is  given  by 
the  equation  aX  +  bfi+cv  =  0,  obtained  by  equating  to  zero  the  rational  &ctor  of  the 
cubic  equation.  Suppose  now  that  the  proper  chord  passes  through  the  given  point 
(a,  fi,  7),  then,  as  before,  the   equation   \U  +  fiV+vW=0  is  satisfied   by  these  values 

C.  V.  74 
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of  the  coordinates,  or  we  have  X£7o4-m^o+ J'W^^O;  which,  with  the  before-mentioned 
linear  equation  aX  +  bfi  +  CP^ 0,  determines  the  ratios  \  :  fi  :  p;  and  the  required  conic 
is  XU+fiV^O;  there  is,  then,  in  the  present  case  only  one  conic  satisfying  the 
conditions  of  the  Question. 

(7)  Through  two  given  points  to  draw  a  circle  such  that  its  chord  of  intersection 
with  a  given  circle  shall  pass  through  a  given  point. 

The  foregoing  discussion  of  the  case  of  three  conies  having  a  common  chord  is 
of  course  directly  applicable  to  the  present  question,  the  common  chord  being  the  line 
infinity;  it  is  therefore  sufficient  to  give  the  final  analjrtical  result;  viz.,  if  the  given 
points  are  y  =  0,  a?=±l,  and  if  the  given  circle  is  «'-hy*-hc  +  2/y-h  Sljr^sO,  and  the 
point  through  which  passes  the  chord  is  x^a,  y^fi,  then  the  equation  of  the  required 
circle  is 

a^  +  y«-l  +  ~(25fa  +  2/J9+l+c)y  =  0. 
The  equation  of  the  chord  of  intersection  is,  in  fact, 

which  is  satisfied,  as  it  should  be,  by  x^a,  y  =  /9. 

But  the  geometrical  solution  is  even  more  simple.  Let  A,  B,  he  the  given  points, 
C  the  point  through  which  passes  the  chord  of  intersection;  then,  joining  C,  A,  and 
taking  on  this  line  a  point  H  such  that  CA .  CH  is  equal  to  the  square  on  the 
tangential  distance  of  C  firom  the  given  circle,  it  is  at  once  seen  that  any  circle 
through  A^  H  ]a  such  that  its  chord  of  intersection  with  the  given  circle  passes 
through  C\  hence  the  required  circle  is  that  drawn  through  the  three  points  A,  H,  B, 


[Vol.  in.  January  to  July,  1865,  p.  29.] 


1607.  (Proposed  by  Professor  Cayley.) — In  a  given  cubic  curve  to  inscribe  a 
triangle  such  that  the  three  sides  shall  pass  respectively  through  three  given  points  on 
the  curve. 


[Vol.  III.  pp.  60—63.] 


1647.     (Proposed   by   Professor  Cayley.) — Find  the   locus  of  the   foci   of  an   ellipse 
of  given  major  axis,  passing  through  three  given  points. 

{In  connexion  with  the  problem  the  Proposer  remarks  as  follows : 

Let   -4,  jB,  C  be   the  given   points;    take   P  an   arbitrary   point  (not  in   general  in 
the    plane    of   the    three    given   points),    then    we    may   find  a   point    Q   (not  in   general 
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in  the  plane  of  the  three  given  points)  such  that  QA +AP  =^QB'\- BP^QC +  CP  ^ 
given  major  axis.  And  this  being  so,  if  the  locus  of  P  be  a  given  surface,  then  we 
shall  have  a  certain  surface,  the  locus  of  Q ;  and  so  if  the  locus  of  P  be  a  given 
curve  in  space,  then  we  shall  have  a  given  curve  in  space,  the  locus  of  Q.  In 
particular,  if  the  locus  of  P  be  the  plane  of  the  three  given  points,  then  the  locus 
of  Q  will  be  a  certain  surface,  cutting  the  plane  in  a  curve  which  is  the  locus  in 
the  foregoing  problem ;  and  when  Q  is  situate  on  this  curve,  then  also  P  will  be 
situate  on  the  same  curve.  Or  if  the  locus  of  P  be  the  curve  in  question,  then  the 
locus  of  Q  will  be  the  same  curve.  Say,  in  general,  that  the  loci  of  P  and  Q  are 
reciprocal  loci,  then  the  curve  in  the  problem  is  its  own  reciprocal.  And  we  may 
propose  the  following  question: 

Find  the  curve  or  surface,  the  locus  of  P,  which  is  its  own  reciprocal. 

We    have   also   analogous  to  the  original   problem  the   following   question    in  Solid 
Geometry  : 

Given  the   four  points  -4,  5,  C,  D  in  space,  to  find   the  locus  of  the  points  P,  Q 
such   that 

Pil  +  ilQ  =  PjB  +  JBQ  =  PC  +  (7Q  =  PZ)  +  Z)Q=  a  given  line.} 


Solution  by  the  Proposer. 

In  general  if  a,  6,  c  be  the  sides  of  a  triangle,  and  /,  g,  h  the  distances  of  any 
point  from  the  angles  of  the  triangle  (or,  what  is  the  same  thing,  if  (a,  6,  c,  /,  ff,  h) 
be  the  distances  of  any  four  points  in  a  plane  from  each  other),  then  we  have  a  certain 
relation 

</>(«,  6,  c,  /  g,  /t)  =  0. 

Hence  if  r,  s,  t  he  the  distances  of  the  one  focus  from  the  angles  of  the  triangle,  and 
the  major  axis  is  =  2X,  then  the  distances  for  the  other  focus  are  2\  —  r,  2X  — «,  2X  —  ^ ; 
and  considering  the  three  angles  and  the  other  focus  as  a  system  of  four  points,  we 
have 

<f>{a,  6,  c,  2X-r,  2X-«,  2\-t)  =  0, 

which  is  a  relation  between  the  distances  r,  s,  t  of  the  first  focus  from  the  angles  of  the 
triangle,  and  which,  treating  these  distances  as  coordinates  (of  course  in  a  generalised 
sense  of  the  term  "Coordinate"),  may  be  regarded  as  the  equation  of  the  required 
locus.     It  is  to  be  observed,  that  we  have  identically 

<l>  (a,  6,  c,  r,  «,  t)  =  0, 

and  the  equation  may  be  expressed  in  the  simplified  form 

^(a,  6,  c,  2X-r,  2X-«,  2\-t)-<l){a,  b,  c,  r,  s,  0  =  0- 

74—2 
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and  eliminating  the  eight  quantities,  we  have  the  rationalised  equation  expressed  in  the 


=  0. 


}  (of  order  8)  = 

=  0;  viz 

.  this  ia 

1 

A^     ,    B^     , 

0,     . 

A    . 

E,  . 

i^.  . 

G.  . 

0 

B^  ,    J.,     , 

0,r^, 

J^'.r'   , 

0     . 

A  . 

A  , 

A 

Cj8^    1      (jo€t     , 

A,    , 

E.d'  , 

A  . 

0    , 

A  . 

i". 

Ae* ,   ^.f*  . 

E,f  , 

A,     , 

c,  , 

A  . 

0    . 

Q. 

E.tlV,    0       , 

A**, 

C,«»   , 

A^  , 

(?.«*, 

F,^, 

A 

FjPt',    Af  . 

0      . 

A»*  , 

(j.*^. 

A,  . 

AP. 

C. 

(?ol^«»,     (?,«»  , 

Ar*. 

0       , 

^.r*. 

E,i?, 

4,  . 

A 

0       ,    E^. 

Fot^. 

Gof'^, 

AH, 

A«». 

A**. 

il. 

This  seems  to  be  of  the  degree  18  in  the  coordinates,  but  it  is  probable   that  the  real 
degree  is  lower. 


[Vol  III.  pp.  63—65.] 


1662.  (Proposed  by  W.  K.  Clifford.)— Through  the  angles  A,  B,  C  of  &  plane 
triangle  three  straight  lines  Aa,  Bb,  Cc  are  drawn.  A  straight  line  AR  meets  Cc  in 
R;  RB  meets  Aa  in  P;  PC  meets  Bb  in  Q;  QA  meets  Cc  ia  r;  and  so  on.  Prove 
that,  after  going  twice  round  the  triangle  in  this  way,  we  alwa3rs  come  back  to  the 
same  point. 

Show  that  the  theorem  is  its  own  reciprocal.  Find  the  analogous  properties  of  a 
skew  quadrilateral  in  space,  and  of  a  polygon  of  n  sides  in  a  plane. 


Solution  by  Professor  Cayley. 

1.    The  theorem  may  be  thus  stated :    Given  three  lines  x,  y,  z,  and  in  these  lines 
respectively   the  points  A,  B,  C;  then  there   exist  an  infinity  of  hexagons,  such    that 


the   pairs    of  opposite   angles  lie  in   the   lines  x,  y,  z,  respectively,  and   that   the  pairs 
of  opposite  sides  pass  through  the  points  A,  B,  C,  respectively. 
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2.  The  demonstration  is  as  follows:  We  have  to  show  that,  starting  from  an 
arbitrary  point  1  in  the  line  x,  and  constructing  in  the  prescribed  manner  (as  shown 
successively  in  the  figure)  the  points  2,  3,  4,  5,  6,  the  last  side  61  of  the  hexagon 
123456  will  pass  through  B.  By  the  construction,  we  have  A,  2,  3  in  a  line,  and 
likewise  (7,  4,  i) ;  hence,  by  Pascal's  theorem,  applied  to  the  six  points  in  a  pair  of 
lines,  the  points  of  intersection  of  the  lines  C25,  34),  (3(7,  Ab\  (-44,  C2),  that  is,  the 
points  £,  6,  1,  lie  in  a  line;   which  is  the  required  theorem. 

3.  More  generally  suppose  that  the  points  A,  B,  C  are  not  on  the  lines  x,  y,  z, 
respectively.  I  remark  that  it  is  not  in  general  possible  to  describe  a  hexagon  such 
that  the  opposite  angles  lie  in  the  lines  x,  y,  z,  respectively,  and  the  opposite  sides 
pass  through  the  points  A,  B,  (7,  respectively;  but  if  there  exist*  one  hexagon  (viz., 
a  proper  hexagon,  not  a  triangle  twice  repeated),  then  there  exists  an  infinity  of  such 
hexagons. 

4.  In  fact,  if  it  be  required  to  find  a  polygon,  the  angles  whereof  lie  in  given 
lines  respectively,  and  the  sides  whereof  pass  through  given  points  respectively;  the 
problem  is  either  indeterminate  or  admits  of  only  two  solutions.  If  therefore  in  any 
particular  case  there  are  three  or  more  solutions,  the  problem  is  indeterminate,  and 
has  an  infinity  of  solutions.  Now,  in  the  above-mentioned  case  of  the  three  lines 
and  the  three  points,  there  exist  two  triangles,  the  angles  whereof  lie  in  the  given 
lines,  and  the  sides  pass  through  the  given  points ;  and  each  triangle,  taking  the 
angles  twice  over  in  the  same  order  123123,  is  a  hexagon  satisfjring  the  conditions  of 
the  problem ;  hence,  if  we  have  besides  a  proper  hexagon  satisfying  the  conditions  of 
the  problem,  there  are  really  tiiree  solutions,  and  the  problem  is  therefore  indeterminate. 

5.  Suppose  that  the  three  lines  x,  y,  z,  and  also  two  of  the  three  points,  say 
the  points  A  and  B,  are  given ;  we  may  construct  geometrically  a  locus,  such  that, 
taking  for  C  any  point  of  this  locus,  the  problem  shall  be  indeterminate :  in  fact, 
starting  with  the  point  4,  and  constructing  successively  the  points  3,  2 ;  taking  an 
arbitrary  direction  for  the  line  21,  and  constructing  successively  the  points  1,  6,  5; 
then  the  intersection  of  the  lines  21  and  54  is  a  position  of  the  point  (7:  and  by 
taking  any  number  of  directions  for  the  line  21,  we  obtain  for  each  of  them  a  different 
position  of  the  point  C\  and  so  construct  the  locus. 

6.  The  locus  in  question  is,  as  will  be  shown,  a  line;  and  if  the  point  -4  is  on 
the  line  x,  and  the  point  B  on  the  line  y,  then  the  locus  of  G  will  be  the  line  z\ 
that  is,  C  being  any  point  of  the  line  Zy  the  problem  is  iudetetminate ;  which  is 
Mr  Clifford's  theorem. 

7.  To  prove  this,  consider  the  lines  x,  y,  z,  and  also  the  points  A,  B,  C,  as 
given ;  the  point  1  is  an  arbitrary  point  on  the  line  a?,  linearly  determined  by  means 
of  a  parameter  u;  and  for  every  position  of  the  point  1  we  have  a  corresponding 
position  of  the  point  4 ;  let  u  be  the  corresponding  parameter  for  the  point  4 ;  the 
series  of  points  1  is  homographic  with  the  series  of  points  4 ;  that  is,  the  parameters 
M,  u  are  connected  by  an  equation  of  the  form  auu'  +  6ii  +  ci^  +  d  =  0,  (where  of  course 
a,  by  c,  d   are  functions   of  the  parametei^s  which   determine   the   given  lines  x,  y,  z  and 
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points  A,  B,  C).  But  if  the  problem  be  indeterminate,  then  starting  from  the  point 
1  and  constructing  the  point  4,  and  again  starting  from  the  point  4  and  making  the 
very  same  construction,  we  arrive  at  the  original  point  1,  that  is,  u  must  be  the 
same  function  of  u  that  u'  is  o{  w,  and  this  will  be  the  case  if  6  =  c;  hence  6  =  c 
is  the  condition  in  order  that  the  problem  may  be  indeterminate. 

8.  To  effect  the  calculation,  take  ^  =  0,  y  =  0,  -?  =  0  for  the  equations  of  the  lines 
X,  f/,  z  respectively;  and  let  (a,  0,  7),  (a',  jS",  7'),  («",  /?",  7")  be  the  coordinates  of  the 
points  A,  B,  U  respectively.  Let  1  and  4  be  given  as  the  intersections  of  the  line 
x  =  0  with  the  lines  y  — m^=0,  y— w'-?  =  0,  respectively;  and  assume  that  for  the  point  2 
we  have  y  =  0,  z—vx  =  0,  and  for  the  point  3,  -?  =  0,  x^-wy^O.  Then  1,  (7,  2  are  in 
a  line;  as  are  also  2,  J,  3;   3,  jS,  4;  hence  we  obtain 

7"w— ^'  av  — 7        ,     ffw—a 

v  =  - — ,-, ,    t(;  =  — 5— ',     w  =:^^^— 7 ; 

au  pv  yw 

therefore,  eliminating  v  and  w,  we  have 

(»y"  -  a"y)  y'uu'  -  afi"y'u'  -  (a/8'7"  -  a^'  -  <^"^y)  ^  "  /3"  (a')8  -  a/9')  -  0. 

The  required  condition,  therefore,  is 

a/3'V  =  a^'7"-a'/37"-a")8'7,    or    a/3'7"  -  a/S' V  -  « W  -  a"/3'7  =  0 ; 

which  is  linear  in  regard  to  each  of  the  three  sets  (a,  )9,  7),  (a',  )9',  7'),  (a",  ^',  7"), 
separately ;  that  is^  two  of  the  points  A,  B,  C  being  given,  the  locus  of  the  remaining 
point  is  a  line.  In  particular,  if  a  =  0,  ^  =  0;  then  the  equation  becomes  a'l3y'  =  0, 
and  assuming  that  neither  a'  =  0,  or  )8  =  0,  then  the  equation  becomes  7"  =  0,  that  is, 
A,  B  bemg  arbitrary  points  on  the  lines  a?  =  0,  y  =  0  respectively,  the  locus  of  C  is  the 
line  z  =  0, 

9.  Mr  Clifford's  theorem  is  clearly  its  own  reciprocal.  I  do  not  know  the  precise 
analogues  of  his  special  form  of  the  theorem ;  but  the  analogue  of  the  more  general 
theorem  stated  in  (6)  is  as  follows :  viz.,  we  may  have  in  the  plane  n  lines  x,  y,  z, .,. 
and  n  points  A,  JB,  0,...,  such  that  there  exist  an  infinity  of  2n-gons  whereof  the 
pairs  of  opposite  angles  lie  in  the  given  lines  respectively;  and  the  pairs  of  opposite 
sides  pass  through  the  given  points  respectively ;  and  if  the  n  lines  and  n  —  1  of  the 
n  points  be  assumed  at  pleasure,  then  the  locus  of  the  remaining  point  is  a  line.  It 
is  moreover  clear  by  the  principle  of  reciprocity,  that  if  the  n  points  and  n  —  1  of 
the  n  lines  be  assumed  at  pleasure,  then  the  envelope  of  the  remaining  line  is  a 
point. 

There  exists  also  an  analogue  in  space ;  viz.  we  may  have  n  lines  x,  y,  Zy ,..  and 
n  lines  A,  B,  (7,...  such  that  there  exist  an  infinity  of  (skew)  2n-gons  whereof  the 
pairs  of  opposite  angles  lie  in  the  given  lines  x,  y,  z,,..  respectively ;  and  the  pairs  of 
opposite  sides  meet  in  the  given  lines  A,  B,  (7,...  respectively.  It  may  be  added,  that 
if  all  but  one  of  the  2n  lines  x,  y,  z,,..A,  B,  G ...  are  given,  then  the  *six  coordi- 
nates '  of  the  remaining  line  satisfy  a  certain  linear  equation,  but  I  do  not  stop  to 
explain  the  geometrical  interpretation  of  this  theorem. 
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These  two  results  may  also  be  written, 

Disct.  (a,  6,  c,  d,  e,  f^x,  y)'  =  Diset.  (/,  e,  d,  c,  6,  a$a?,  y)*, 

Disct.  (a,  6,  c,  d,  e,  /$a?,  y)"  =  Disct.  (a,  6a)*,  co)',  dw^  eto,  /$«?,  y)" ; 

that  is,  the  discriminant  of  (a,  6,  c,  d,  6,  /$^,  yY  is  not  altered  by  taking  the  coefficients  in 
a  reverse  order,  or  by  multiplying  the  several  coefficients  by  the  powers  cd*,  cd*,  o)',  o)',  ©,  of  an 
imaginary  fifth  root  of  unity.  Applying  these  theorems  to  the  form  (a,  6X,  c\\  c/*',  6/x,  a$a:,  y)*, 
the  discriminant  is  not  altered  by  changing  the  coefficients  into  (a,  bfi,  Cfi^,  cX*,  b\,  a)  ; 
that  is,  by  the  interchange  of  X  and  /m  ;   nor  by  changing  the  coefficients  into 

(a,  6ft)*X,  coj'X-,  C(»V»  6ft)/i,  a),     or     {a,  6(Xft)*),  c(Xa)*)*,  cifitof,  h{fio>\  a]\ 

that  is,  the  discriminant  is  not  altered  by  the  change  of  X,  /i  into  Xw*,  /io)  respectively. 
The  discriminant  is  therefore  a  rational  and  integral  function,  symmetrical  in  regard  to 
X,  fjL,  and  which  is  not  altered  by  the  change  of  X,  /a  into  X©*,  /ia>  respectively.  In  virtue 
of  the  second  property  the  discriminant  is  a  rational  integral  function  of  (Xft,  X',  /i'), 
and  then  in  virtue  of  the  first  property  it  is  a  rational  integral  function  of  (X/i,  xy,  X"  +  /a'), 
that  is,  of  \fi,  X»  +  ft".  For  the  general  form  (a,  6,  c,  d,  e,  /$^,  y)",  if  a  term  of  the 
discriminant  be  a^VcH^ef^,  then  we  have  a  +  )9+7  +  S  +  €4-<^  =  8,  5a +  4)9+ 87+ 28 +€= 20 ; 
hence  attending  only  to  the  indices  a,  )9,  7  we  have  5a  +  4)9  +  87  >  20,  and  therefore 
A  fortiori  3/9  +  87  >  20,  so  that  /8  +  7  is  =6  at  most.  It  follows  that  for  the  form 
(a,  6X,  cX^  Cft',  6ft,  a$ic,  yy,  the  sum  of  the  indices  of  6X,  cX'  is  =6  at  most,  and 
therefore,  even  if  the  index  of  cX'  is  =  6,  the  index  of  X  will  be  only  =  12,  that  is,  the 
discriminant  contains  no  power  of  X  higher  than  X^^:  hence  considered  as  a  function  of 
X/i,  X'  +  ft',  the  highest  power  of  X'  +  ft'  is  (X'  +  ft')' ;   which  completes  the  theorem. 


[Vol.  in.  p.  90.] 

1687.  (Proposed  by  Professor  Cayley.) — To  describe  a  spherical  triangle  such  that 
the  angles  thereof  and  of  the  polar  triangle  lie  on  a  spherical  conic. 

On  the  sphere,  the  locus  of  a  point  such  that  the  perpendiculars  fi'om  it  upon 
the  sides  of  a  given  spherical  triangle  have  their  feet  on  a  line  (great  circle),  is  in 
general  a  spherical  cubic ;  if  however  the  triangle  be  such  as  is  mentioned  in  the 
above  Problem,  then  the  locus  breaks  up  into  a  line  (great  circle)  and  into  the  conic 
through  the  angles  of  the  given  and  polar  triangles. 


[Vol.  III.  pp.  92—96.] 

1690.  (Proposed  by  W.  A.  Whitworth,  M.A.) — If  ABC  be  the  triangle  formed  by 
the  three  diagonals  oa',  66',  cc'  of  a  complete  quadrilateral  aa'bb'cc\  then  a  conic  can 
be  found  having  double  contact  in  the  chord  aa'  with  the  critical  conic  of  the  quadri- 
lateral 66'cc',  double  contact  in  the  chord  66'  with  the  critical  conic  of  the  quadrilateral 
cc'aa\  and  double  contact  in  the  chord  cc'  with  the  critical  conic  of  the  quadrilateral 
aa'66'. 

c.  V.  75 
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equations  which  put  in  evidence  the  double  contact  with  the  three  critical  conies 
respectively.     We  have  also,  identically, 

A  =  (a?  +  y  +  -^  -H  w)  (a?  +  y  —  3^  —  w)  —  2w  (iF  +  y  —  2:  —  w)  +  4  (^'  —  xy), 

and  the  equation  A  =  0  may  therefore  be  written 

A  =  —  2w  (a?  4-  y  —  -^  —  m;)  +  4  (^*  —  ayy)  =  0, 

a  form  which  shows  that  the  conic  z^^xy  =  0  meets  the  line  w  =  0  in  the  same  two 
points  in  which  it  is  met  by  the  conic  A  =  0.  And  it  hence  appears  by  symmetry  that 
the  conies 

A  =  0,  ar*  —  y^  =  0,  y^  —  zx  =  0,  z^-^xy  =0  meet  the  line  w  =  0  in  the  same  two  points, 

A  =  0,  w*  —  y^  =  0,  y*  —  ^w  =  0,  2^*  —  wy  =  0  meet  the  line  a:  =  0  in  the  same  two  points, 

A  =  0,  vj^'-xz^O,  of —  zw=  Oy  ^*  —  wa?  =  0  meet  the  line  y  =  0  in  the  same  two  points, 

A  =  0,  w^  — a;y  =  0,  a^— yw  =  0,  y^  —  wx^O  meet  the  line  z  =0  in  the  same  two  points, 

which  are  the  relations  constituting  the  latter  part  of  the  proposed  theorem. 

2.  The  analogous  theorems  in  space  may  be  briefly  referred  to.  Taking  a?=0, 
y  =  0,  -?  =  0,  w  =  0  as  the  equations  of  the  faces  of  a  tetrahedron  A  BCD,  then  the 
implicit  constants  may  be  so  determined  that  the  coordinates  of  a  given  arbitrary  point 
0  shall  be  (1,  1,  1,  1).  We  may  by  lines  drawn  from  the  vertices  of  the  tetrahedron 
project  the  point  0  on  the  faces,  so  as  to  obtain  a  point  in  each  of  the  four  faces; 
and  then  in  each  face,  by  lines  drawn  from  the  vertices  of  the  face,  project  the  point 
in  that  face  upon  the  edges  of  the  face;  the  two  points  thus  obtained  on  each  edge 
of  the  tetrahedron  are  (it  is  easy  to  see)  one  and  the  same  point;  that  is,  we  have 
on  each  edge  of  the  tetrahedi'on  a  point ;  and  there  exists  a  quadric  surface 

ik-af^  +  y^  +  z^  +  v/^-2yz-  2zx - 2a;y -  2xw  -  2y w -  2zw  =  0 

touching  the  edges  of  the  tetrahedron  in  these  six  points  respectively. 

The  surface  in  question  has  plane  contact  with 

the  hyperboloid  xy  +  zw^O  along  the  intersection  with  ay  +  y— ^  —  w  =  0, 

iTZ  +  yw  =  0         „  „  „  a?  —  y  +  -?  —  w  =  0, 

oow  +  yz -0        „  „  „  a:-y-^  +  w  =  0, 

and  moreover  the  surfaces 

A  =  0,    af^  —yz  =  0,    y^  —  zx  ^0,    Z'  —  xy^O  meet  the  line  w  =  0,  a?H-y-h^  +  w  =  0 

in  the  same  two  points; 

A  =  0,    vf^^yz  =  0,    j^  —  zw^O,    -&*  —  wy  =  0  meet  the  line  x  =  Oy  X'\'y  •{•z  +  w^O 

in  the  same  two  points; 

A  =  0,    v/^  —  xz^^O,     a^—zw^O,    z'  —  wx^O  meet  the  line  y  =  0,  x  +  y  +  z-^-w^O 

in  the  same  two  points ; 

A==0,     tv^''Xy  =  0,    ic*  — yw  =  0,     y'  — wj?  =  0  meet  the  line  2^  =  0,  x  +  y  +  z  +  w^O 

in  the  same  two  points. 
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and  hence  writing  (a,  /8,  7)  =  (0,  —1,  1)  we  have  the  asjnnptote  a?+2y  +  2^  =  0:  to  find 
where  this  meets  the  curve,  we  have  ^H-4^»H-4^- 1  =  0,  that  is  (^+ l)»(^+2^- 1)  =  0, 
or  at  the  points  of  intersection  ^  +  2^  —  1  =  0,  that  is  ^  =  —  1  ±  /v/2,  or  there  are  two 
real  points  of  intersection. 

Again  writing  (a,  /8,  7)  =  (— 1— A;,  k,  1)  we  find  the  asymptote  A:*a;  — 2y4-(A:  +  l)2:  =  0: 
to  find  where  this  meets  the  curve,  we  have  A;"(^  — 1)-4A;^  +  (2A;  + 2)^  =  0,  that  is 
ifc*^-4A:^  +  (2A?  +  2)^-*>  =  (^-A;)»{Jfc»^-2()fc»  +  A:  +  l)^-l}=0;  or  for  the  points  of 
intersection  A*^  — 2(A*  +  A:+ 1)  ^  — 1  =0,  an  equation  in  0  with  two  real  roots,  hence 
the  points  of  intersection  are  real. 

It  is  now  easy   to  lay  down  the  curve;  viz.,  if,  to  fix  the  ideas,  the  fundamental 

triangle    is  taken   to  be    equilateral,   and   the  coordinates  x,   y,  z  are  considered  to  be 

positive  for  points  vnthin  the  triangle,  then  the  curve  is  as  shown  in  the  annexed 
figure  1. 


It  may  be  remarked  that  the  curve  is  met  by  every  real  line  in  two  real  points 
at  least,  and  consequently  that  it  is  not  the  projection  of  any  finite  curve  whatever. 
By  a  modification  of  the  constants  of  the  equation,  we  might  obtain  curves  which  are 
finite,  such  as  the  curve  in  figure  2;  or  curves  with  two  or  four  infinite  branches, 
which  are  the  projections  of  such  a  finite  curve. 


[Vol.  IV.  pp.  32—37.] 

1744.    (Proposed    by   W.   S.   Burnside,  B.A.)— It    is    required    to   find   (a?i,  yi,  z^), 
functions  of  {x,  y,  z),  such  that  we  may  have  identically 

^' + yi'  +  ^i'  _  ^ + y* + -2* 

^i^i^i        "       xyz       ' 


Solution  by  Professor  Cayley. 

The   Solution   is  in   fact  given  in  my   "Memoir  on    Curves  of   the    Third    Order," 
PhUoaophical  Transactions,  vol.  cxlvil  (1857),  pp.  415 — 446,  [146]. 

/p8  ^  i|yS  J,    «4I  ^^ 

Write =  —  6Z ;  then,  taking  (X^  Y,  Z)  ss  current  coordinates,  (x,  y,  z)  are, 

xyz 

it   is  clear,  the    coordinates  of   a  point  on   the  cubic   curve  X^'\-Y^-hZ^'h6lXYZ  =  0 ; 
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therefore 

if  j;*  +  y*  +  ^  +  Qlxyz  =  0 ;  the  same  equations  verify  at  once  the  identity 

Another  solution  is  as  follows :  viz.,  if  we  take  the  third  intersection  with  the 
cubic  of  the  line  joining  the  points  (y,  x,  z)  and  {^(y*  — -s^),  y(z^  —  x^),  -^C^— y*)},  the 
coordinates  of  the  line  in  question  are 

^1  •  i/i  '  Zi=    afy^  +  y*^  +  2^a^  —  Saj^y*^ 

:  xyz{a^ '\- j^  •\- s^  — 'jfs^  —  :^a?  —  a^tf). 

According  to  a  very  beautiful  theorem  of  Professor  Sylvester's  in  relation  to  the  theory  of 
cubic  curves,  the  coordinates  of  a  point  which  depends  linearly  on  a  given  point  of  the 
curve  are  necessarily  rational  and  integral  functions  of  a  square  degree  of  the  coordi- 
nates (a?,  y,  z)  of  the  given  point;  and  moreover  that  (considering  as  one  solution  those 
which  can  be  derived  from  each  other  by  a  mere  permutation  of  the  coordinates,  or 
change  of  x  into  ©a?,  &c.),  there  is  only  one  solution  of  a  given  square  degree  m' ;  the 
solutions  of  the  degrees  4  and  9  are  given  above.  The  tangential  of  the  tangential,  or 
second  tangential  of  the  point  (.r,  y,  z),  gives  the  solution  of  the  degree  16;  joining 
this  second  tangential  with  the  original  point  (a?,  y,  z\  we  have  the  solution  of  the 
degree  25 ;  and  the  same  solution  is  also  given  as  the  sixth  point  of  intersection  with 
the  cubic,  of  the  conic  of  5-pointic  intersection  at  the  point  {x,  y,  z).  See  my  memoir 
"  On  the  conic  of  5-pointic  contact  at  any  point  of  a  plane  curve,"  Phil.  Trans,  vol.  cxLix. 
(1859),  pp.  371—400,  [261]. 


Addition  to  the  foregoing  Solution,     On  a  system  of  Eighteen  Points  on  a  Cubic  Curve, 

Considering    the    cubic    curve  a;*  +  y*  +  ^  +  6lxyz  =  0,   we    have    the    nine    points    of 
inflexion,  which  I  represent  as  follows : 

a  =  (0,  1,-1),  d  =  (-l  ,  0,  1),  5r  =  (l, -1,  0), 
6=(0,  1,  -co),  g  =  (-ft),  0,  1),  A  =  (l,  -ft),  0), 
c  =  (0,  1,  -  ft>«),       /  =  (-  ft)»,  0,  1),        i  =  (1,  -  ft)»,  0), 

viz.,  ft)  being  an  imaginary  cube  root  of  unity,  the  coordinates  of  a  are  (0,  1,  —  1),  those 
of  6,  (0,  1,  —ft)),  &c. 
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The  points  of  inflexion  lie  (as  is  known)  by  threes  on  twelve  lines ;  viz.,  the  lines  are 

abc,  afh,  hfg.  cfi, 
adg,  hdi,  cdh,  def, 
aei,        bell,        ceg,        ghx. 

Consider  now  a  point  on  the  curve,  the  coordinates  whereof  are  (a?,  y,  z\  where  of 
coarse  x*+y'  +  ^+ 6try-?  =  0  ;  this  Ls  one  of  a  system  of  eighteen  points  on  the  curve, 
which  may  be  represented  as  follows: 

il  =  (ar,  y,  z\  D  =  (  x,  toy,  to^z),  G  =(  x,  «»y,  w z\ 
5  =  (y,  z,  xX  E  =  (a>y,  a)%  x\  H^{m^,  wz,  x\ 
C={z,  X,  y),         F=:(a}'Z,      X,  ©y),         /  =(«^,       x,  «*y), 

J^{x,Zyy\  3/  =  (    w,<oz,(o^y\  P  =  (     x,w*z,wy), 

K^{z,y,x\  iV=(©z,  ft)«y.       x),  Q=^(€o^z,wy,       x\ 

L^{y,  X,  z\  0  =  (ft)«y,     x,  (oz\  R^(wy,      x,  «*z), 

viz.,  the  coordinates  of  A  are  (x,  y,  z) ;  those  of  5  are  (y,  z,  x\  &c. 

The  tangent  at  A  meets  the  curve  in  a  point,  "  the  tangential  of  A**  the  coordi- 
nates whereof  are  ir(y'  — ^),  y{z^  —  y^\  ^(^  —  y^)]  which  point  may  be  called  A\  And 
we  have  thus  the  eighteen  taugentials 

A\  R,  C\  Zy,  E\  F\  0\  H\  I\  J\  K\  L\  M\  N\  (/,  P',  Q',  R. 

The  eighteen  points  A,  B,  &c.,  have  the  following  property;  viz.,  the  line  joining  any 
two  of  them  meets  the  cubic  in  a  third  point,  which  is  either  one  of  the  nine  points 
of  inflexion,  or  one  of  the  eighteen  tangentials ;  there  are  through  each  point  of  inflexion 
9  such  lines,  and  through  each  tangential  4  such  lines;  (9  x  9)  +  (18  x  4)=153  =  i(18.l7), 
the  number  of  pairs  of  points  AB,  AC,  &c.  The  lines  through  the  inflexions  are  the 
81  lines  obtained  by  joining  any  one  of  the  points  (A,  B,  C,  D,  E,  F,  G,  H,  I)  with 
any  one  of  the  points  (/,  K,  Z,  M,  N,  0,  P,  Q,  i?),  as  shown  in  the  following  Table: 

ABCDEFGHI 
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viz.,  the   line   A  J  passes  through   a,  the  line   AK  through  d,  &c.;  the  proof  that  A  J 
passes  through  a  depends  on  the  identical  equation 

=  0; 


m. 

y> 

z 

X, 

z. 

y 

0. 

1, 

-1 

and  the  like  for  the  other  lines  AK,  AL,  &c. 

The  lines  through  the  tangentials  are  the  36  lines  obtained  by  joining  any  two 
of  the  points  {A,  Jff,  (7,  D,  E,  F,  0,  H,  I)  and  the  36  lines  obtained  by  joining  any 
two  of  the  points  (J,  K,  Z,  M,  N,  0,  P,  Q,  R) ;  and  these  72  lines  pass  through  the 
tangentials,  as  shown  by  the  table 


ABC, 

BDI, 

CEG, 

JKL. 

KMR, 

LNP, 

ADG, 

BEH, 

CFI, 

JMP, 

KNQ, 

LOR, 

AEI, 

BFQ, 

DBF, 

JNR, 

J  OP, 

MNO, 

AFH, 

CDH, 

OHI, 

JOQ. 

LMQ, 

PQR, 

viz.,  in  the  triad  ABC,  BG  passes  through  A\  GA  through  B\  AB  through  C;  and 
the  like  for  the  other  triads.  The  proof  that  BG  passes  through  A  depends  on  the 
identical  equation 


y 


X 


=  0; 


z        ,  a?         ,  y 

and  the  like  for  the  other  combinations  of  points. 

If  we  attend  only  to  the  points  A,  B,  G  and  their  tangentials  A\  R,  C;  then 
we  have  on  the  cubic  three  points  A,  B,  G,  such  that  the  line  joining  any  two  of 
them  passes  through  the  tangential  of  the  third  point.  And  the  figure  may  be  con- 
structed by  means  of  the  three  real  points  of  inflexion  a,  d,  g,  as  follows,  viz.,  joining 
these  with  any  point  /  on  the  cubic,  the  lines  so  obtained  respectively  meet  the  cubic 
in  three  new  points  which  may  be  taken  for  the  points  A,  B,  G.  Or  if  one  of  these 
points,  say  A,  be  given,  then  joining  it  with  one  of  the  three  real  inflexions,  this 
line  again  meets  the  cubic  in  the  point  J,  and  from  it  by  means  of  the  other  two 
real  inflexions  we  obtain  the  remaining  points  B  and  (7;  it  is  clear  that,  A  being 
given,  the  construction  gives  three  points,  say  J,  K,  Z,  each  of  them  leading  to  the 
same  two  points  B  and  G. 

We  may  consider  the  question  from  a  different  point  of  view.  Let  A,  B,  C  he 
given  points,  and  let  there  be  given  abo  three  lines  passing  through  these  three 
points  respectively;  through  the  given  points,  touching  at  these  points  the  given  lines 
respectively,  describe  a  cubic;  and  let  the  given  lines  again  meet  the  cubic  in  the 
points    A\   B,   G'    respectively.     The    equation    of   the    cubic    contains    three   arbitrary 


C.    V. 
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parameters;  but  when  two  of  these  ai-e  properly  determined,  the  points  A,  B,  C  and 
their  tangentials  A\  B,  C  will  be  related  as  in  the  theorem ;  viz.,  the  line  through 
any  two  of  the  points  will  pass  through  the  tangential  of  the  third  point  The 
analytical  investigation  is  as  follows : 

Let  the  equations  of  the  three  tangents  be  ^  =  0,  y  =  0,  ^  =  0,  and  suppose  that, 
for  the  points  A^  Jff,  C  respectively,  we  have 

then  the  equation  of  a  cubic  touching  the  three  lines  at  the  three  points  respectively 
will  be 

(y  -  >^y  {v'By  H-  Cz)  +  (^  -  fjLxf  (X'Cz  +  Ax)  +  (a?  -  pyY  (fi'Ax  +  By) 

-fi^Ax"  -  v^Bif^X^Cz^  +  Kxyz^O, 

where  A,  B,  C,  K  are  arbitrary  coefficients;  but  if  A  :  B  :  C  =  \  :  fi  :  v,  then  the 
eciuation  is 

(y  —  \z)^  V  (jivy  +  -»)  H-  (z  —  lAX^  \  {v\z  +«?)  +  («  —  vyy  fi  (X/ao:  H-  y) 

-  X/LtV  —  fii^y*  —  v W  +  Kxyz  =  0, 
where 

A,  A'  are  the  intersections  of  a?  =  0,  by  y  —  X^  =  0,    fivy  H-^g:  =  0  respectively, 

B,  B  „  „  y  =  0,    „    ^  -  /LUC  =  0,     vXa:  +  J?  =  0 
C,C'          „                 „  z^O,    „    a?-i/y  =  0,     X/Aa?  +  y  =  0 

the  equations  of  BC,  CA,  AB  thus  are 

— /Luc  +  /Ai/y +  -^  =  0,    X"  vy-\-v\z  =  Ot     \fix-hy  —  \z  =  0, 
which  pass  through  A\  B,  and  C  i-espectively. 

If  we  consider  along  with  the  points  A,  B,  C  the  points  J,  K,  L,  and  their 
respective  tangentials,  then  we  have  inscribed  in  the  cubic  a  hexagon  ALBJCK  which 
has  the  following  properties,  viz.,  the  pairs  of  opposite  sides  and  the  three  diagonals 
pass  through  the  three  real  inflexions  in  lined,  viz., 

AL,  JG,  BK,  through  g 
LB,  CK,  JA,  „  a 
BJ,    JvAf    CZf ,        „        (L 

This  shows  that  the  six  points  A,  B,  C,  /,  K,  L  are  the  intersections  of  the  cubic 
by  a  conic;  and  moreover,  considering  the  triangles  ABC,  JKL  formed  by  the  alternate 
vertices,  then  in  each  triangle  the  sides  pass  through  the  tangentials  of  the  opposite 
vertices  respectively. 

In  what  precedes  we  have  in  efifect  found  the  coordinates  {z,  x,  y)  of  the  third 
point    of    intersection    with    the    cubic,    of    the    line    joining    the    points    (y,    z,   x)  and 


» 
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{a;(y»  — ^),  y(^— «*),  ^(«*  — y*)}.     The   coordinates  of  the  same  point  may  be  otherwise 
found  by  a  direct  investigation,  as  follows :    Write 

If   in  the  equation  of   the   curve   we  substitute  for  x^   y,   z,  the   values   tiXi+vx^, 
uyi  +  vy,,  tuSi-jrVZi,  we  find 

u  [x^^Xi  +  yih/^  +  Zi%  +  21  (x^yiZi  +  y^z^x,  +  z^x^yi)] 
+  V  [x^x^  +  y^jfi^  +  z^z^  +  21  {x^ytZi  +  yi^a^?,  +  z^x^y^)]  =  0, 

say  uP  +  vQ  =  0  ;    we   may   therefore   write  w  =  Q,    v  =  —  P,  and   the   coordinates  of   the 
third  point  are  Qx^  —  Px^,  Qyi-^Py^f  Qzi  —  Pz^,     Now 

Qx^  -  Px^  =  j/iy,  (xiy^  -  a^aj/i)  +  ^i«j  (x^z^  -  a7,-?i)  +  2Z  {xi%z^  -  «si«yi^i) 
=r    yz{s^^ a^)  {y*  {s^  —a?)  -- zx (y*  —  -«•)} 
+  -fa?(a?»-y»){y^(rc»-y»)-ir*  (y*-'^)) 
+  21  {y*  ,yz.(z'''X^){x^-y^)-a^(y^-  z^y  zx]. 

=5  (ajy  H-  y*^  +  ^aj*  —  Sa^y^z^)  z 

+  a?yz  (aj*  +  y*  +  -2*  —  y*^  —  -2*^^*  —  x^y^)  z 
-  2Z  (aj'y'  +  y*^  +  ^a?»  -  3a:»y»^)  -? ; 

so   that   we   have   Qfl?i  —  Pxt  =  II-?  ;   and   in   like   manner   Qyi  —  Py^  =  Ha?,   Q^i  —  Pz^  =  Fly ; 
and  therefore  Qxi  —  PiFj  :  Qyi  —  Qy,  :  Qzi  —  P^,  =^z  :  x  :  y,  which  proves  the  theorem. 

I   consider  in   like   manner   the   following   question ;  viz.,  if  (y,  x,  z)  be  joined  with 
the  tangential  of  (x,  y,  z) ;  to  find  the  third  point  of  intersection.     We  have  here 

^j  :  ya  :  ^2  =  a? (y» - -2»)  :  yiz^-x^)  :  zix^-f)]    x^  :  y^  :  z^^y  :  x  :  z; 

and  P^  Q  as  before ;  and  the  coordinates  of  the  third  point  are 

Qxi-Px^  :  Qyi-Pyt  :  Q^i-P^,; 
also 

Qx.-Px^^   ay  (^  -  a;»)  {y«  (-«» -  a:»)  -  ic*  (y»  -  ^)} 

+  z^  (;r»  -y»)  [yz  (a:»-  y»)  -^a?  (y*-^)} 
+  21  [fz  (z"  - x'){x'  -  y')''a^(y'  -  2*f  zx], 

=       a:  {y»  (^  -  a:»)«  -  -8:»  (ir»  -  y»)  (y»  -  ^)} 

4-  y  {-8^  (a:»  -  y')*  -  a:*  (y*  - -2»)  (^  -  ir»)} 
+2fe{y'(z'  -ir»)  (a:»  - y»)  -  ir»  (y«  -  ^)»}, 

that  is  Qa?i  -  Pa?,  =  (a?  H- y  -  2te)  (a^^  +  y»a;«  +  z*/ -  acyz*) ; 

similarly  Qyj  -  Py^  =  (a:  +  y  -  2^-?)  (y»^  +  y«-?»  +  2:«a^  -  Sa^y^) ; 

also  Q^i  — P-^a  =(a:H-y  — 2Z^)(aJ*  +  y'H-2^— y*-?*—  ahf)xyz\ 
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and  we  hence  have  the  values 

X  :   7  :  Z  =  aft/*  +  ft'  +^x'  -  iix'y>j^  :  x't/' +  i^t*  +  i^af  -  Safi/'^ 

:  xyg(af  +  ^  +  i^  -  y'if  -  z'x'  - 
for  the  coordinatex  of  the  poiut  in  4UC9tioii. 


[Vol.  IV.  pp.  38,  39.] 


1761.    (Proposed  by  ProfesBor  Cayley.)— Let  ABCD  be  any  quadrilateraL    Construct, 
as  shown   in   the    figure,   the   points    F,    6,    H,    I:    in   BO  fiud  a  point    Q   such   that 

'Rf '  (^ "  79 '  *°^  complete  the  construction  as  ^hown  in  the  figure.  Show  that  an 
ellipse  may  be  drawn  passing  through  the  eight  points  F,  0,  H,  I,  a,  ff,  7,  S,  and 
having  at  these  points  respectively  the  tangents  shown  in  the  figure. 


M::::::=s^' 


{Professor  Cayley  remarks  that  if  ABCD  is  the  perspective  representation  of  a  square, 
then  the  ellipse  is  the  perspective  representation  of  the  inscribed  circle ;  the  theoi'cm 
gives  eight  points  and  the  tangent  at  each  of  them ;  and  the  ellipse  may  therefore 
be  drawn  by  hand  with  an  accuracy  quite  sufficient  for  practical  purposes.  The 
demonstration  is  immediate,  by  treating  the  figure  as  a  perspective  representation:  the 
gist  of  the  theorem  is  the  very  convenient  construction  in  perspective  which  it  funiishea! 


[Vol.  IV.  pp.  65—67.] 


1778.  (Proposed  by  W.  K.  Clifford.)— If  a  straight  line  meet  the  faces  of  the 
tetrahedron  ABCD  in  the  points  a,  b,  c,  d,  respectively ;  the  spheres  whose  diametent 
are  Aa,  Bb,  Cc,  Dd  have  a  common  radical  axis. 
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Solution  by  Professor  Cayley. 

Let  the  given  line  be  taken  for  the  axis  of  z',  the  axes  of  x,  y  being  any 
rectangular  axes  in  the  plane  perpendicular  thereto ;  the  equations  of  the  given  line 
are  therefore  (a?  =  0,  y  =  0).  Take  (ai,  /8i,  71),  (03,  /Sj,  7,),  (a,,  ^3,  73),  (04,  A,  74)  for  the 
coordinates  of  the  points  A,  B,  C,  D  respectively ;  and  (0,  0,  Cj),  (0,  0,  C2),  (0,  0,  c,),  (0,  0,  C4) 
for  the  coordinates  of  the  points  a,  6,  c,  d  respectively.  Then,  to  determine  c,,  the 
equation  of  the  plane  BUD  is 

X  ,     y  ,     z  ,     1     =0, 


02, 

^3, 

73.  1 

03, 

A, 

7,.  1 

04, 

A, 

7.,     1 

y= 

:  0,  we  have 

0, 

0, 

Ci.      1 

02, 

A, 

7..     1 

0,, 

A. 

7.>     1 

04, 

A, 

74.       1 

=  0, 


with  similar  equations  for  Ca,  c,,  C4  respectively.     The  four  equations   may  be  united  into 
the  single  equation 


OiPif      1,      Oi,     fii 
C-iPay     1,     Oj,     A 

C4l>4>        1,        0|,        A 


Pi,  Oj,  ^1,  7i  j, 

i>j,  Oj,  A,  7j 

i?s,  05,  A,  73 

Pif  O4,  A,  74 


where  pi,  pa,  />$,  />4  are   arbitrary  multipliers.     Hence,  writing  successively  (pi,  pa,  p^,  p^ 
=  (1,  1,  1,  1)  and  (pi,  />2,  ;>3,  P4)  =  (7i.  72.  73.  74),  we  have  first 


that  is 


Ci, 

1. 

«!. 

ySi 

= 

1,        «!, 

A.     7i 

C3, 

1, 

a», 

A 

1,   «», 

A,     7. 

c. 

1. 

<K» 

A 

1,   «.. 

A.     7» 

C4. 

1. 

««, 

A 

1,    eu. 

fiu     74 

1, 

«i. 

A. 

c,  +  7i 

=  0; 

1, 

a>, 

/8„ 

.    Cj  +  7» 

1. 

<»3. 

A: 

.     <^  +  7j 

1, 

a*, 

A, 

C4  +  74 
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that  is,  if 

\+              /^+            V     +           p  =0, 

Xfli  +             fiCLj  +           va^  H-           pa^  =  0, 

XAH-            /^A+           pfi,+           pA  =0, 
X(Ci  +  7,)  + At(c3 +  72)  + 1^(0,  + 73)  +  p  (C4 +  74)=  0, 

M71+        /^73+         vC3yz+        pcty*  =0; 

and   eliminating   from   these  equations  (\,  fi,  v,  p\  we  find  the  above-mentioned  relation 
between  a^,  )8i,  71,  c,,  &c. ;  which  proves  the  theorem. 


[Vol.  IV.  pp.  70,  71.] 


1771.  (Proposed  by  Professor  Cayley.) — Given  a  circle  and  a  line,  it  is  required 
to  find  a  parabola,  having  the  line  for  its  directrix,  and  the  circle  for  a  circle  of 
curvature. 


2.    Solution  by  the  Proposer. 


Let  4r^  +  y*— 1  =  0  be  the  equation  of  the  given  circle,  « =  m  that  of  the  given 
line.  Taking  on  the  circle  an  arbitrary  point  (cos  0,  sin  0),  we  may  find  a  parabola 
having  the  given  line  for  its  directrix,  and  touching  the  circle  at  the  last-mentioned 
point ;  viz.,  the  equation  of  the  parabola  is  found  to  be 

y*  - 2y  sin ^ (1  +  2  cos^ ^ -  2m cos ^) -  4a? cos*  0 (cos  0-m)  +  l  +  S cos-* ^ - 4m cos  ^  =  0. 

{There   is  no  diflSculty  in    verifying  that  this  parabola  has    for   its    directrix    the    line 
a;— m=0,  that  the   equation   is   satisfied   by  the  values  a:  =  cos^,  y  =  sin^,  and  that  the 

derived  equation  is  satisfied  by  the  values  ic  =  cos  ^,    y  =  sin  0,     3   =  —  <^^^  ^'} 
Representing  for  a  moment  the  left-hand  side  of  the  equation  by  U,  we  have  identically 

^f8in^0-a^  cos* ^  -  2y sin  ^ (1  +  2  cos* ^-  2m cos  0)-^ cos*  tf  (cos  ^ -  m) 

+  1  +  4  cos*  0  —  4m  cos  0, 
=  (y  sin  ^  +  a;  cos  ^  —  1 )  (y  sin  ^  —  a?  cos  ^  —  1  —  4  cos*  0  +  4m  cos  0). 

Hence  to  find  the  intersections  of  the  parabola  with  the  circle,  we  have  first 

ar^  +  3/*-l=0,    y  sin  ^  +  a;  cos  ^-1=0, 

giving  the  point  (cos  0,  sin  0)  twice,  since  y  sin  ^  +  a?  cos  tf  —  1  =  0  is  the  equation  of  the 
tangent  to  the  circle  at  the  point  in  question;   and  secondly 

^  +  y*  —  1  =  0,    y  sin  ^  —  a:  cos  ^  —  1  —  4  cos*  0  +  4m  cos  ^  =  0, 
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giving  the  remaining  two  points  of  intersection.  If  the  circle  be  a  circle  of  curvature, 
one  of  these  must  coincide  with  the  point  (cos  0,  sin  0),  that  is  the  equation 
y  sin  tf  —  a:  COS  ^  —  1  —  4  cos^  ^  +  4?n  cos  ^  =  0,  must  be  satisfied  by  the  values  x=^ccs0, 
y  =  sin^;  this  will  be  the  case  if  —  6cos*^+4rmcosd=  0,  that  is  C06^  =  0,  giving  for 
the  p^UtiboIa  y^±2y  +  l  =  0,  which  is  not  a  proper  Solution,  or  else  co8^  =  |,  giving 
sin  d=  i(l  —  ^7/1*)^,  so  that  there  are  two  parabolas  satisfying  the  conditions  of  the 
problem;  if  to  fix  the  ideas  we  take  the  upper  sign,  the  equation  of  the  corresponding 
parabola  u^ 

and   it  may  be  added  that  the  coordinates  of  the  foais  are 

a:  =  wi  —  ^  7/1*,     y  =  (1  —  i  tn*)\ 

The  e(|uation  of  the  other  parabola  and  the  coordinates  of  the  focus  are  of  course 
found  by  merely  changing  the  sign  of  the  radical.  The  parabolas  are  real  if  m  <  | ; 
if  7/i  =  f  we  have  a  single  parabola,  the  point  of  contact  being  in  this  case  the  vertex 
of  the  parabola ;  and  if  m  >  f  the  parabolas  are  imaginary. 

[Professor  Cayley  states  that  he  was  led  to  the  foregoing  problem  by  the  consideration 
of  the  curve  (proposed  for  investigation  in  Quest.  1812)  which  is  the  envelope  of  a 
variable  circle  having  its  centre  in  the  given  circle  and  touching  the  given  line.  The 
required  cur\'e  (which  is  of  the  sixth  order)  has  two  cusps  which,  it  is  easy  to  see 
geometrically,  are  the  foci  of  the  parabolas  in  the  problem.  Taking  (cos^,  sin^)  for 
the  coordinates  of  the  centre  of  the  variable  circle,  we  shall  have 

x='^  cos  0^m  cos  2^  +  ^  cos  3^,    y  =  f  sin  ^  —  wj  sin  2^  +  ^  sin  3^, 

for  the  coordinates  of  a  point  on  the  envelope.} 


[Vol.  IV.  pp.  81—83.] 

1790.  (Proposed  by  Professor  Sylvester.) — (1)  If  a  set  of  six  points  be  respectively 
represented  by  the  six  permutations  of  «  :  6  :  c,  show  that  they  lie  in  a  conic,  and 
write  do\ni  its  equation. 

(2)  Heiice  prove  that  if  AB,  BO,  CA  be  three  real  lines  containing  the  nine 
points  of  inflexion  of  a  cubic  curve  having  an  oval,  the  paii-s  of  tangents  drawn  to 
the   oval   from  A,  B,  C  will  meet  it  in  six  points  lying  in  a  conic. 


Solution  by  Professor  Cayley. 

1.     That  the  six  points, 

1  =  (a,  6,  c),  2  =  (6,  c,  a),        3  =  (c,  a,  by 

4  =(a,  c,  6),  5  =(6,  a,  c),         6  =  (c,  6,  a), 
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are  situate  on  a  conic,  appears  at  once  by  writing  down  its  equation :   viz., 

which  is  satisfied  by  the  coordinates  of  each  of  the  six  points. 

2.  It  is  interesting  to  remark  that  the  six  points  on  the  conic  form,  not 
a  general  inscribed  hexagon,  but  a  hexagon  such  as  is  mentioned  in  Prob.  1512 
(vol  II.  p.  51),  viz.,  one  in  which  the  three  diagonals  pass  respectively  through  the 
Pascalian  points  (intersections  of  opposite  sides):  in  fact,  in  the  hexagon  143526,  forming 
the  equations  of  the  sides  and  diagonals,  these  are 

14.  (b  +  cjx"        ay—         a  z  -0,        25.    (c  -i-  a)  x  -        by-        b  z  =  0, 

15.  -ca?-        c  y +  (aH-6)£r  =  0,        26.         —ax—        a  y+(b  +  c)z-0, 

16.  -6a?  +  (c  +  a)y-  b  z^O,        24.  -ca?+(a  +  6)y-         c  z=^0, 

36,    (a  +  b)  X—        c  y—        c  z  =0, 

34.  —  6  a?  —         b  y  +  (c  +  a)z  =  0, 

35.  —  a  a?  +  (6  +  c) y  —        a  z  =  0; 

so  that  the  lines  14,  25,  36  meet  in  the  point  or  =  0,  y  +  z  =0, 

16,  24,  35  „  y  =  0,  z+x  =  0, 

15,  26,  34  „  z  =  0,  x  +  y  =  0. 

3.  It  is  further  to  be  remarked  that  the  six  points  lie  on  the  cubic  curve 

g»  +  y*  +  ^  _  xyz  _ 

and  are  consequently  the  six  points  of  intersection  of  this  cubic  by  the  above  mentioned 
conic. 

4.  The  points  (a?  =  0,  y  +  ^  =  0),  (y  =  0,  z  +  x  =  0),  (z=^0,  x+y=0)  are  the  three 
real  inflexions  of  the  cubic;  hence,  attending  only  to  the  cubic,  and  starting  from  the 
arbitrary  point  (a,  6,  c)  on  this  curve,  it  appears  by  what  precedes,  that  we  may, 
by  means  of  the  three  real  inflexions  of  the  cubic,  construct  the  system  of  six  points, 
(the  construction  is,  in  fact,  identical  with  that  given  in  my  Solution  of  Problem  1744, 
vol.  IV.  pp.  32 — 37,  [ante  p.  597]  the  six  points  being  six  out  of  the  therein 
mentioned  eighteen  points);  and  it  further  appears,  that  these  six  points  lie  on  a  conic. 

5.  As  regards  the  second  part  of  the  proposed  Problem,  consider  the  cubic  curve 
^  +  y*+'^  +  6^^  =  0;  the  three  real  lines  containing  the  nine  points  of  inflexion  are 
the  lines  x  =  0,  y  =  0,  z=0;  and  the  points  A,  B,  C  are  therefore  (y  =  0,  -2^=0), 
{z  =  Oy  a?  =  0),  (a?=0,  y  =  0)  respectively.  From  each  of  these  points  we  may  draw  to 
the  curve  six  tangents,  and  we  have  thus  on  the  curve  eighteen  points,  which  are  a 
particular  case  of  the  system  in  the  Solution  of  Prob.  1744.  Or  if  from  each  of  the 
points  we   draw  two    properly  selected    tangents,  (when    the    cubic    haa   an    oval   these 

c.  V,  77 


if 


t» 
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then  considering  x  :  y  as  the  unknown  quantity,  it  is  required  to  find  the  roots  of 
the  equation  /l/^  — 31f*  =  0  in  terms  of  the  roots  (a,  /8,  7,  B)  of  the  equation  U^O; 
or,  what  is  the  same  thing,  it  is  required  to  find  the  linear  factors  of  the  function 
/I7^  — 3J7l  The  function  in  question  is  the  product  of  four  quadratic  factors,  rational 
functions  of  (a,  /3,  7,  B);  and  these  being  known,  the  four  pairs  of  linear  fieu^tors  can 
be  determined  each  of  them  by  the  solution  of  a  quadratic  equation.    In  fact,  writing 

e.  =a{()8- o)(a;-- 7y)(^- %)H-(7- «)(^-Sy)(^-/8y)  +  (S  -  a)(^-/8y)(^- 7y)}, 
e^  =  a  {(7  -yS)  (x  -  By)  (x  -  ay)  +  {B  -^)(a;  -  ay)  (x-yy)  +  (a  -  yS)  (a;  -  7^)  (x  -  By)], 

e^  =  a{(S -7)  (a:- ay)(a? -%)  +  (a -7)(a;-)8y)(^-%)  +  ()8-7)  (0?  -  Sy)  (a?- ay)}, 

83  =  a  {(a  -  B)  {x  -fiy)  (x  -  yy)  +  (fi-B){x-yy){x  -  ay)  +  (7  -  S)(a:  -  ay)  (x  -/8y)}, 

we  have  identically  256(/ir«-3ir0  =  ®.®y®^^« ;  so  that  the  quadratic  factors  of  lU^-SH^ 
are  B«,  B^,  By,  B^.  To  show  that  this  is  so,  it  is  to  be  remarked  that  the  product 
B.B^ByBa  is  a  sjmimetrical  function  of  the  roots  a,  0,  7,  B,  and  consequently  a  rational 
and  integral  function  of  the  coefficients  (a,  6,  c,  d,  e)  of  U ;  moreover  B«,  B^,  By,  Ba  being 
each  of  them  a  covariant  (an  irrational  one)  of  IT,  the  product  in  question  must  be 
a  covariant.  But  a  covariant  is  completely  determined  when  the  leading  coefficient  is 
given ;  hence  it  will  be  sufficient  to  show  that  the  leading  coefficients,  or  coefficients 
of  «*,  in  the  functions  B.B^B^Ba  and  256(/t7*  — 3if*)  are  equal  to  each  other.  Writing 
for  a  moment  2a=|>,  2a/8  =  y,  2ay87  =  r,  afiyB  =  8,  the  coefficient  of  a^  in  a^^S^  is 
/8  +  7  +  S  —  3a,  which  =  j»  —  4a ;  we  have  thence  the  product  (p  —  4a)(p  —  4ifi){p  —  47)  (p  —  48), 
which  is  =p*-4p».p  +  16p».  j-64p.r  +  256«,  =2565- 64pr+ 16jj*gr-3p*. 

Hence,  restoring  the  omitted  factor  a*,  and  observing  that  we  have  p,  q,  r,  8  equal 
to  —  46,  6c,  —  4d,  6,  each  divided  by  a,  the  coefficient  of  of  in  B.B^B^Ba  is 

256  (a»6  -  4a»6d  +  6a6«c  -  36*),  or  256  {(a«  -  46d  +  3c»)  a»  -  3  (ac  -  6^)^}, 

and  is  consequently  equal  to  the  coefficient  of  of  in  256(717'*  — 3-ff*);  which  proves  the 
theorem. 

It  may  be  remarked  that  the  leading  coefficient  of  lU^^SH^  is  =a~H«>  b>  c,  d,  c$6,  —a)*; 
and  that  for  a  quantic  U—{a,  6,..) (a:,  y)"  of  the  order  n  we  have  a  corresponding 
covariant  of  the  order  n(/i  — 2),  the  leading  coefficient  of  which  is  =a"^(a,  6, . ..  .^6,  —  a)**. 
For  n  =  2,  this  is  the  invariant  (discriminant)  oc  —  6* ;  for  /i  =  3  it  is  the  cubicovariant 
(a*d  —  3a6c  +  26*, . .  .$^,  y)*;  for  n  =  4  it  is,  as  we  have  seen,  the  covariant  IU*^SH\ 
For  n  =  5,  the  leading  coefficient  a*/"-  5a»66  +  10a*6*d  -  10a6»c  +  46*  is  =  a'  («!/*-  5a6c  H-  2acd 
+  86^  —  660")  —  2  (ac  —  6*)  {a^d  —  3a6c  +  26"),  which  shows  that  the  covariant  in  question 
(of  the  order  15)  is  =  IT*  (No.  17) -2  (No.  15)  (No.  18),  where  the  Nos.  refer  to  the 
Tables  of  my  Second  Memoir  on  Quantics,  Phil.  Trans,,  vol.  CXLVI.  (1856),  pp.  101 — 126, 
[141;  in  the  notation  there  explained,  the  expression  for  the  covariant  is  A^E-'2CF], 

{The  roots  of  B.  =  0  are  readily  found  to  be 

oL(l3  +  y+B)-{yB-^B0  +  ffy)±[^[(a^0y(y^By  +  (a^yy  (B  -/8)'  +  (a  -  By  (0  -7)^* 

3a-(/8  +  7  +  S) 

these  then,  with  three  similar  pairs,  express  the  eight  roots  as  required.} 

77—2 
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In  the  following  Contents,  the  Problems  are  referred  to,  each  by  its  No.  and  the  Proposer^s 
name,  and  the  subject  is  briefly  indicated:   an  Asterisk  shows  that  no  solution  was  given. 
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302,  305.  The  theory  of  curves  in  space  was  proposed  as  the  subject  of  the 
Prize-question  of  the  Steiner  Foundation  by  the  Academy  of  Sciences  of  Berlin  in  the 
year  1881  "irgend  eine  auf  die  Theorie  der  hoberen  algebraischen  Raumcurven  sich 
beziehende  Frage  von  wesentlicher  Bedeutung  voUstandig  zu  erledigen,"  and  the  prize 
was  divided  between  the  two  memoirs 

Halphen,  "M^moire  sur  la  classification  des  courbes  gauches  alg^briques."  Jour, 
tlcoU  Polyt.  Cah.  Lii.  (1882),  pp.  1—200,  and 

Nother,  "Zur  Qrundlegung  der  Theorie  der  algebraischen  Raumcurven."  Abh,  der 
Akad.  zu  Berlin  vom  Jahre  1882,  pp.  1  to  120;  both  treating  of  the  classification  of 
curves  in  space. 

We  have  also  the  valuable  memoir 

Valentiner,  "Zur  Theorie  der  Raumcurven,"  Acta  Mathematical  t.  ii.,  1883,  pp. 
136 — 230,  which  relates  less  directly  to  the  question  of  classification. 

The  three  authora  all  refer  to  these  papers  in  the  Comptes  Rendus,  and  make 
considerable  use  of  my  conception  of  the  monoid  surface.  It  would  be  out  of  place 
to  attempt  to  give  any  account  here  of  these  memoirs:  I  only  refer  to  such  remarks 
or  theorems  contained  in  them  as  stand  in  immediate  connection  with  the  remarks 
which   follow. 

The  question  of  classification  is  much  simplified  by  excluding  fi-om  consideration 
the  curves  with  singular  points  (that  is  actual  double  points  and  stationary  points), 
and  this  is  in  fact  done  both  by  Halphen  and  Nother  and  in  the  present  Note. 
The  curves  considered  are  thus  curves  with  only  apparent  double  points  (adps.)  viz. 
for  a  curve  of  the  order  d  (I  use  Halphens  letters)  with  h  apparent  double  points, 
taking  an  arbitrary  point  as  vertex,  the  cone  through  the  curve  is  a  cone  of  the 
order  d,  with  h  nodal  lines,  each  of  these  meeting  the  curve  in  two  (real  or 
imaginary)    non-coincident    points.     Such    a    curve    is    the    partial    intersection    of   the 

cone  in  question  say  U,  =  (x,  y,  zY,  =  0   with  a  monoid  surface  w,  = ;  *  ^' — ^,  =  ■— , 

(a?,  y,  zf  ir 

where   the   inferior  cone   P,  =  (x,  y,  zf,   =  0,  of  the   monoid  surface,  and   the   superior 

cone  Q,  =(a?,  y,  ^)*"''S  =0,  of  the   monoid  surface  each   of  them  pass  through  all  the  // 
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nodal  lines  of  the  cone,  and  besides  through  0  lines  of  the  cone:  the  complete  inter- 
section of  the  cone  and  monoid  surface  is  thus  made  up  of  the  curve  once,  the 
h  nodal  lines  each  twice,  and  the  0  lines  each  once;  and  if  as  before  the  order  of 
the  curve  is  =d,  then  we  thus  have  (^•+ l)d  =  d  + 2A  + tf,  viz.  we  must  have 
kd^2}i'\'0,  as  the  condition  to  be  satisfied  in  order  that  the  curve  of  the  order  d 
may  be  the  partial  intersection  of  the  cone  and  monoid  sur&ce. 

In  my  papers  in  the  Comptes  Rendua  I  endeavoured  to  find,  and  Halphen  and 
Nother  both  endeavour  to  find,  the  surfaces  of  lowest  order  which  have  the  curve  of 
order  d  for  their  complete  or  partial  intersection.  This  (although,  as  will  presently 
appear,  the  theory  may  be  considered  in  a  more  complete  form)  is  an  important  and 
interesting  question;  but  upon  further  reflection  it  appears  to  me  that  it  is  a 
question  beside  that  which  first  presents  itself  and  ought  to  be  in  the  first  instance 
considered,  viz.  this  is  the  question  of  the  classification  of  curves  in  space  according 
to  the  foregoing  representation  of  any  such  curve  as  the  partial  intersection  of  a  cone 
and  monoid  surface.  Supposing  it  effected,  and  a  kind  of  curve  completely  defined 
according  to  this  mode  of  representation,  then  there  arises  the  further  question  to  which  I 
have  referred  (Salmon's  Solid  Geometry,  Ed.  3,  (1874),  p.  285,  and  Ed.  4,  (1882),  p.  281), 
viz.  we  may  have  passing  through  any  given  curve  a  complete  system  of  surfaces, 
that  is  a  system  U^O,  F=0,  Tr  =  0, ...  where  these  functions  are  not  connected  by 
any  such  equation  as  J7=  JVF+PW+ ...,  and  where  every  other  surfieu^  which  passes 
through  the  curve  is  expressible  in  the  form  ifJ7+JVF+PW+...  =  0.  It  is  not  easy 
to  prove  (but  as  to  this  see  Hilbert  "Zur  Theorie  der  algebraischen  Qebilde," 
Oottingen  Nachrichten,  1888,  p.  454),  but  it  may  be  safely  assumed  that  for  a  curve  of 
any  given  order  whatever,  the  number  of  equations  in  such  a  complete  system  is 
finite,  and  we  have  thus  the  representation  of  a  curve  in  space  by  means  of  a 
complete  system  of  surfaces  passing  through  it.  Obviously  the  curve  is  here  the 
partial  (or  if  the  system  consists  of  only  two  surfaces  then  the  complete)  intersection 
say  of  the  two  surfaces  [7=0,  F=0  of  lowest  order  passing  through  it,  which  is 
the  question  above  referred  to. 

Reverting  to  the  representation  by  the  cone  and  monoid  surface,  Halphen  gives 
the  capital  theorem,  that  if  we  have  any  particular  inferior  cone  P  =  0  passing  through 
the   curve,   then    we   may    without   loss   of   generality  take   the   equation   of  the   monoid 

surface    to   be    t^  =  -^ :    viz.   if    instead   hereof    the  equation    of    the    monoid   surface  is 

taken   to  be  i^  =  ^,   then   this  equation  in  virtue   of  the   equation    f7=0   of  the  cone 

is    always    reducible    to    the    first    mentioned    form    t(;  =  -^;    that    is    in    virtue    of    the 

Q'      Q  '        Q      Q 

equation    J7=0,  we   have   t<;  =  p;  =  -^,  or   what  is   the  same   thing,  jy^-p  in   virtue  of 

[7=0,  that  is   QP^QP'  =  MU,  where   ilf  is   a  rational   and  integral  function  (a?,  y,  zf 
of  the  degree  X,  =  A:  +  n  -f  1  —  d,  if  k  be  the  degree  of  P*  and  n  that  of  P. 

It  thus  appears  that  if  n  be  the  order  of  the  cone  of  lowest  order  which  passes 
through    the  h  nodal   lines    of    the   cone    (/'=0,   then   we   have  always    functions   Q,  P 
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of   the    orders  n+1,  w  respectively,  such  that   the  equation   of    the   monoid   surface  is 
fv^-p.     Or  what  is  the  same   thing,  we   have  always  a  monoid  surface  of  the   order 

n  + 1 :  we  thus  arrive  at  the  notion  of  Halphen's  characteristic  n. 

Instead  of  the  foregoing  equation  M  =  2A -f  ^,  we  thus  have  nd^ih-^-O,  and  for 
given  values  of  d,  h  there  is  thus  a  minimum  value  of  n  (viz.  nd  must  be  at  least 
^2h)\  there  is  also  a  maximum  value  of  n,  viz.  this  is  the  least  value  for  which 
J  n  (n  +  3)  is  =  or  <  ^,  for  with  such  a  value  of  n  there  is  always  through  the  h 
nodal  lines  a  cone  of  the  order  n. 

For  a  given  value  of  d,  we  have  /i=  at  most  J(d  — l)(d  — 2),  and  Halphen 
shows  that  h  must  be  at  least  =  [i  ((2  —  iy\  if  we  denote  in  this  manner  the  integral 
part  of  the  expression  within  the  brackets.  And  then,  h  having  any  value  between 
these  limits,  for  any  given  values  of  d,  h  we  have  by  what  precedes  a  certain  number 
of  values  of  n. 

We  thus  have  primd  facie  curves  in  space  of  the  several  forms  (d,  /i,  w):  but  it 
may  very  well  be,  and  in  fact  Halphen  finds  that  when  d  is  =9  or  upwards,  then 
for  certain  values  of  A,  n  as  above,  there  is  not  any  curve  (d,  h,  n) :  thus  d  =  9,  A  =  17, 
the  values  of  n  are  n  ==  4  or  5,  but  there  is  not  any  curve  d  =  9,  A  =  17,  for  either 
of  these  values  of  n;    or  say  the  curves  (9,  17,  4)  and  (9,  17,  5)  are  non-existent. 

And  I  notice  further  that  in  certain  cases  for  which  Halphen  finds  a  curve 
(d,  h,  n)  such  curve  does  not  exist  except  for  special  configurations  of  the  h  nodal 
lines  not  determined  by  the  mere  definition  of  n  as  the  order  of  the  cone  of  lowest 
order  which  passes  through  the  h  nodal  lines :  for  instance  d  =  9,  A  =  16,  n  =  4  for 
which  Halphen  gives  a  curve,  I  find  that  it  is  not  enough  that  the  16  nodal  lines 
are  situate  on  a  quartic  cone,  but  that  they  must  be  the  16  lines  of  intersection  of 
two  quartic  cones. 

I  remark  moreover  that  Halphen  does  not  carry  out  the  foregoing  principle  of 
classification  according  to  the  values  of  (d,  h,  n) :  thus  d  =  9,  A  =  22,  the  values  of  n 
are  6  and  5 ;  viz.  the  22  nodal  lines  are  in  general  on  a  sextic  cone  but  they  may 
be  on  a  quintic  cone ;  the  curves  (9,  22,  6)  and  (9,  22,  5)  exist  each  of  them,  but 
he  gives  only  the  former  of  the  two  forms.  The  form  (9,  22,  6)  has  a  capacity  36 
(depends  upon  36  constants)  but  (9,  22,  5)  a  capacity  35  only,  and  I  assume  that 
Halphen  considered  it  as  a  particular  case  of  (9,  22,  6),  (there  is  it  seems  to  me  a 
want  of  precision  in  his  definition  of  a  family) — but  I  consider  that  this  is  an 
abandonment  of  the  principle — the  two  curves  difier  ipso  facto  in  that  in  the  first 
form  the  22  nodal  lines  are  not,  in  the  second  form  they  are,  on  a  quintic  curve. 
In  Nother's  theory  the  characteristic  ?i  does  not  present  itself. 

Resuming  the  general  theory,  and  considering  d,  A,  n  as  given,  we  start  from  the 
cone  U==0  of  the  order  d,  with  h  nodal  lines  lying  in  a  cone  of  the  order  n:  we 
take  P^O  a  cone  of  the  order  n  passing  through  the  h  nodal  lines,  and  besides 
meeting  the  cone  U=0  in  0  lines;  7jd  =  2A  +  ^,  (where  0  may  be  =0).  And  we  then 
have   Q  =  0   a  cone   of  the   oixier  n  + 1    passing   through   the  h  lines  and   the   0  lines ; 
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and    this    being    so    we    have    w~-p    for    the    equation    of    the    monoid    sur&ce,  and 

consequently    U^O    and  w  =  -p  for  the    equations    of    the  curve,   viz.    the    cone    U^O 

and  the  monoid  surface  of  the  order  n  +  1  meet  in  the  h  lines  each  twice,  in  the  0 
lines,  and  in  the  curve  of  the  order  d\  (/H- l)d=  2A +  ^  +  d.  Observe  here  that  the 
cone  Q  =  0  as  a  cone  of  the  order  n  + 1  subjected  only  to  the  conditions  of  passing 
through  the  h  lines  and  the  0  lines  has  in  general  a  capacity  =J(n  +  l)(n+4)--A  — ^; 
this  number  should  be  =3  at  leiwt,  for  if  it  were  =2,  we  should  have  Q  =  (a?  +  i8y  +  7^)P 
(since  P  =  0  is  a  cone  of  the  next  inferior  order  through  the  same  A  +  ^  lines),  and 
thus  the  curve  would  be  a  plane  curve.  Observe  further  that  the  cone  U=0,  qui 
cone  of  the  order  d  with  h  nodal  lines  has  in  general  a  capacity  =  ^  c2  (d  +  3)  -  A ;  the 
cone  P=:0,  by  what  precedes  may  be  regarded  as  determinate,  and  the  cone  Q  =  0  as 
just  appearing  has  in  general  a  capacity  =  J(n  +  l)(n +  4)  — A  — tf ;  there  is  a  term 
+  1  for  the  implicit  constant  factor  in  the  function  Q,  and  we  thus  find  for  the 
capacity  of  the  curve  the  expression  Jd(d  +  3)  — A  +  1 +  i(n+ l)(n  +  4)  — A— ^,  viz.  this 
is  =id(d  +  3)  +  i(n«+5n)  +  3-nd,  =i(d-nV  4-i  (-^  +  5/1)  + 3,  which  putting  for  a 
moment  d  —  n  =  a  is  =s^a'  +  i  (8d  —  5a)  -f  3,  =  4(i  +  J  (a  —  2)  (a  —  3) ;  hence  restoring  for 
a  its  value,  we  find  capacity  of  curve  =  4d  +  ^  (rf  —  2  —  w)  ((i  —  3  —  n) :  in  particular  if 
n  =  d— 2  or  d  —  3,  the  capacity  is  =  4d. 

We  are  thus  able  in  the  case  where  J(w  +  l)(w  +  4)-A  —  ^  =  3  or  more,  say 
Jn(n  +  5)  =or>  A  +  tf+1,  actually  to  construct  the  equation  of  a  curve  (d,  h,  n), 
having  in  the  case  where  n  =  d  — 2  or  d  —  S  a  capacity  =4d:  the  conditions  in 
question  for  any  given  value  of  d,  arc  satisfied  by  the  considerable  number  of  curves 
which  form  Halphen's  "premier  groupe.*' 

For  instance  d  =  9,  then  the  complete  table  of  the  values  of  A,  n,  6  is 


d 


h 

n 

0 

16 

4 

4 

5 

13 

17 

4 

2 

5 

11 

18 

4 

0 

5 

9 

19 

5 

7 

20 

5 

5 

21 

5 

3 

6 

12 

22 

5 

1 

6 

10 

23 

6 

8 

24 

6 

6 

25 

6 

4 

26 

6 

2 

27 

6 

0 

28 

7 

7 

Cap. 

38 
0 
0 
0 
36 
36 
36 
36 
36 
0 
35 
36t 
36t 
36t 
36t 
36t 
36t 
36t 
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and  the  conditions  are  satisfied  for  those  values  of  (d,  h,  n)  against  which  I  have  set 
the  capacity  36f.  I  do  not  explain  the  remaining  figures  of  the  column  of  capacities, 
but  remark  only  that  0  means  that  the  curve  is  non-existent,  and  that  35  refers  to 
the  curve  (9,  22,  5)  which  is  alluded  to  above  as  not  specified  by  Halphen. 

It  is  important  to  remark  that  if  the  above-mentioned  condition  J  n  (n  +  5)  =  or 
>A  +  tf+l,  or  restoring  it  to  the  original  form  J(w  +  1)  (n  +  4)  — A  — ^  =  3  at  least,  is  not 
satisfied,  then  it  by  no  means  follows,  and  it  is  not  in  general  the  case,  that  the  curve 
is  non-existent:  I  have  said  only  that  the  cone  Q  =  0  has  in  general  a  capacity 
=  ^(n  +  l)(n  +  4)  — A  — ^,  but  the  configuration  of  the  h-^d  lines  may  be  such  as  not 
to  impose  on  the  cone  Q  ==  0  which  passes  through  them  so  many  as  A  +  d  conditions, 
and  the  capacity  of  the  cone  may  thus  be  greater  than  J(n  + l)(n+ 4)  — A  — tf,  and 
may  thus  be  =  3  at  least ;  moreover  supposing  that  in  such  a  case  the  curve  exists, 
the  capacity  of  the  cone  i7=0  instead  of  being  =^d(d+3)  — A,  may  very  well  have, 
and  presumably  has,  a  greater  value,  and  the  reasoning  by  which  the  capacity  of  the 
curve  was  found  to  be  =4d  +  ^(d  — 2  — n)(d  — 3  — n)  ceases  to  be  applicable.  The 
theory,  as  depending  upon  special  configurations  of  the  A  lines  and  the  0  lines,  is 
a  complicated  and  difficult  one,  and  I  do  not  attempt  to  enter  upon  it. 

In  conclusion  I  wish  to  refer  to  an  important  theorem  given  by  Valentiner  and 
also  by  Halphen  and  Nother.  Considering  in  connexion  with  the  curve  of  the  order  d, 
a  surface  of  the  order  m,  then  since  the  capacity  hereof  (or  number  of  constants 
contained  in  its  equation)  is  =^(m  +  l)(m  +  2)(m  +  3)  — 1  or  ^m(m'+ 6m +  11),  it  is 
obvious  that  if  this  be  greater  than  md,  the  surface  can  be  made  to  pass  through 
more  than  md  points  of  the  curve,  and  thus  that  the  curve  will  lie  upon  a  surface 
of  the  order  m.  But  the  condition  which  has  really  to  be  satisfied  in  order  that 
the  curve  may  lie  upon  a  surface  of  the  order  m  is  a  less  stringent  one:  if  p  be 
the  deficiency  of  the  curve,  =  J(d  — l)(d  — 2)  — A,  if  as  before  the  curve  is  without 
actual  singularities,  and  A  be  the  number  of  its  apparent  double  points,  then  the 
condition  is  Jm(m"+ 6m +11)  greater  than  md—p,  viz.  the  surface  of  the  order  m 
being  made  to  pass  through  md  +  1  —  p  points  assumed  at  pleasure  on  the  curve  will 
ipso  facto  pass  through  p  determinate  points  of  the  curve,  that  is  in  all  through  md  + 1 
points  of  the  curve,  or  it  will  contain  the  curve.  The  theorem  is  true  subject  only 
to  the  limitation  m=  or  >d  — 2.  The  most  simple  form  of  statement  is  perhaps  that 
given  by  Valentiner,  p.  194  (changing  only  his  letters),  viz.  if  m  be  =  or  >  d  —  2,  the 
intersections  of  a  surface  of  the  order  m  with  a  curve  of  the  order  d  with  A  apparent 
double  points  are  determined  by  means  of 

dm  -  J  (^  -  1)  (c^  -  2)  +  A  (=  dm  -  p) 
of  these  intersections. 

312.  The  generalisation  which  is  here  given  of  Euler's  theorem  <§+/'=-&  + 2,  is 
a  first  step  towards  the  theory  developed  in  Listing's  Memoir  "Census  raumlicher 
Goraplexe  oder  Verallgemeinerung  des  Euler'schen  Satzes  von  den  Polyedern."  Qottingen 
Abh.  t.  X.  (1862). 

320.     The  transcendent  tgd(— iw),  with  a   pure   imaginary  argument  is  the  function 
log  tan  (  Jtt  +  ^)  (hyperbolic  logarithm)  tabulated   by  Legendre,  Exer.  de  Calcul  Integral, 
C.  V.  78 
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t  II.  (1816),  Table  iv.  and  TraiU  des  Fanctions  EUiptiques,  t.  IL  (1826).  Table  iv. 
at  intervals  of  30'  from  0""  to  90"",  to  twelve  decimals  and  fifth  differences.  But 
the  march  of  the  function  is  somewhat  disguised  by  the  argument  being  taken  in 
degrees  and  minutes  and  the  function  in  abstract  number.  I  have  in  the  paper  ''On 
the  orthomorphosis  of  the  circle  into  the  parabola,"  Qiuirt.  Math,  Jour.  vol.  xx.  (1885), 
pp.  213 — 220,  see  p.  220,  given  the  table  (at  intervals  of  l""  to  seven  decimals) 
exhibiting  the  argument  and  the  function  each  of  them  in  degrees  and  minutes  and 
also  in  abstract  number. 

335.  Besides  the  13  numbers  mentioned  by  Gauss  it  appears  by  the  paper,  Perott, 
"Sur  la  formation  des  determinants  irreguliers,"  Crdle,  t  xcv.  (1883),  pp.  232—236,  that 
in  the  first  thousand  the  determinants  —468  and  —931  are  irregular. 

341.  Consider  the  equation  of  a  curve  as  given  in  the  form  y  — /(«)  =  0 ;  then  in 
the  notation  of  Reciprocants  (^  =  y',  a  =  ^y'\  fc^^y"',  c  —  ^t/"\  d^-^y""\  where  the 
accents  denote  differentiation  in  regard  to  x)  the  equation  of  the  conic  of  five-pointic 
contact  at  the  point  {x,  y)  of  the  curve  is 

a^iX-xf 
+  a«6  (Z  -  j:)  { F  -  y  -  ^  ( Z  -  x)} 
+  (ac-6»)      {F-y-^(Z-a:)j« 
-a*  {F-y-e(Z-^)l=0, 

which  I  verify  as  follows :  writing  JT  =  x  +  ^,  we  have 

F  =  y  +  ^d+a^  +  6^  +  c^  +  d^, 
and  thence 

F  -  y  -  e  (Z  -  a?)  =  a^  +  6^  +  c6^  +  d^. 

Substituting  these  values  and  developing  as  far  as  ^  we  find 

-f  a'bd  {a0*  +  6^  +  c0*) 

+  (ac  -  fc»)  {a^0*  -f  2a6^) 

-  a»  (a^  +  6^  +  c^  +  d^)  =  0, 
viz.  this  is 

0^  +  0^  +  0^  -  a  (a^d  -  3abc  +  26»)  ^  =  0. 

The  equation  is  thus  satisfied  as  far  as  0*,  showing  that  the  conic  is  a  conic  of 
5-pointic  contact ;  and  it  will  be  satisfied  as  far  as  ^  if  only  a  (a^d  —  Sahc  -H  26*)  =  0. 
The  value  a  =  0  belongs  to  an  inflexion,  and  reduces  the  equation  of  the  conic  to 
{F  — y  —  t(Z  — a?)}'  =  0,  viz.  this  is  the  stationary  tangent  taken  twice,  which  is  in  an 
improper  sense  a  conic  of  six-pointic  contact:  the  other  factor  determines  a  sextactic 
point,  viz.  we  have  a*d  —  Sabc  +  26*  =  0  as  the  condition  of  a  sextactic  point. 

We  might  from  this  form,  which  belongs  to  the  curve  as  given  by  the  equation 
y— /(a?)  =  0,    pass    to    the    form    belonging    to    the    curve    as    given    by    the    equation 


NOTES  AND   REFERENCES.  619 

U,  =(a:,  y,  z)^,  =0,  and  thus  obtain  the  form  given  in  the  memoir,  and  the  procees 
would  I  can  well  imagine  be  a  more  simple  one,  but  it  would  certainly  be  very  com- 
plicated: as  an  illustration  take  the  simple  case   of  an  inflexion:  the  condition  for  this, 

for  the  equation  y— /(^)=0  of  the  curve  is  a  =  0,  that  is  t^  =  0-     Passing  first  to  the 

form  U,  —{x,  y,  1)'*  =  0,  we  have 

dU     dUdy^Q 

dx      dy  dx       ' 
and  thence 

da?        dxdy  dx      dy^  \dx)       dy  da?       ' 
viz.  substituting  for  -^  its  value  from  the  first  equation  the  condition  -j^  =  0,  becomes 


/dU\*d^U    ^dUdU  d?U  ^  /duva^u^^ 

\dy)   da?         dy  dx  dxdy     \dx)    dy»       ' 


and  we  can  then  make  the  further  transformation  to  the  form  U^(x,  y,  z)^,  =0,  and 
so  obtain  but  not  very  easily  the  result  H  (U)  =  0:  but  in  the  transformations  for  the 
sextactic  point,  besides  the  differential  coeflBcient  a  of  the  second  order  we  have  the 
coefficients  6,  c,  d  of  the  orders  3,  4  and  6  respectively;  and  the  complication  is  thus 
very  much  greater. 

343,  364,  374.  The  principal  paper  is  374;  354  is  a  mere  rdsum^  of  this;  and 
343  relates  to  the  higher  singularity  which  first  presented  itself,  and  which  is  there 
shown  to  arise  from  the  coalescence  of  a  node  and  a  cusp,  but  in  374  (where  it  is 
considered  more  fully)  it  is  shown  to  be  equivalent  to  a  node,  a  cusp,  a  double 
tangent  and  an  inflexion. 

On  the  general  subject,  and  founded  on  374,  we  have 

Smith,  H.  J.  S.,  "  On  the  Higher  Singularities  of  Plane  Curves,"  Proc.  Lond, 
Math.  Soc.  vol.  VI.  (1875),  pp.  153—182.  The  author  refers  to  the  two  following 
enquiries : 

(1)  It  is  important  to  prove  that  the  indices  of  singularity  as  defined  by 
Professor  Cayley  satisfy  the  equations  of  Plucker;  and  that  the  "genus"  or  "deficiency" 
of  the  plane  curve  is  correctly  given  by  these  indices. 

(2)  It  is  also  of  interest  to  examine  whether  any  given  singularity  can  be  actually 
formed  by  the  coalescence  of  the  ordinary  singularities  to  which  it  is  regarded  as 
equivalent:  in  other  words  whether  a  singularity  of  which  the  indices  are  S,  t,  /c,  i 
and  which  is  therefore  regarded  as  equivalent  to  S  double  points,  t  double  tangents, 
«  cusps  and  i  inflexions  possesses  a  penultimate  form  in  which  all  these  singularities 
exist  distinct   from   one  another  but   infinitely  close   together. 

The  paper  relates  chiefly  to  the  first  of  these  enquiries,  the  second  being  reserved 
for  a   further  communication   which   was  never  made. 

See  also  Halphen's  "6tude  sur  les  points  singuliers  des  courbes  alg(5briques 
planes,"   published   as  an  Appendix,  pp.  537 — 648,  to  the   translation  of  Salmon's  Higher 
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